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01 — Row Echelon Form

A matrix A is in row echelon form (REF) if

1. all nonzero rows lie above any rows of all zeros;

2. the leading entry (from the left) of each nonzero row is strictly to the right of the leading entry
of the row above it.

If, additionally, A satisfies
3. the leading entry (from the left) of each nonzero row is a 1 (called the leading one);
4. each leading one is the only nonzero entry in its column

then A is in reduced row echelon form (RREF).

1. Determine if each of the following are in REF or RREF.

1230 10107 001
(a) [0 1 31 () ]lo oo 13 ) |0 7 6
0001 00000 2 3 4
123 0000 301 6
(b) 2 5 (@ {0101 () [0 2 4 3
06 7 0001 001 3



Definition: Elementary Row Operations

An elementary row operation on a matrix is any of the following.
Replacement: add to one row any multiple of another row (cr; +r; — r;)

Interchange: interchange two rows (r; <> r;)

Scale: multiply a row by a nonzero scalar (cr; — r;)

2. Look back at the matrices in the previous example.

(a) For each matrix that was not in REF, find a sequence of elementary row operations that could
be used to transform it into REF.

(b) For each matrix that was already in REF, find a sequence of elementary row operations that
could be used to transform it into RREF.
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02 — Row Reduction

Strategy: Row Reduction

To transform a matrix to REF or REF, use the following algorithm.

1. Find the leftmost nonzero column—this is called the pivot column.

2. Choose a nonzero entry in the pivot column—this will be called the pivot. If necessary, use
INTERCHANGE operations to make sure the pivot is in the top row.

3. Use REPLACEMENT operations to create zeros below the pivot.

Cover up (or ignore) the row containing the pivot, and repeat steps 1-3 on the smaller matrix
below. Continue repeating until there are no more nonzero rows to modify.

At this point, the matrix is in REF. To transform to RREF, continue with the process below.

5. Beginning with the rightmost pivot, working up and to the left, use REPLACEMENT operations
to create zeros above each pivot. If a pivot is not 1, use a SCALING operation to make it 1.

At this point, the matrix is in RREF.

1. Row reduce the following matrix to RREF, and determine if the corresponding linear system corre-
sponding is consistent or not.

1
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2. Solve the following linear system by reducing the corresponding augmented matrix to RREF.

I2+ZE3:2
=311+ 229 =4
r1+x3=1

'| ®O €1 @o( ( ®° \ (
\ o N o U U 7 o e D — oM =2
-7 Z-O -5 2L o 4 o 237 o 0®3

K= -2
1 -z
2, (9] _l‘x —’._,€—> K'z_:_l

O—-0
-0 O

1 -7 0 6 5
3. Solve the system given in augmented matrix form as 0o o0 1 -2 -3
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Definition: Basic and Free Variables

\.

If A is the augmented matrix of a linear system, then
e the variables corresponding to pivot columns are called basic variables, and

e the variables corresponding to columns with NO pivot are called free variables.

Theorem: Existence and Uniqueness Theorem

4

e A linear system is inconsistent if and only if the RREF has a row of the form [0 0 --- 0 b}
with b # 0.

e If a linear system is consistent, then it has infinitely-many solutions if and only if there are
free variables.
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03 — Matrix-Vector Products frpo |

Definition: Matrix-Vector Product (MVP)
l&

)

1
Suppose that A is an m x@matrix, and let x = L@l be in R. Let ay,as,...a, be the columns of

A. Then we define the product Ax by

e ah madel [

1

A a an][;

Tn

] = r121 + T2ag + - - - + LA,

\r\c&}rc‘(\ \

1. Compute the followin

@ |y _ [

[ = <t e B L

EN ISR

Ao”\\’t M&Jﬁ C\’\

2%3 ¢!
1 2 —1 4 .
(b){o 5 3}{3} W\/\CR.L&("\Qd
maéc\z\\.
Het
7 —37 ="
@] 2 1 [—2] : . \B —“\
9 —6 || -5 -1\ 1 o\ =L
-3 2 i} & = S




Suppose that A is an m X n matrix, and let b be in R. Let a;, as,...a, be the columns of A. Then
each of the following have exactly the same solution sets.

e Matrix equation: Ax =b
e Vector equation (with columns of A): za; + 2083+ --- + z,a, =b

e Linear system (as an augmented matrix): [al a ... a,| b}

Suppose that A is an m x n matrix. Then the following are logically equivalent. (If one is true, they
all are; if one is not true, none are.)

(a) For every b in R™, the equation Ax = b has a solution.

e In other words, the system with augmented matrix [A | b} always has a solution.
(b) For every b in R™, b is a linear combination of the columns of A.
(c) The columns of A span R™.

e In other words, if a;, a, ... a, are the columns of A, Span{a;,a,,...a,} = R™.

(d) A has a pivot position in every row.

2. Determine if Ax = b has a solution for every choice of b in each case below.

1 -3 —4
(@) A=|-3 2 6
5 -1 -8
1 2 3
-5 6 11
by A=1 3 4
305 0
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04 — Applications

1. The network below shows the approximate traffic flow in vehicles per hour over various one-way
streets in downtown Sacramento near the capitol building.
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(a) Determine the general flow pattern.
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(b) What is the smallest possible value for 21?7 Why?

® X\>,’Z>oo \o/c, ><b‘*/o

(c) Suppose that x4 = 150. Determine the values for the remaining roads.
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