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Goals :

① Rough intro to Google 's Page Rank Alg .

② Intro to Markov chains

Let's explore the internet .

There are pages and

there are links from one page to another
.

Here

is a simple example .
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§ : How do we determine how

"

important
"

each

page is so we can rank them
.

Google 's th : Take a random
"

walk
"

, i -
e

. randomly
click on links

.

Then
. . .

more you are more likely to

important
⇒

end up on the page

page after several clicks
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① Record the probability of transitioning
in a transition

from one page to another
-
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* j th column contains the probabilities
of moving from page j to page i

.

② Record the probabilities that we are

on each page after O clicks
,
I click

, . . .

state vectors To
,
I , XI , . . .in a sequence of

-

• Suppose we start on page C
.

Then

* ¥
.

° Looking at the graph and where we can go

from page
C

,
we see
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- I!÷)



• what isxz ? * = f¥)EP
:b 7777,5-77 ks

µ , ,

I
ind this one

I

A
- ④ I - It f - I =

Yes
A

c - B # c

→ ' ④
JE §
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- - -
continue

. . .

until you
notice the following

③ XI can be computed using T

I
,

= T - Io

Iz = T - I
,

= TZE
,

Xj = T - XT = Ts Xo

\
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XI=TxT←soIk=Tkx#



Pausefardetinitious

Det A vector with nonnegative entries that add

up to 1 is called a probability .

A

square matrix whose columns one probability

a
stochastic matrix

vectors
,

is called
-

* each state vector to , I ,
. . .

is a probability vector
.

* T is a stochastic matrix
.

Det A Mhaiu is a sequence at

prob .

vectors together with a stochastic matrix

T s
.

t
. Ik = Txt

. ,
far all k > I

.

* just like in our example .

" soluiujtlepagerankprob.ie#
we want to see what happens

to our

Markov chain after lots of clicks
,
i

- e . as

k -5 as
.

• Remember
,

Ik = Tkxj
,

so we need to

compute Tk for large K - yikes !

① Diagonalize T ( if possible )

(a) Eigenvalues ( using wolfram alpha )

PCM =
- Ast Fei + Id

'
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There are
5 different eigenvalues ,

so

1- is diagonal i 2- able
.

Let 's call them

d l l , 5 .

Then

d
,
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# complex eigenvalues

/ del = Id ,
II 0.7

I de
, I

- I do 120.3

(b) Let Ti be an eigenvector assoc .

to di
.

( we can compute these if needed )
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Ten T = P D P
- I

,
where

D= /
"

"

µ ! ) ,

P = ( 5 I 5 Ii t ]

So

Tk = Lp Dp
- I)k =p Dk p
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.



Now
,

we
want to study Tk as k - soo

.

T
-

= Tk = lim p Dkp
"

" ÷
.

.
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* Recall : I di l l l fan i -
- 43,4 , 5
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* compute P
,
PY
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Thus
,

after lots of clicks we arrive at

* text
. t . ÷÷÷ )

Recall
,
Io = { Fg ) meant we started on

page
C

,
but we see that we would have

gotten the same answer no matter what page

we started on .



The vector Ias gives the prob .

of ending

up on each page after lots of clicks
,

no

matter where we started .

This gives the

page ranking B
,
A

,
C

,
E

,
D

Another view
of what happened

#

Recall : the eigenvectors T , - . .

, Js one L
-

I -

so they form a
basis for 1125 since they must

also spare .
Then

Io = c ,
T
, t - . . t Cg Is

for some

scalars C
, , . - , Cs .

Then
,

Tkxj = c ,
TKJ ,

t - - i t Cs T
' '

Ts TT
,

= c) Tv ,
←

T Tz = 4252
= c , Yu , t . . . t Cs ¥ Vs

i
.

So as k → as

Tk fo = C
,
I -
J , t Cz O Tze - - - t Cs 055

= C
,
T

,

Also
,

c. T ,

will have to be a probability
vector

so Tk to is

• an eigenvector assoc .

to D= I

• a vector whose entries sum to 1
.



Summary
Det If T is a

stochastic matrix
,
then

I is a steady tat for T if

o TI = I ,
and

• I is a prob .

vector .

Theorem If T is a stochastic matrix
' '

regular
"

- ←

Sit . somepouerottcontaiusonlyposc.fi#
entries ,

then T has a unique steady -
state

vector I ,
and any Markov chain defined

↳
Y Ik = TIK

. , converges
to I as k → as

,

i. e
.

I = I .

I

Solp gain )

① create the transition matrix T

If it isn't regular ,

then tweak it
.

°ue : all entries in T
"

are positive V

② Find any eigenvector associated to D= l
.

( using a computer )

to
.÷÷÷÷÷÷÷÷÷÷÷÷÷÷:÷÷ :i÷÷i÷÷±÷ !

our example this gives

Entries T=¥Te[÷÷÷¥g ) ←

turaukiy
in Vc is 443 # I # 2 # 3 # 4 # 5
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