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Abstract: We present an information-theoretic model of IPO pricing in the
presence of adverse selection and multiple trading periods. Initially investors pro-
duce information to reduce the information asymmetry and are compensated by
the owner who hires a syndicate of underwriters for the IPO process. Some in-
formed analysts evaluate the �rm�s prospects in the subsequent periods as new
information arrives to market. By incorporating future uncertainty, subsequent
information revelation and the actions of the agents, the model is able to explain
not only why �rms going public are underpriced but also why, on average, they
underperform in the long run.
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I Introduction

Initial Public O¤ering (IPO) is a process that makes a young �rm become publicly traded
corporation and helps funding available for initial investment, expansion, and other types of
operating activities. It is also a process that helps original owner-manager sell her �rm in a
strategic way that maximizes her �nal wealth. However, asymmetric information about the
quality of a young �rm to outside investors poses an adverse selection problem that increases
the idiosyncratic risk of their investment and may require higher risk premium to justify their
investments (Ritter (1984), Megginson and Weiss (1991), Ljungqvist and Wilhelm (2003),
and others). The presence of multiple quality �rms in the �nancial market, in addition to
the absence of full information of its own quality, poses an additional hindrance in selling
a high quality �rm at its fair value due to the existence of moral hazard problem among
�rms, where lower quality �rm can mimick the higher quality �rm. Existing literature show
that this information asymmetry is especially problematic for a new �rm (private �rm) going
public for raising capital or other reasons such as diversi�cation bene�t (Leland and Pyle
(1977)), external monitoring (Bolton and Von Thadden (1998)), gleaning information from
public (Beneviste and Spindt (1989), Dow and Gorton (1997), Habib and Ljungqvist (1998),
Subrahmanyum and Titman (1999), and Maug (2001)), and avoiding high cost of going public
through venture capitalists (Chemmanur and Fulghieri (1999)), among others.
Without information revelation, �rms face moral hazard problem and investors encounter

adverse selection problem. To resolve both problems, an obvious incentive compatible strategy
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for the owner-manager of a higher quality �rm would be to reveal information. Since it is
impossible to produce enough information to completely reveal the true value of the �rm
at any point in time, one e¤ective strategy for the owner-manager would be to invite, at a
cost, a certain group of investors (say, analysts and underwriters), who are endowed with
technological resources and capacity to engage in information production, to process and
evaluate information, and to partially reveal the quality type of the �rm [it is supported
by both theoretical and empirical literature, for evidence, please see Chemmanur (1993),
Benveniste and Spindt (1989), Benveniste and Wilhelm (1990), Spatt and Srivastava (1991),
Busaba, Benveniste and Guo (2001), Sherman and Titman (2002), and Cornelli and Goldreich
(2001, 2003), among others]. In addition, since �rm has a longer life, the owner-manager�s
strategic compensation package (such as a �at fee (cash) and a certain number of shares
at discounted price) to these analysts should entice them (underwriters/analysts) to further
continue engaging in information production without additional compensation (for various
reasons, such as continue to invest in the �rm or invest more in the �rm, support the �rm
for future business, etc.) to enhance further sequential information revelation in subsequent
period. It would also entice other outside analysts (who could not undertake the business
at the IPO process but is interested in investing in such �rm for own portfolio management,
supporting clients�investments etc.) to engage in information production to sequentially reveal
the true quality of the �rm. Empirical literature is quite rich in the subsequent information
production that address the likeliness of following up with recommendations after the quiet
period of the IPO by the underwriting �rms and others ((Bradley, Jordan, and Ritter (2006),
Adam, Slovin, and Sushka (2005), Houston, James, and Karceski (2006), James and Karceski
(2006), and Lin, McNichols, and O�Brien (2004)). The new information revealed to the public
at the time of IPO by underwriters/analysts should help reduce the information asymmetry
about the �rm and increase investors�(including new investors/analysts) interest in engaging
into further information production as they invest in the �rm�s security at the time of IPO
or become interested in investing in the �rm�s security after IPO. This initial information
production and investors�subsequent interest in further information production would help
owner-manager maximize her wealth by strategically choosing a fraction of share to sell at the
time of IPO and the remaining shares at its fair value in the future.
The underpricing phenomenon in IPO is �rst found in Mcdonald and Fisher (1972), Logue

(1973) and Ibbotson (1975). Among the empricial literature, in explaining this phenomenon,
Ritter (1984 and 1991) and Laughran and Ritter (1995), Ibbotson, Sindelar, and Ritter (1988)
identify underpricing as a response to the asymmetric information, Rajan and Servaes (1997)
justify underpricing as a means to an increased analysts following the issue after the IPO, and
Demers and Lewellen (2003) explain underpricing as a substitute for conventional marketing
and publicity techniques. There is also an extensive theoretical literature in explaining under-
pricing phenomenon. Ross (1977), Leland and Pyle (1977), Allen and Faulhaber (1989), Welch
(1989) and Grinblatt and Hwang (1989) apply signaling model (underprice as a signal of good
quality), Campbell and Kracaw (1980) model information production by �nancial intermedi-
aries as ways of dealing with information asymmetry in the equity market, and Chemmanur
(1993) models information production for underpricing as a means to generate publicity about
the �rm making the IPO. and Rajan and Servaes (1997) justi�es underpricing as a means to
an increased analysts following the issue after the IPO.
While the stock price run-up in the secondary market justi�es the "underpricing" phe-

nomenon, �nancial economists are puzzled by the long run "underperformance" phenomenon
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that exists in the empirical research. Firms that are underpriced in the IPOs, on average,
underperform in the long run. Ritter (1991) and Loughran and Ritter (1995) detect this phe-
nomenon and propose that the severe underperformance of IPOs imply that investors may
systematically be too optimistic about the prospects of �rms that are issuing equity for the
�rst time. Ali (1997), Loughran and Ritter (1997), and Rajan and Servaes (1997) report that
the post-issue earnings forecasts are systematically too optimistic. Healy and Palepu (1990),
Brous (1992) and Jain (1992) �nd that analysts earning revisions forecasts are very minimal
when companies announce stock issues. Loughran and Ritter (1997) observe subsequent dete-
riorating performance after IPO. One interpretation of their �ndings is that �rms deliberately
and successfully manage to improve earnings before going public to mislead investors. Teoh,
Welch and Wong (1997) and Rangan (1998) con�rm that issuers with high levels of discre-
tionary accruals (which boost earnings relative to cash �ows) have the worst subsequent stock
returns. Brav and Gompers (1997) reports that the long run underperformance usually occurs
in small �rms (with high market-to-book stocks) that are not backed by venture capitalists.
The con�icts of interest between issuers and the intermediaries are also mentioned in the
literature, (see Jenkinsen and Ljungqvist (2001)). This long run under performance phenom-
enon strikingly implicates the importance of re-evaluation of issuing �rm�s future prospects
(Ritter and Welch (2002). It also justi�es that the secondary stock price after the IPO may
incorporate the future uncertainty, and any unexpected change within the �rm, industry, or
in the economic cycle may have some impacts on the stock price. However, theoretical liter-
ature is absent in capturing the long run underperformance phenomenon of the IPO �rms in
subsequent periods. We attempt to develop a theoretical multi-period dynamic model close to
the spirit of Chemmanur (1993) that would capture both underpricing and underperformance
phenomena.
In an asymmetric information environment, Chemmanur (1993) proposes strategic pricing

and allocation of share (as means of compensation for investors producing information that
maximizes �nal wealth to owner-manager) among a group of investors for producing informa-
tion at IPO that should serve as "publicity" to entice further information production after IPO
so that the secondary market price is re�ective of true value of the �rm. Although the initial
spirit of Chemmanur (1993) model is based on the hypothesis that "underpricing" generates
publicity about the �rm making the IPO and induces investors to learn more about the �rm,
this spirit of desire to learn more about a �rm by other investors after the IPO has not been
addressed completely in the model leaving the possibility of extending his model in explaing
also the long-run underperformance for future research.
Most of the earlier theoretical literature, including Chemmanur (1993), model the IPO

decision as a single shot which ignores the ability of the owner manager to dynamically signal
its type to investors. There is an emerging literature that has begun to model the IPO
decision of the �rm in a dynamic framework. Benninga, Helmantel, and Sarig (2005) study
the timing dimension of the decision to go public by examining the possibility of privatizing
publicly traded �rms. Pastor and Veronesi (2003) incorporate the aggregate productivity
shocks and aggregate uncertainty about �rm level productivity in a real option framework to
go public. Dugger (2003) examines the strategic decision to go public as a real option exercise
in a framework of asymmetric information. Idiosyncratic risk creates an incentive for private
owners to sell out to investors in a public o¤ering. However, asymmetric information about the
type of the �rm creates an incentive for high type �rms to engage public investors in a learning
process before entering the IPO market. We attempt to extend these theoretical models by
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introducing the necessity of further information production in the post-IPO market to explain
not only the underpricing phenomenon but also the long-run underperformance phenomenon in
a multi-stage setting. Further information production by analysts is very common in �nancial
markets around the world. Empirical literature shows that underwriters who bring �rm into
IPO make further recommendations after the quiet period and other analysts also cover the
�rms after IPO (((Bradley, Jordan, and Ritter (2006), Adam, Slovin, and Sushka (2005),
Houston, James, and Karceski (2006), James and Karceski (2006), and Lin, McNichols, and
O�Brien (2004)).
We consider a three-period dynamic model, where insider goes public at time "0" and

reveal information in both periods 0 and 1. Investors (including those who participate in
initial information production) further update information at the end of date 1. By taking
this dynamic structure into account, the owner-manager can decide whether to sell her residual
share holdings in the secondary market in period 1 or delay. This feature of the model should
capture why an undervalued �rm does not issue more equity untill the full information is
re�ected in the stock price and hence stock price movs higher in the long run. In addition it
also addresses why an overvalued �rm does in the secondary market and stock price performs
poorly in the long run. Another feature of this model is that all investors are dynamic
and engage in further information production to reveal the quality of the �rm and trades
accordingly. This feature also helps explain the long run underperformance of lower quality
�rm and higher performance for higher quality �rm.
One interesting feature of our paper is that it combines the signalling and information

production models with principal-agent style model in a Bayesian setup. Unlike Chemmanur
(1993), we consider 3 quality types of �rms (high, medium and low) with an incomplete and
imperfect prior information set such that the strategy of the owner also depends on the �rm
speci�c needs which are initially unknown by outsiders. The informed investors would only
know the set of most likely strategies of a high quality �rm based on their prior beliefs and
experience. This allows the owner of each quality type to �nd the best decision in that set of
(admissible) strategies to maximize their expected total gains from the sale of the shares by
staying in the game. Following the empirical evidence on the initial optimistic beliefs of the
investors, the probability of a good evaluation for each quality type would be somehow close
to each other at date 0. Afterwards, it is more distinctive, depending on the new information
revealed and the observations of the strategies of the owner. We characterize the equilibrium
allocations and the optimal IPO price for each quality type based on the constraints (�rm
speci�c needs, the direct or indirect restrictions by the underwriters, etc.). Our numerical
�ndings indicate that a high quality �rm has a greater equilibrium IPO underpricing than
the other ones, on the average, indicating a separating equilibrium. At the same time, the
initial money lost during the IPO is higher when the IPO price is lower, indicating a trade-o¤
between the initial and subsequent gains. The initial amount lost during the IPO underpricing
is compensated by the future gains from the increased secondary market values as long as the
owner chooses to sell the minimum amount of the shares before the terminal time. We then
search for an equilibrium price that maximizes the expected total wealth of the owner. An
interesting �nding is that the underwriter�s pro�t is usually maximized when the underpricing
was minimal for a high quality �rm and vice versa. But unfortunately, the underwriter cannot
take advantage of this scenario unless he already knows the actual quality and �rm-speci�c
information with certainty. This suggests that the underpricing for a high quality �rm backed
by a large investment bank (with access to insider information) may not be as signi�cant.
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The strategies of the lower quality �rms would be di¤erent from those of a high quality �rm
even with similar �rm-speci�c prospects and constraints. But there is still a certain range of
admissible strategies of high quality �rms, allowing the other quality types to mimic a feasible
one, supporting a partial pooling equilibrium. For example, if the initial price reduction range
for a high quality �rm in a speci�c industry is believed to be between 10% and 40%, then the
owner (regardless of the quality type) should choose the IPO price in this range. For a given
�rm, the unconstrained underpricing level might be outside this range, for example the best
choice would correspond to a 5% price reduction (e.g. for a medium quality �rm). However
the owner knows that she has to choose at least 10% level to please the underwriters and stay
in the game. Of course, if the best price is already in the range then no adjustment is needed.
The owner of a low quality �rm almost always prefers the lowest amount of underpricing
possible, so she would, very likely, choose a price reduction at or near 10% level in this case.
The initial allocations and the IPO price chosen by the owners become a part of the subsequent
information revelation, improving the quality of the analysts�evaluations at date 1.
We also specify the posterior net gains of the underwriters from the sale of all the shares

of the �rm for each quality type depending on the fee and contract structures. We then
discuss the implications of the model for the optimization problems of both the owners and
the underwriters. In particular, we discuss how the warrant rate a¤ect the optimal choices of
the agents. For the empirical results concerning warrant rates, we refer the reader to Barry,
Muscarella and Vetsuypens (1991), Dunbar (1995) and Torstila (2001).
The rest of this paper is organized as follows. In section II we describe the model. The

speci�cation of the information production process and the payo¤s structure is shown in
section III, and we characterize the equilibrium for our model in section IV. In section V we
describe the empirical implications of our model on numerical examples, relating it to the
existing evidence. We conclude in section VI. A mathematical appendix and the references
are given at the end.

II The Model and Problem Formulation

The problem is designed as a three-period dynamic game-theoretic model between the owner-
manager (the owner, henceforth) of the �rm and a syndicate of underwriters/investment banks.
For the simplicity of the presentation, we assume that there is one leading underwriter who
manages both the IPO process and the subsequent sales of the shares (also acting as a broker
for the �rm). The other underwriters and analysts are considered as informed investors at date
0. We do not explicitly model the problem of the outside (uninformed) investors. Moreover,
the optimization problem of each underwriter and their agency con�icts in the syndicate are
ignored. We only consider the overall gains of all the underwriters who are involved in the
process of both the IPO and post-IPO sales of the �rm�s shares.
All the players in the game including the owner are assumed to be risk neutral1. The

owner has perfect information about her �rm�s prospects, quality type and the projects while
the investors have some noisy imperfect information about the �rm. The leading underwriter
is responsible for the information production process in a way that investors evaluate the

1Risk-sensitive preferences based on the utility functions can also be considered. However it makes the
problem less tractable by relying too much on the (tedious) numerical computations.
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�rm only based on the information available to them at that particular time. When investors
investigate about the �rm, they receive some (noisy) additional information which is still
assumed to be incomplete. The analysts re-evaluate the �rm in the subsequent periods and
investors incorporate that into their information set. Although the asymmetry of information
between the owner and investors is reduced sequentially, information is still incomplete and
it is, therefore, a model of incomplete information.
Consider that in period 0, the owner-manager has access to a project which is implemented

at time 0. Assume that the project which is to be completed at date 2 o¤ers cash �ows at the
end of period 2, according to the quality type of the �rm. Let us denote the quality type of
the �rm by S that takes values in the set fH;M;Lg, also indicating the quality type of the
cash �ow from the project which can be high (H), medium (M) or low (L). The owner knows
the actual type of the project and hence the type of the �rm.
Investors (outsiders) have asymmetric information about the quality type of the project

and hence the type of the �rm. They only know that it can be high, medium or low with
certain probabilities at times t = 0, 1 and at the beginning of date 2. They can observe the
owner�s actions in each period (although not always perfectly) when the owner decides to sell
some fraction of the remaining ownership. At the end of the period 2 (t = 2+), the quality
type of the �rm is known by the leading underwriter and hence by all investors. We denote the
value of a �rm with quality type S at time t by V St , for t = 0; 1; 2 and S = H;M;L. When the
superscript S is not included, it represents a random variable Vt, for t = 0; 1; 2: However, we
sometimes drop S when the quality type is given or clear from the context, for the simplicity
of the presentation. In the presence of asymmetric information, investors value the �rm, by
assigning prior probabilities for each type, based on the current information set 
0 as follows:
P (V = V S) = pS, for S = H;M;L such that pL + pM + pH = 1 and 0 < V L < V M < V H . In
the absence of any information production, (uninformed) investors assign the expected value
of the �rm as the fair market price based on the initial information set 
0:

(1) V0 = E[V j
0] =
X

S=L;M;H

pSV
S:

Investors have the ability to produce information about the �rm by investigating the �rm
at any period. If information is produced, the information asymmetry is reduced even further
between the investors and the owner. Information production is assumed to be costly at period
0. Because of the information asymmetry, the owner has to invite some informed investors
to produce information in order to complete the IPO in period 0. Investors are assumed to
bid for shares if they receive good evaluation on the �rm. The owner compensates only the
investors who produce information and bid for shares, by o¤ering equity at a lower price. We
assume that the market for investment in securities is competitive, and for simplicity, interest
rate is equal to zero. It is also assumed that if an investor receives a good evaluation, he bids
for the entire block of shares o¤ered. This assumption is made to show that popular issues
are over subscribed and deliver after-market publicity among the investors in the �nancial
market. The information production process is organized by the (leading) underwriter who
also manages the distribution of the shares among the bidders. He collects the fees from the
owner for his services. These fees, which are proportional to the shares sold, depend on the
initial price reduction ratio VIPO=V0. For simplicity, we consider a �rm commitment contract
so that the unsold shares would be taken over by the syndicate of the underwriters. However,
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the distribution of the fees among the underwriters is beyond the scope of this work. See
Torstila (2001) for an empirical study regarding the fee distribution in a syndicate.
Some degree of underpricing is encouraged by the underwriter who wants to complete the

IPO process successfully and reduce the e¤ort costs related to the distribution of the shares
to the investors and the risks regarding the actual quality type (including the reputation costs
for incorrect evaluations or recommendations). On the other hand, the underwriter doesn�t
want the price to be too low since it may con�ict with the owner�s (his customer�s) preferences
and can also reduce the amount of fees collected, which are proportional to the share prices.
Let ft denote the fee rate at date t for t = 0; 1 and 2. The rates which include the IPO fees,
transaction costs and other brokerage fees depend on the information available at time t, for
each quality type S. The initial rate f0 is usually larger due to the IPO costs (advertising,
compensation for the analysts, o¢ cial procedures,...), and the extent of the initial uncertainty
involved. This rate, which usually clusters around 7% for US IPOs and is a bit smaller in
European IPOs (Chen and Ritter, 2000), may also depend on the initial demand for the
shares of the �rm, the size of the IPO and the level of the IPO underpricing (e.g. a decreasing
function of the demand, the IPO underpricing and the IPO size). See also Jenkinson and
Ljungqvist (2001) and Torstila (2001) for IPO spreads and management fees. The rates f1
and f2 would be relatively smaller depending on the evaluation results (as a proxy for the
liquidity of the shares). We assume that the rate fi is a decreasing function of the implied
market price Vi at date i.
More precisely, we consider the following fee structures in the numerical examples: The

initial IPO fee rate f0 is given by

(2) f0 =
VIPO
V0

(fbase + fIPO);

where fb is the base fee, the ratio VIPO
V0

represents an incentive by the underwriter to motivate
the owner in reducing the IPO price, and fIPO accounts for the extra costs of the IPO process
and/or for the extent of the initial uncertainty. The fee rate f1 at time 1 is a fraction of fbase:
f1 =

VIPO
V1
fbase which re�ects the in�uence of the IPO underpricing on the post-IPO market.

Finally, the uncertainty risk is minimal at date 2, and the rate f2 is simply taken as a constant
: f2 = fbase, indicating �xed transaction/brokerage fees.
Some portion of the fees is paid by warrants (shares of the �rm) and the remaining part

by cash. Let l0 and l1 denote the proportion of the fees paid as warrants at times 0 and 1,
respectively. The values of l0 and l1; which are determined by the underwriter, depend on the
IPO price (a decreasing function of VIPO) and on the market price Vi: li = l Vi

VIPO
, where for

simplicity, we assume that there are two levels of l at each date 0 and 1: The minimum and
maximum rates that are denoted by lmin and lmax; respectively. The underwriter decides the
(sub)optimal value of l0 at date 0 and that of l1 at date 1, based on the choice of l 2 flmin; lmaxg.
The number N0 of investors available for information production depends on the informa-

tion cost for each investor and on the degree of price reduction (between the initial market
price V0 and the IPO price VIPO). Moreover, N0 = N0(VIPO); is assumed to be a non-increasing
function of VIPO on an interval 0 < VIPO � V upIPO < V0, where V

up
IPO is an upper bound for

the IPO price which is determined by the underwriters based on their belief system at date 0.
When the IPO is completed after information production at t = 0 and the post-IPO market
price of the shares are observed, the �rm�s projects are evaluated by some analysts whose
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number depend on the post IPO returns. Owner-manager decides the IPO price (VIPO) and
the share proportions (�0;�1) to sell in a dynamic setting at periods 0 and 1, respectively, by
considering all the constraints and the future reaction of the underwriter and the investors.
Some of these constraints are imposed by the underwriter, for example the initial share pro-
portion �0 can only be between two speci�ed values �min and �max. On the other hand, there
are some �rm speci�c constraints (�0 and �1) related to the proportions of total shares cor-
responding to the operating costs, fund-raising, project completion, etc. Such constraints
may not be directly observable by outsiders including the underwriters (in practice, they may
include some random noise terms and may not even be known by the owner with certainty)
until date 2. However we assume that the owner observes the actions of the underwriter.
We are now ready to specify the extensive form of the game. There are two stages at each

period. In period 0, at the �rst stage, the owner-manager is the sole owner of her �rm. Based
on the actual quality type, the constraints and the contract that speci�es the fee and warrant
rates, she decides to sell an optimal proportion �0 of shares at price VIPO at date 0. Then the
underwriter invites all of the potential N0 investors to produce information about the �rm.
Compensation for the information production is assured through discounted price su¢ cient
to pay o¤ the cost of production. Investors evaluate the �rm and receive additional (noisy)
information that reduces their informational disadvantage with respect to the owner-manager.
The outcome of the evaluation is either �good�or �bad�. At the second stage, investors who
receive good evaluation bid for entire shares which are allocated among the bidders (e.g.
proportionately). When IPO is completed in the period 0, the related information (e.g. the
number of good evaluations) is made public and is re�ected in the secondary market price
during the �rst stage of period 1.
The owner decides some (or all the remaining) proportion of the shares, say �1; to sell at

this price V S1 by also taking the expected value of the price at date 2 into account. Investors
observe the price V S1 and some analysts engage in a post-IPO evaluation process in the second
stage of period 1. The number N2 of the analysts depends on V S1 ; VIPO and V0. When the
underpricing or the initial price reduction is signi�cant, it can attract more analysts to review
the �rm. Again each analyst�s evaluation is either "good" or "bad". The underwriter collects
all the evaluation results, updates the probability of quality types, and hence the �rm value
V2 which sets the price for the remaining shares of the �rm. The game for the owner ends
when she sells all the shares and pays the relevant fees to the underwriter who, then, have
access to the �rm-speci�c information and observe the actual quality type of the project and
that of the �rm value V . The underwriter�s total wealth consist of the total fees collected plus
the market value of the warrants and shares owned at date 2 minus the total costs (including
the IPO expenditures, payments to the a¢ liated analysts, future reputation implications of
handling lower quality IPO �rms, etc.).

A The owner�s problem

The objective of the owner is to complete the IPO in period 0, and sell the rest of the ownership
in the subsequent periods in such a way that the expected total net gains from the sales is
maximized. When the owner decides the IPO price VIPO and the initial share allocations
(�0;�1) to be sold at times 0 and 1, the aggregate wealth of the owner from the sale of the
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shares is

(3) W = (1� f0(1� l0))VIPO�0 + (1� f1(1� l1))V1�1 + (1��0 ��1 ��u)(1� f2)V2

where

� �u = l0f0�0 + l1f1�1 represents the proportion of the total shares to be paid as fees to
the underwriter.

� 1 � �0 � �1 � �u represents the remaining shares (if any) that are transferred to the
underwriter at date 2.

The share proportions �0 and �1 have the following bounds:

(4) 0 < max(�0; �min) � �0 � �max � �1 � �0 +�1 � 1��u

where

� �0 : The minimum proportion of the shares the owner needs to sell during the IPO

�1 : The minimum proportion of the shares to be sold by time t = 1 (especially if the
completion of the projects and investments require it).

�min; �max : The threshold values for the IPO proportion of shares set by the underwriter.

Remark 1. The threshold numbers �min and �max may represent the limits for a typical
proportion of a high quality �rm�s shares sold at date 0. Although the �rm speci�c value �0
may be, in practice, higher than �max for a M or L value �rm (especially when they need extra
cash for operating expenses), which is implicit in inequality (4), the extra cash need �0 � �max
can also be obtained through borrowing (perhaps with a small additional cost). So the feasible
allocations can be constrained to the inequality (4) to simplify the presentation.

� The actual �rm-speci�c values of �0 and �1 may not be observed by the underwriter
until date 2, when the project is completed and all the shares are transferred to the
underwriter.

� If the fee rates are not too large and the bound �1 is not very close to 1, then the feasibility
condition �1 � 1 � �u on the right-side of (4) holds. A su¢ cient condition for this is
that �1 � 1

1+lmaxf0
which can easily be veri�ed using linear programming arguments.

� The aim of the owner is to maximize her expected wealth W over all feasible VIPO;�0

and �1 values and strategies based on the constraints given above in addition to the
expected future values of the share prices. For the simplicity of the presentation, we will
occasionally skip the superscript S that represents the state of the �rm quality.

� We denote the optimal value of W by W �: W � = max
�0;�1;VIPO

W
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The owner-manager can receive only the market�s perceived value given by the equation
(1) without any information production. In order to reduce the information asymmetry,
the owner-manager or the underwriter invites investors who conduct an evaluation of the
�rm at a cost. This reduces informational disadvantages of outsiders with respect to the
owner-manager. The outcome of the evaluation by an investor is either �good� or �bad�
and is independent of other investors. The conditional probabilities that informed investors�
evaluation is good given the true types of the �rm are P (e0 = GjS) = �S; for S = L;M and
H, with 1 > �H > �M > �L > 0:

2 The posterior probabilities of the investors with a good
evaluation are derived using the Bayesian approach:

(5) P (Sje0 = G) =
P (e0 = GjS)P (S)

P (e0 = G)
=

�SpSP
S0=L;M;H

�S0pS0
:

Now let X0 denote the random variable for the number of informed investors who have a good
evaluation. If it is observed to be X0 = r0, then the value V1 of the �rm from the perspective
of an uninformed investor satis�es

(6) V1(r0) = E[V jX0 = r0] =
X
S


S(r0)V
S

where

(7) 
S(r0) = P (SjX0 = r0)

is the posterior probability weight for each quality type S = L;M and H. The expression (6)
dictates the secondary market value of the �rm when the IPO is completed and the information
is made public. Note that in period zero, the market value V1 is random (even to the owner).

B The underwriter�s problem.

The underwriter knows the actual value of the �rm V only at the end of time 2. At the
beginning of date 0, the initial price V0 re�ects all the initial information available about the
quality type of the �rm and therefore E[V1] = E[V2] = E[V ] = V0; from the perspective of the
underwriter and investors. The aggregate revenue (gains) of the underwriters consists of the
fees and the pro�t/loss from the sales of the shares:

Gains = VIPO�0(1� l0) + f1V1�1(1� l1) + (1��u ��0 ��1)V2f2

+(1��u ��0 ��1)(V � V2) + V�u:

2Since the evaluations will depend on the content of the information provided by the owner, we will assume
that �S are not perfectly observed by the outsiders.
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We are going to consider the following expression for the total costs of the underwriter:

Costs = cost0VIPO�0(1� l0) + cost1f1V1�1(1� l1)
+cost2(1��u ��0 ��1)V2f2 + cost2+�

uV; with(8)

cost0 = c0
VIPO
V0

; cost1 = c1
VIPO
V1

+ c2; cost2 = c2
VIPO
V2

and cost2+ = c2
VIPO
V

where the expressions cost0, cost1 and cost2 represent the proportions of the cash fees, which
are held by the underwriter and go to the relevant costs at dates 0, 1 and 2, respectively. The
terminal cost cost2+ applies only to the warrants and is inversely proportional to the actual
�rm value V (accounting for the risk that they take in keeping the warrants). All of the cost
terms are proportional to the IPO price to account for the advertising costs as well as costs
related to the complaints/legal issues from the (institutional) customers. They are, however,
inversely proportional to the market price of the security at that date to account for liquidity
issues/future reputation costs. The net terminal wealth or pro�t of the underwriter is then
given by W u =Gains�Costs. The underwriter�s aim is to select the pair (l0; l1) at dates 0 and
1 from a given set to maximize E[W u] sequentially.

III Information Production and the Firm�s Value

Since the information production by the investors is costly, only some of the investors can
a¤ord to engage in this process for any given value of VIPO. The strategy for investors is to
compare the evaluated price with the o¤er price to determine whether to bid for the shares
so that the expected payo¤ - net of the information production cost - is at least non-negative.
Here, we are not going to formulate the optimization problem for the individual investors but
rather consider the aggregate wealth of the underwriters/investment banks that manage the
IPO process and the subsequent sales of the �rm�s shares. Depending on the quality type
of the �rm, the public information set and other constraints, the owner decides the optimal
value of VIPO and hence that of N0, the number of investors to invite for the information
production.
Before going into details of the second stage, we set the following standing assumptions

for the rest of the paper:

Assumption 1. The underwriter invites all the potential investors to the information produc-
tion at date 0 (for more accurate evaluation results) and all the evaluations are independent of
each other. Afterwards, the posterior probabilities given in (7) serve as the prior probabilities
at period 1: P (Sj
1) = 
S; which also determine the secondary market price V

S
1 , for each

quality type S = L; M and H.

Assumption 2. The �rm speci�c proportions �S0 and �
S
1 are unknown by the underwrit-

ers/investors until date 2. However some certain bounds for �H0 and VIPO exists: �min � �H0 �
�max and VIPO � V upIPO < V0; which can be interpreted as the subjective beliefs/past experience
of the investors regarding a H-quality �rm�s IPO allocation and price sets. Then the inequality
(4) re�ects the constraints for each quality type based on both the �rm-speci�c needs and the
beliefs of the investors/underwriter(s).

Assumption 3. It is optimal for the owner of lower quality �rms to participate in the infor-
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mation production rather than revealing the actual quality type (due to higher fees, liquidity
costs, etc.). The probabilities �S are valid only if the owner stays in the game.3

Assumption 4. The underwriters update their belief/information set by gathering and uti-
lizing the evaluation results at each date. The underwriters�decision is sequential in nature.
At date 0, the optimal warrant rate l�0 is decided based on the initial information set 
0. Then
the optimal rate l�1 is determined at date 1 based on the update information set 
1.

Assumption 5. E[V1] = V0 from the perspective of underwriters/uninformed investors.
More generally, the price process fV0; V1; V2g satis�es a martingale property: E[Vij
j] = Vj;
for 0 � j � i � 2. This means that the information available at the beginning of each period
sets the expected price for future periods.

Assumption 6. The initial equilibrium allocation ��
0 and the equilibrium price V

�
IPO by the

owner become a part of the subsequent information revelation at date 1 and is re�ected in the
probabilities �S of a good evaluation for each quality type S. The underwriters�valuation is
based on the information that is made public at any particular time.

Assumption 7. The initial evaluation probabilities �S or total proportion �1 of shares sold
at date 1 may not be observed by the investors/underwriters perfectly until date 2 (the owner
can potentially sell the shares to various underwriters/investors at the price V S1 until date 2).

Assumption 8. The number N1 of analysts to evaluate the performance and the quality of
the projects at date 1 depends on V0; VIPO and V1. The evaluation by each analyst at date
1 is independent of other analysts. The outcome of the evaluation is either "good" (e1 = G)
or "bad" (e1 = B) with conditional probabilities �S , P (e1 = GjS); for S = L;M and H,
satisfying 1 > �H > �M > �L > 0. Moreover, �H > �H and �L < �L, meaning that the
analysts have a higher (lower, respectively) probability of assigning a good evaluation to a H
(L, respectively) quality �rm at time 1 than at time 0.

Assumption 9. After the number of investors who give a good evaluation in period 1 is
made public, the secondary market price V S2 is determined and shared by all investors. How-
ever the actual price V S is only known after the underwriters/invetment banks buy the �rm�s
remaining shares, the projects are completed and the actual quality type is made public.
Using the notation of (6) and (7), we have the following result for the secondary market

price of the �rm.

Lemma 1 Assume that n investors have been invited to the information production during
IPO and the number X0 of good evaluations is not observed yet. Let V1 be the price of the
�rm in the secondary market (post-IPO period), T be the true type of the �rm (H, M or L)
that is known by the owner, and ET [:] denote the expected value operator from the owner�s
perspective. Then V1 satis�es:

(a) ET [V1] =
nP
r=0

P
S


SV
S
�
n
r

�
�rT (1 � �T )n�r; where 
S =

�rS(1��s)n�rpSP
�S

�r�S
(1�� �S)n�rp �S

is the posterior

probability weight introduced in (7)

(b) E[V1jX0 = r + 1] > E[V1jX0 = r], for each r = 0; :::; n� 1.

3Otherwise, a lower quality �rm may �nd it less costly to go with a reservation expected wealth by taking
an action that reveals the actual quality type with probability one.
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(c) EH [V1] � EM [V1] � EL[V1]:

Proof. See the appendix.
Remark 2. Part (b) of the Lemma indicates that the secondary market price is a strictly

increasing function of the "good" evaluations for any �xed number n of investors invited. Since
the owner of a higher quality �rm expects more "good" evaluations than the owner of a lower
quality one, we get the monotonicity result of part (c): The expected price of high quality �rm
would be larger than that of lower quality �rms.
Investors assign the following market value for the �rm at date 1 before additional infor-

mation is revealed:

(9) V1 = E[V j
1] =
X

S=L;M;H


SV
S:

The owner then decides the �1 proportion of shares to sell at this price before the evalu-
ations by analysts are conducted at date 1. Based on this information, the posterior proba-
bilities are updated again: Assume that X1 = r of the N1 investors gave a good evaluation.
Then the value V2 of the �rm from the perspective of uninformed investors satis�es

(10) V2(r) = E[V jX1 = r;
1] =
X
S


0S(r)V
S

where 
0S(r) is the posterior probability weight

(11) 
0S(r) = P (V = V
SjX1 = r;
1) =

P (X1 = rjV = V S)
s
P (X1 = r)

Lemma 2 Assume that n analysts evaluated the �rm�s projects after the IPO and X1 is not
observed yet. Let T be the true type of the �rm (H, M or L). Then the expected price of the
�rm (from the owner�s perspective) in the secondary market at time 2 satis�es:

(12) ET [V2j
1] =
nX
r=0

X
S


0SV
S

�
n

r

�
�rT (1� �T )n�r;

where 
0S =
�rS(1��S)n�r
SP
�S

�r�S
(1�� �S)n�r
 �S

:

Proof. See Appendix.
Note that the expected value from the owner�s point of view is di¤erent than the investors�

valuation since she knows the quality type (S) of the �rm before the period 2 when all cash
�ows and the �nal value V S2 are realized. The owner decides in every previous period whether
or not to sell equity by considering the expected future prices.

IV Equilibrium Characterization

The equilibrium analysis, as the model involves both the owner�s and the underwriter�s prob-
lems, is, hence, addressed in a principal-agent type game theoretic setting. At each point in
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time, the owner makes a decision that maximizes the expected value of her total net payo¤s
by taking the beliefs and the current information set of the underwriters into account4. The
equilibrium concept developed throughout the paper is perfect Bayesian equilibrium for the
owner and sequential Bayesian equilibrium for the underwriters. At every stage of the game,
underwriter updates belief using Bayes rule and makes a decision based on the this updated
information set. We de�ne the equilibrium as a �ve-tuple (l�0; l

�
1;V

�
IPO;�

�
0;�

�
1) such that (l

�
0; l

�
1)

optimize the expected pro�t of the underwriter given the triple (V �IPO;�
�
0;�

�
1) which maximize

the expected wealth of the owner. The details will be given below backwards in time.

A Period 2

Assume that X1 = r1 of N1 analysts give good evaluations at time 1 and this information
is known to all the parties at the �rst stage of period 2. Then the information asymmetry
is further reduced and the resulting price V2(r1), as in (10), is the market value of the �rm.
The shares of the �rm can be traded at this price until the end of period 2. There is no
optimization problem for the owner at this time. The owner simply sells the remaining (if any
left) 1��0 ��1 ��u proportion of shares at price V2 and hence her payo¤ is given by the
equation (3). The fees are collected by the underwriter and the game ends for the owner.
At the second stage of date 2, the underwriter and then all the investors observe the actual

value V S (hence the quality type) of the �rm and the �nal cash �ows are realized. The realized
net wealth of the underwriter is then given by

W u = gains� costs

where gains and costs are as in subsection II.B.

B Period 1

All the agents observe the market price V1 at time 1 following the result of the initial informa-
tion production. The initial optimal IPO price V �IPO and the allocation�

�
0 (which are assumed

to satisfy the initial constraints) are already known by all the parties and the probability of
a good evaluation is now given by �s for an S quality �rm. It is then time for the owner to
decide which fraction of ownership to sell at the prevailing market value V1 by considering the
future uncertainty and the underwriter�s warrant rate decision l1.
The owner knows that a certain number N1 of analysts evaluate the �rm and the new price

will be a direct result of the evaluations. The probability of obtaining a particular realization
of X1 = r for a given N1, conditional on the �rm types are computed using the binomial
distribution:P (X1 = rjS) =

�
N1
r

�
�rS(1 � �s)N1�r for S = L;M and H. The owner can obtain

the posterior probabilities 
0S of the quality types for each r = 0; 1; :::; N1 and hence the
expected value of the �rm as in Lemma 2. As the quality of the �rm improves, the expected
number of the good evaluations increases. So it is to the advantage of the owner of a high
quality �rm to sell a small proportion of shares at this time and wait for the terminal time 2

4This setup can also be considered a Stackelberg game in which the owner is the leader of the game while
the underwriter is the follower.
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to distribute the remaining shares. The realized value of X1 will be known at the end of the
period. We have the following results for the problems of the owner and the underwriter:

Lemma 3 Assume that the number X1 of good evaluations at date 1 is made public. Then,

(a) The underwriter�s problem at date 1. The optimal choice of l1 is given by

l�1 =

(
V1
VIPO

lmax; if (c2 � fb)V1 � (c2(�fb)� c1)VIPO > 0
V1
VIPO

lmin; if (c2 � fb)V1 � (c2(�fb)� c1)VIPO < 0

where c1 and c2 are as in the cost functions cost1 and cost2 of subsection II B.

(b) The owner�s problem at date 1. Let the pair (l0; l1) = (l�0; l
�
1) be the optimal selection

for the underwriter�s problem, which is observed by the owner. Then the optimal proportion
��
1 of the owner is determined by the 3 cases below:

� Case 1: If V1 < 1+l1f1
1�f1(1�l1)(1� fb)E

T [V2j
1], then ��
1 = �1 ���

0.

� Case 2: If V1 > 1+l1f1
1�f1(1�l1)(1� fb)E

T [V2j
1], then ��
1 =

1�(1+l0f0)��0
1+l1f1

:

� Case 3: If V1 = 1+l1f1
1�f1(1�l1)(1 � fb)E

T [V2j
1], then ��
1 can be any value between �1 ���

0

and 1�(1+l0f0)��0
1+l1f1

:

C Period 0

Following the time line through a backward procedure, the owner�s strategic decision to sell
some proportion of the �rm is at hand in period zero. At this time, the owner has to decide
what fraction �0 of equity sales, at an equilibrium price VIPO, would maximize the combined
proceeds of all sales. She knows that after IPO is complete, the secondary market price V1 is
going to be in�uenced by the evaluation results. The owner has to decide a level of �0 and
an initial price level VIPO so that she can maximize her combined expected payo¤s from the
total sales of the �rm.
In period 0, when the owner (or the underwriter on her behalf) approaches N0 investors

to evaluate her �rm, the number X0 of investors who assign good evaluations is a random
variable to her. The secondary market price of the equity is going to be guided by the
investors�evaluated price. The probability of obtaining a particular realization r0 of X0 for
a given N0, conditional on the �rm type S is given by P (X0 = �0jS) =

�
N0
r0

�
�r0S (1 � �s)N0�r0

using (conditional) Binomial distribution. The actual post-IPO market price V1 is random
before the IPO is completed and can be higher or lower than the owner�s expectation. The
owner can exercise her option to sell some or all of her remaining shares at this market price
to maximize her total proceeds. So the optimization problem to be solved at time 0 involves
�nding the optimal values ��

0;�
�;0
1 and V �IPO (and hence the amount of information cost, in

other words, how many investors N0 to invite) that maximizes the expected terminal wealth
from the sale of all shares of the �rm.
The initial optimal allocations (��

0;�
�;0
1 ) and the optimal IPO price V �IPO are obtained

simultaneously by considering the actual quality type, all the constraints, the reactions of the
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underwriter and the investors, and future random variables regarding the values of the �rm
and the number of good evaluations both at times 0 and 1. Namely,

W � = max
�0;�1;VIPO

fVIPO�0(1� f0(1� l0)) + ET [V1]�1(1� f1(1� l1))(13)

+(1��0 ��1 ��u)ET [(1� f2)V2]g

where VIPO � V0, �u = l0f0�0 + l1f1�1) represents the proportion of shares to be paid as
fees to the underwriter, the superscript T indicates the true quality type and (�0;�1;�

u)
satisfy the inequality (4). The optimization problem is linear in (�0;�1) but highly nonlinear
and implicit in VIPO since the future expected prices and the optimal values of the pair (l0; l1)
which are determined by the underwriter also depend on VIPO. In practice, the problem can
only be solved numerically by considering discrete values of VIPO over an interval below V0.
Then ET [V1] and ET [V2] from the perspective of the owner are computed for each �xed VIPO:
The equilibrium values are obtained sequentially: At time 0, we can only obtain the optimal
values ��

0 and V
�
IPO (numerically). The actual optimal value �

�
1 is obtained at time 1. We

denote the estimate of ��
1 that is obtained at time 0 by �

�;0
1 to distinguish between these two

proportions (although they are very likely to be the same).
For each �xed value of VIPO = v, the expectations ET [V1] and ET [V2] depend on v implic-

itly. Moreover, the underwriter�s decision (l0; l1) and the fee rates also depend on v. Hence,
given the best response (l0; l1) = (l�0; l

�
1) of the underwriter, the expected value W can be

written as a function of (v;�0;�1) as follows:

W = ET [(1� f2)V2] + �0fv(1� f0(1� l0))� ET [V2(1� f2)](1 + l0f0)g(14)

+�1fET [V1](1� f1(1� l1))� ET [V2(1� f2)](1 + l1f1)g

where the dependence of each term on v is implicit in the equation.

Notation: For each �xed v, de�ne

Ŵ (v) , max
(�0;�1)

f(v;�0;�1) = f(v;�
�
0(v);�

�;0
1 (v)):

Then the optimal initial allocations ��
0(v) and �

�
1(v) can be obtained by a simple linear

programming approach for each v. Finally, the optimal values of v and W are obtained
numerically by solving W � = max

v�V0
Ŵ (v) over a set of discretized values of v. In general,

the equilibrium results depend on the constraints and the assumptions on the parameters.
The following Lemma summarizes all the possible cases with strict inequalities that result in
unique solutions:

Lemma 4 Let VIPO = v be a feasible IPO price.
(a) The underwriter�s problem at date 0. The optimal choice of l0 is given by

l�0 =

(
V0
v
lmax; if V0(1� fb)� v(1� c0 vV0 + c2(1� fb)) > 0

V0
v
lmin; if V0(1� fb)� v(1� c0 vV0 + c2(1� fb)) < 0

(b) The owner�s problem at date 0. Given the optimal strategy (l0; l1) = (l�0; l
�
1) of the

underwriter; the initial optimal proportions ��
0(v) and �

�;0
1 (v) satisfy the followings:
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(i) If max(1�f0(1�l0)
1+l0f0

v; 1�f1(1�l1)
1+l1f1

ET [V1(v)]) < (1�fb)ET [V2]; then ��
0(v) = �0 and �

�;0
1 (v) =

�1 � �0:
(ii) If 1�f1(1�l1)

1+l1f1
ET [V1(v)] < (1� fb)ET [V2] < 1�f0(1�l0)

1+l0f0
v, then ��

0(v) = �max and �
�;0
1 (v) =

�1 � �max:
(iii) If 1�f0(1�l0)

1+l0f0
v < (1 � fb)ET [V2] < 1�f1(1�l1)

1+l1f1
ET [V1(v)], then ��

0(v) = �0 and �
�;0
1 (v) =

1�(1+f0l0)�0
1+l1f1

:

(iv) If min(1�f0(1�l0)
1+l0f0

v; 1�f1(1�l1)
1+l1f1

ET [V1(v)]) > (1 � fb)E
T [V2]; then ��

0(v) = �max and

��;0
1 (v) =

1�(1+f0l0)�max
1+l1f1

:

Remark 3. When the inequalities are not strict, there may be multiple solutions for the
optimal allocations.

Proposition 1. An equilibrium (l�0; l
�
1;V

�
IPO;�

�
0;�

�
1) always exists. The owner�s wealth W

�

corresponding to the optimal choices (V �IPO;�
�
0;�

�
1) always optimizes her realized total wealth

from the sales of the shares. However the underwriter�s realized pro�t may not be always
optimal.5

V Empirical Implications

The empirical implications of the model depends heavily on the �rm-speci�c values and on
the initial beliefs of the underwriter(s). When �0 is not announced publicly before IPO,
the optimal initial allocation ��

0 depends on the actual quality type of the �rm so that we
actually have a separating equilibrium. However, the investors cannot perfectly identify the
quality type from these allocations. It only helps them to improve their ability to evaluate
the �rm more accurately and update their beliefs (probabilities for each type)/information
set. On the other hand, the owner would take advantage of the investors�inferior information
before announcing the IPO price and the proportion of shares to be sold in IPO. Therefore a
partial imitation of the strategy of a high quality company by the owners of low or medium
quality �rms at the same time hiding the quality type in the beginning is one of the main
contributions of our paper.

A Numerical Examples

We now provide some numerical examples to explain the empirical implications of the model.
The agents�problems are solved at time 0 as follows: For each IPO price VIPO, the under-
writer�s best response l�0 and the estimated value of l

�
1 are computed based on the model

parameters. Then the owner�s optimal allocations (��
0;�

�;0
1 ) are obtained from the owner�s

perspective. Finally, the expected wealth of the owner is computed on a grid of feasible IPO
prices to determine the best security price V �IPO numerically.

Example 1. Consider the IPO of a �rm in a certain industry with the actual market prices
for a H, M and L value �rms given by V H = 25; V M = 20, and V L = 16 (in million dollars

5If we consider a model that allows the underwriter to know the insider information except the quality type,
then it results in a pooling equilibria for all quality types.

17



for a total of one million shares, say), respectively.6 The informed investors only know the
initial probabilities about the quality of the �rm, which are given to be pH = 0:35; pM = 0:40
and pL = 0:25, in this case. The initial market price is then V0 = 20:75 (a value between VM
and VH). The �rm hires an investment bank (the lead underwriter) to form a syndicate of
underwriters in managing the IPO process and the subsequent sales of the shares. The thresh-
old share proportions for IPO sales are considered to be �min = 0:18 and �max = 0:30 which
also set the boundaries for the IPO allocation �0 of a typical H-value �rm (from the point of
view of the underwriters/market): The underwriter also restricts the IPO price to an upper
bound V upIPO = 20:5 based on his initial belief/information set. The conditional probabilities
that informed investors� evaluation at date 0 is "good" given the true types of the �rm are
estimated to be �H = 0:80; �M = 0:70 and �L = 0:40 by the owner. Similarly, the conditional
probabilities that informed investors�evaluation at date 1 is "good" given the true types of the
�rm are �H = 0:85; �M = 0:55 and �L = 0:3 (more accurate than �).
The number N0 of investors available at each IPO price v is given by a piecewise linear

function as follows: At the initial share price of V0 = $20:75, N0(20:75) = 20; then it increases
by 3 investors for each price reduction of 5 cents per share until 19.30 dollars. Below that
price, the number increases by 2 investors for each reduction of 5 cents until 18.55 dollars, and
so on. Moreover, the number of analysts at date 1 is a non-decreasing function of the expres-
sions jV1 � VIPOj and V1 � V0 : N1 = max(Nmin

1 ; round(4 jV1 � VIPOj+ 6 j2(V1 � V0) + 0:1j+
2
p
1 + 2dist2) where dist = max(0; V1 � VIPO) and Nmin

1 = 16.
The fee schedule is given as follows: f0 = (0:05 + 0:025)VIPO

V0
so that the maximum rate

becomes 7:41% when there is minimal reduction for the IPO (at VIPO = V upIPO = 20:5).
Moreover, the rates at dates 1 and 2 are f1 = (0:05)V0

V1
and f2 = 0:05. The maximum and

minimum warrant rates are lmax = 0:25 and lmin = 0:10:
The actual cash constraints �0 and �1, which depend on the needs and the quality type

of the �rm, satisfy 0:18 � �0 � 0:30 < �1 but are unknown by the underwriter at date 0.
The underwriter�s warrant rate selection at date 0 is based on the Lemma 4: The threshold
value V0(1 � fb) � VIPO(1 � cost0 + c2(1 � fb)) is positive when VIPO � 20:35 in the price
interval. Hence l�0 =

V0
VIPO

lmin when the IPO price (selected by the owner) is above 20.35, and
it is V0

VIPO
lmin otherwise. The total pro�t of the underwriters depend on the fees collected, the

terminal value of the warrants and the total costs that all depend on the IPO price. We now
study the optimization problem in detail for each quality type separately.

Example 2, H-value �rm: The optimal expected gains EH(W �) of the owner of a high
quality �rm depends on the proportions �0 and �1 as well as on the warrant allocations of the
underwriter : Figure 1 shows that it tends to decrease with both parameters �0 and �1:
We now consider some �xed �rm speci�c proportions �0 = 0:20 and �1 = 0:5 for a H-

quality �rm to decribe the impact of the individiual parameters. The expected secondary market
prices EH [V1] and EH [V2] together with the expected wealth W as a function of the IPO price
are plotted in Figure 2. It is clear that the secondary market prices tend to increase as the
IPO price decreases. The optimal value (with increments of 0.05) of IPO price is 19:35
corresponding to the optimal expected wealth E(WH) = 22:3186 and N0 = 104. The owner
sells ��

0 = �0 = 0:20 proportion of the shares at the price VIPO = 19:35. Then after the result
of the evaluations ( r) is made public, the new market price V1 is determined. The truncated

6So the share price and the �rm value will be represented by the same quantity, by an abuse of notation.
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plot of the secondary market price V1(r) and the conditional expectation EH [V2jr] in Figure
3 shows how the market value gets closer to the true value of the �rm based on the observed
values of r. For a H-value �rm, it is very likely that most of the evaluations would be good,
e.g. above 80, and therefore the market value V1 = V1(r) at date 1 would be close to V H = 25.
However if, for any reason, that is not the case so that the market value is much lower than
V H , the evaluations at date 1 would help bring the value closer to V H again. It is clear from
the �gure that EH [V2jr] > V1(r), for every r. The reason that the graph of EH [V2jr] is not
monotone is the speci�c nature of the number N1 of the analysts at date 1. Since N1 is larger
at the extreme values of r and the expected price is an increasing function of N1; the expected
value EH [V2jr] is relatively smaller for the middle values of r. The optimal allocation �1 of
date 1 is guessed to be �1 � �0 = 0:3 at date 0. Consider the following scenario at date 1:
Assume that r = 78 of the 104 invited investors assigned a "good" evaluation for the �rm.
Then the corresponding market price at date 1 becomes 22:1766 and the owner�s expected
market price EH [V2jr = 78] at the beginning of date 2 is 24:8378. This implies that the owner
actually goes with the allocation �1 � �0 = 0:3 at date 1 and sell the remaining shares at date
2.
The underwriters/investment banks then buy the remaining shares from the owner at the

observed price V2 at date 2 and sell them at the true value V H = 25 after date 2.

Analysis from the underwriter�s point of view:

The underwriter has initial beliefs and noisy information about the �rm�s quality and relies
on the evaluations by the investors. The IPO �rm may be a low or medium quality �rm with
a good image due to the intensive advertising or aggressive performance before the IPO, or it
may be a high value �rm with insu¢ cient advertising to get attention to its good projects prior
to the IPO process.
The costs of the underwriter depend on the IPO price, the actual quality type, the levels

of initial and subsequent underpricing (or overpricing) and the allocation amounts of the
owner. The speci�c cost function using the notation of (8) for this example has the parameters
c0 = 0:25; c1 = 0:15 and c2 = 0:22. The underwriter decides the warrant rate l0 at date 0
based on V0 and VIPO but cannot accurately guess the rate l1 of date 1 yet.
The low IPO price VIPO = 19:35 and the low allocation proportion �0 = 0:20 are good

signs for the �rm�s quality type but it is still not clear if it is due to the incentives by the
underwriter or the partial imitation strategy of lower quality ones. Such a low IPO price
results in a higher warrant rate and may allow the underwriter to distribute the initial shares
to its favorite customers (who participate in the information production) at a lower price,
decreasing the overall costs and future risks of the underwriter.
Again, assume r = 78 of the 104 invited investors assigned a "good" evaluation for the

�rm and the updated price is V1 = 22:1766 at beginning of date 1. The updated probabilities
for the quality types are roughly 
H = 0:4353; 
M = 0:5647 and 
L = 0; (rounded to four
decimal places) indicating that it is almost unlikely to be a low quality �rm and is more likely
to be a medium quality one (thanks to the optimism of the investors). So the more accurate
evaluations by analysts at date 1 are crucial to distinguish the quality types (between H and
M value �rms, in this case).
The underwriter cannot solve his maximization problem optimally due to the information

asymmetry. However, his expected pro�t can be computed from the owner�s perspective who
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has access to all the information in this game. We treat this computation as the expected
realized pro�t of the underwriter in our setup. Figure 4 indicates that the optimal IPO price
for this example would be around the upper bound 20.5. Our numerical computations based
on the potential range of the pairs (�0; �1) show that the best IPO price for the underwriter is
not usually smaller than the cut-o¤ point of the warrant rate shift, 20.35 in this case. There
is always a local maximum at this point which sometimes gives the absolute maximum.
The comparative statics of the equilibrium IPO price, owner�s expected wealth and the

underwriters�expected total pro�t versus each of the parameters �0 and �H (as a proxy of the
evaluation certainty) are given in tables I and II. The results in Table I show that the agents�
optimization problems have con�icting equilibrium values with respect to the initial allocation
constraint �0. As �0 increases, the owner selects a higher IPO price (hence a lower level of
underpricing) and predicts a smaller expected wealth. On the other hand, the underwriters�
total expected pro�t slightly increases with �0. It means that the the gains from a larger
allocation of IPO shares to their favorite customers together with higher fees collected from
the owner dominate the costs of a higher IPO price, on the average. Furthermore, the Table
II indicates that the underpricing is positively correlated with the evaluation uncertainty for a
high quality �rm, supporting the empirical �ndings regarding the relationship between (ex-ante
or ex-post) uncertainty and the underpricing.

Example 3, L-value �rm: For a low quality �rm, it is reasonable to consider the case
�0 = �max = 0:30 (the optimal initial allocation is almost always �max even though �0 may
be smaller). The owner allocates �0 = �max = 0:30 proportion of shares at date 0 with the
price VIPO = 20:50 (the upper bound IPO price). The allocation at date 1 depends on the
evaluation results. It is either �1 = 1� �max��u which would occur only when VIPO > 20:50
in this case (outside the range of the admissible IPO prices). For smaller values of VIPO, it
is �1 = �1 � �max, which occurs especially when the fees at date 1 are su¢ ciently large. This
indicates that the underwriter�s incentives to encourage the owners in keeping some shares
until the date 2 may work even for a low quality �rm. The kink at VIPO = 20:35 in Figure
5 is due to the transition from lmax (when VIPO � 20:35) to lmin (when VIPO > 20:35). The
owner�s expected �nal wealth EL[W ] is increasing with both VIPO and l but decreasing with
�1. On the other hand, the underwriter�s expected realized wealth E[W u] is not monotonic
with VIPO but increasing with �1: The absolute maximum of EL[W u] usually occurs after the
cut-o¤ point 20.35 (at 20.40 in this case) where the warrant rate is minimum. The other local
maximum point, which is attained at smaller VIPO values, shifts to the left and occasionally is
the absolute maximum for smaller values of �1 (Figure 6): Since the underwriters and investors
are not aware of these facts, they can rarely obtain their absolute optimal equilibrium results.
On the other hand, the owner can take full advantage of her informational superiority and
over-optimism of the market�s view of the �rm at date 0. However, she looses that advantage
as the information asymmetry decreases by time. Therefore, the �nal expected wealth E [WL]
would be much larger than the secondary market prices at dates 1 and 2 for reasonably large
IPO price levels (Figure 7). We always have V L = V2+ � EL[V2] � EL[V1] � V0. So
the information production and the subsequent evaluations insure that the market price gets
corrected gradually. Moreover, EL[W ] could get even smaller than V L = 16 when VIPO is
relatively small (due to the losses from the higher warrant rate). However, such small values
would be optimal for neither owner nor the underwriters.

Example 4, M-value �rm. The relevant Lemmas in the previous section covers all the
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possibilities for the allocation decision of a M-value �rm. The optimal initial allocation ��
0

is equal to �0 for all the admissible IPO prices (it is �max only at 20.60 or larger values).
Moreover, the (initial) optimal allocation estimate ��;0

1 is 1���
0 ��u which depends on the

warrant rate l and �0 (it is larger when l = lmin and �0 is smaller) and is independent of �1
in the range of the parameters considered. The expected wealth EM [W ] of the owner decreases
with �0 (Figure 8(a)) while the underwriter�s wealth increases (Figure 8(b)). The extent of the
optimal underpricing depends on the over-optimism and the evaluation quality of the investors
(captured by the probabilities � and �) and is usually very small. In the range of IPO prices
considered, the expected secondary market price EM [V1] is always above the actual value V M

and mostly above VIPO. However EM [V2] gets much closer to V M (Figure 9). We believe that
such an observation would explain the long-run underperformance observations following the
IPO. Although there is a run-up in the secondary market, it is mostly due to the information
asymmetry and the over-optimism of the market. The optimal allocation at date 1 again
depends on the incentives, fees and the observed value of the number of the good evaluations
by the investors at date 0. When V �IPO = 20:5; both the owner�s and the underwriter�s wealth
would be optimized however the underwriter wouldn�t know it until date 2.

B Model Implications

For most of the reasonable values, the following results hold:

High (H) value �rm. The owner takes the full advantage of information production to
reduce the information asymmetry. The secondary market price V H1 is close to the true
value V H . Moreover, for almost all of the parameters, the part (a) of the Lemma 4 applies:
��
0 = �H0 and �

�
0 + �

�;0
1 = �H1 : The owner sells the minimum possible shares at time 0 and

predicts to do the same at time 1 based on the initial information set. The actual value
��
1 is determined after the evaluation results at date 0 are made public. The level of the

underpricing is positively correlated with the uncertainty in the evaluations at date 1. The
underwriter�s expected net gains are usually increasing with the IPO price. Therefore, an
underwriter wouldn�t be so aggressive in providing incentives for the IPO of a high quality
�rm to reduce IPO price signi�cantly (when the quality is known to the underwriter). This
suggests that the IPOs of high quality �rms backed by large investment banks would o¤er a
relatively lower underpricing compared to the other high quality ones. The positions of the
owner and the underwriter contradict regarding the warrant rate and the initial allocation �0.
The underwriter bene�ts from a higher warrant rate and �0 while the owner prefers a minimal
warrant rate and �0.

Low (L) value �rm. The owner prefers to avoid information production to preserve the
information asymmetry (thanks to the current level of optimism in the market). Depending
on the parameter values, the extra fees that are paid to the underwriter may force the owner
to follow an imitation strategy of a H-value one in order to disguise the true type as much as
possible. The owner is conservative about reducing the IPO price unless it helps to increase the
warrant rate since the warrants are more valuable (as proportions of the higher share prices)
initially. The secondary market price V1 is a bit close to the true value V L and the price gets
much closer to V L at date 2, on the average. Moreover, for almost all the parameters, the
initial allocation is ��

0 = �max while �1 depends on whether the net (of the fees) payo¤ at
time 1 is smaller than the expected payo¤ at date 2, resulting in either �1 = �1 � �max or
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1���
0 ��u (the part (b) or (d) of the Lemma 4 applies).

Medium (M) value �rm. The owner has a richer set of strategies, in general. The initial
allocation ��

0 can range from �M0 to �max. Likewise, �1 ranges between �M1 � �max and 1 �
�M0 ��u. When the over-optimism in the current market is very signi�cant, then a very likely
price run-up in the secondary market can still indicate a false signal about the quality type.
The (especially uninformed) investors would expect a continuation of the price increase in
the long run. However, when the projects are getting to the end and the analysts at date
have more accurate evaluations, the market value at date 2 is very close to the actual value
V M : A likely scenario is that V M1 > V M2 � V M : If a majority of the �rms going IPO are of
M-value type, then this can be a satisfactory explanation of the long-run underperformance
observations (which may not be an actual underperformance) of the empirical data.

Underwriter. The optimal value of IPO price for the underwriter may not be solved from the
underwriter�s perspective under this model unless the underwriter would know the probability
distribution of �rm speci�c information for each quality type or the information for just a
typical �rm in each category of quality types. Then the underwriter or underwriters would
decide some of the parameters to force the owners in choosing the allocations/IPO price that
are closest to underwriter�s optimal values. One way to do this is to adjust the fee rates to
cover the possible costs of the non-optimal IPO price; the other would be adjusting the warrant
rates (as a control variable) for the fees accordingly. We include both of these concepts in
the model and show that they provide only sub-optimal choices for the underwriter who takes
the IPO price and the initial market price as a proxy for the initial warrant and fee rates. In
general, the cut-o¤ point for a higher warrant rate occurs at a lower equilibrium IPO price
and the underwriter bene�ts from that if the �rm is of a high-quality one. Since it is less likely
for a low quality �rm to reduce the price to that level (except that the owner may reduce it
further to increase the warrant rate), the underwriter only uses the minimum warrant rate
in that case. Therefore, our model captures the empirical observations that the warrants
would increase the underwriters�total compensation [Torstila (2001), Barry, Muscarella and
Vetsuypens (1991)] or decrease the IPO costs (Dunbar (1995)), on the average.

VI Conclusion

We model the IPO and the subsequent prices of a �rm depending on a game between the
owner and the informed investors in a multi-period information theoretic setting. We charac-
terize the equilibrium allocations (��

0;�
�
1) and optimal IPO price VIPO of the owner, and the

(sub)-optimal warrant rates (l�0; l
�
1) of the underwriters for each quality type. We �nd that

the owner of low or medium quality �rm can take advantage of her superior information given
the constraints, and she can partially imitate a potential strategy of a H-quality �rm without
revealing the actual quality type. The �rm-speci�c constraints/needs are as important as
the actual quality type and can help the owner in such an imitation strategy. However, the
owner of a high quality �rm can usually a¤ord and bene�t from a more signi�cant under-
pricing/initial price reduction than the other �rms. The level of the underpricing increases
with the uncertainy in the analysts�evaluation accuracy. Our model results in a separating
equilibria for di¤erent quality types which are not observed perfectly until the terminal time.
The underwriter�s pro�t is not always maximized at the optimal choice of the owner. It is
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usually larger for the high quality �rms. The optimal pro�t depends on some trade-o¤ among
the fees collected, the costs involved (both are proportional to IPO price) and the actual value
of the warrants.
The model predicts that the market price of a �rm would get closer to the actual value after

evaluation by the investors/analysts and the "underperformance phenomenon" reported in
empirical studies may actually be some "initial overperformance" arising from a combination
of the over-optimism of the market, information asymmetry, and the con�icts between the
owner and the underwriter.

Some Potential Extensions.

� An extension of this work is to allow time dependent or random quality types of the
projects at each time. For example, the owner may decide (or believe) to start with a
H-quality project but the result of the evaluations at date 1 may force her to switch to
a M-quality project at date 1 for an optimal expected terminal wealth.

� Similarly, we can allow the accuracy of the evaluations (measured by the probability
vectors � and �) to depend on the IPO price or other parameters of choice rather than
taking it just as a constant.

APPENDIX. The proofs of the lemmas in the text.

Proof of Lemma 1.
(a) From the owner�s point of view, the expected price will be

ET [V1] =
nX
r=0

ET [V1jX = r]P T (X = r);

where P T (:) is the probability measure from her perspective (given the actual quality type).
Hence P T (X = r) =

�
n
r

�
�rT (1 � �T )n�r, and ET [V1jX = r] = E[V1jX = r] = E[V jX = r]

which is independent of the owner�s �rm speci�c information and is given by (6). Moreover,
by (7) and Bayes rule, we obtain


S(r) = P (SjX0 = r)

=
P (X0 = rjS)ps
P (X0 = r)

=

�
n
r

�
�rS(1� �s)n�rpSP

�S

�
n
r

�
�r�S(1� � �S)

n�rp �S

=
�rS(1� �s)n�rpSP
�S

�r�S(1� � �S)
n�rp �S

:

(b) The identity E[V1jX = r + 1] > E[V1jX = r] holds if and only ifP
S

�r+1S (1� �s)n�(r+1)pSV SP
S

�r+1S (1� �S)n�(r+1)pS
>

P
S

�rS(1� �s)n�rpSV SP
S

�rS(1� �S)n�rpS
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which is equivalent to expression

(15) (
X
S

�s
1� �s

uSV
S)(
X
S

uS) > (
X
S

�s
1� �s

uS)(
X
S

uSV
S)

where uS = �rS(1 � �S)n�rpS. After writing the expressions in both sides of (15) explicitly
and simplifying the resulting inequality, we get the equivalent identity

(16) uLuM�M;L(V
M � V L) + uLuH�H;L(V H � V L) + uHuM�H;M(V H � V M) > 0

where �S1;S2 =
�S1
1��S1

� �S2
1��S2

, for each state S1; S2 = H;M;L: Since all of the terms on the

left side of (16) are positive, the inequality holds.

(c) Heuristically, this is a result of the monotonicity identity EH [X0] > E
M [X0] > E

L[X0]
(higher the quality type, the larger is the number of good evaluations, on average) and part
(b). A rigorous proof is quite lengthy and is omitted

Proof of Lemma 2. Given V1 = V S1 ; the random variable X1 has a Binomial distribution
with parameters N1 and �s (with respect to probability measure P ): The rest is similar to the
proof of Lemma 1 above.

Proof of Lemma 3. (a) The result is clear when the (conditional) expected value of the
underwriters�total pro�t is written as a linear function of l1. Since E[V2j
1] = V1, the expected
net wealth has the form

l1f1�1f(c2 � fb)V1 � (c2(�fb)� c1)VIPOg+ other terms

where l1f1 = fbl:

(b) Writing �u = l0f0�0 + f1�1l1; and noting that �0 = �
�
0 and the pair (l0; l1) = (l

�
0; l

�
1)

are known, the owner chooses ��
1 based on the expected price levels and the constraint �1 �

��
0+�1 � 1� l0f0��

0� f1�1l1 from (4): So in the continuation game, the optimal fraction of
shares the owner is willing to sell would solve the following maximization problem: Maximize

(17) h(�1) = �1fV1(1� f1(1� l1))� (1 + l1f1)E[V2(1� f2)j
1]g

subject to the condition

�1 ���
0 � �1 �

1� (1 + l0f0)��
0

1 + l1f1
:

Noting that ET [V2(1 � f2)j
1] = (1 � fb)ET [V2j
1]; the result follows from simple linear
programming arguments.

Proof of Lemma 4. (a) The proof is similar to that of Lemma 3 after the expected wealth
of the underwriter is shown to be in the form

l0f0�0fV0(1� fb)� VIPO(1� c0 + c2(1� fb))g+ other terms;

with c0 vV0 . Since the "other terms" that include �1 are unknown by the underwriters, they
can only solve the problem at date 0 using the expression above in this sequential optimization
problem.
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(b) Now, we have ET [V2(1 � f2)j
0] = (1 � fb)ET [V2]. The equation (14) is linear in the
initial allocations �0 and �1. Moreover, the constraints are linear in �0 and �1. Therefore,
linear programming problem applies and the results easily follow.

Proof of Proposition 1. For any given feasible IPO price, underwriter�s sub-optimal choice
l�0 as well as the owner�s optimal allocations and expected wealth can be obtained as in Lemma
4. Moreover, an optimal IPO price V �IPO from the owner�s perspective always exists in a closed
and bounded (compact) feasible set. Given l�0 and the rule for l

�
1; the owner�s best choices

result in the optimal expected wealth since the owner has access to complete information to
solve her problem. The underwriters�problem can only be optimized sequentially based on
the noisy information set and therefore their expected total realized pro�t is not guaranteed
to be optimal under the probability measure based on the perfect information set.
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regarding the warrant rate but not as extreme as the other (low or high) quality types.
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Figure 9. Again, the secondary market prices get closer to the actual value by time
although they are not necessarily monotone with the IPO price for a medium value �rm.

The owner can only a¤ord a small amount of initial price reduction.
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�0 �1 V�
IPO E[W(V�

IPO)] E[Wu(V�
IPO)]

0:18 0:5 19:3 22:4226 1:0133
0:2 0:5 19:35 22:3186 1:0229
0:22 0:5 19:45 22:2178 1:0349
0:24 0:5 19:65 22:123 1:0525
0:26 0:5 19:9 22:0352 1:0749
0:28 0:5 20:4 21:959 1:1041
0:3 0:5 20:4 21:8906 1:113

Table I. The equilibrium quantities versus �0; as �1 is kept constant.

�H V �IPO E[W (V �IPO)] E[Wu(V�
IPO)]

0.80 19.3 22.2829 1.0569
0.85 19.35 22.3186 1.0229
0.90 19.45 22.3445 0.9998
0.95 19.5 22.3631 0.9822

Table II. The equilibrium quantities versus �H when �0 = 0:2 and �1 = 0:5.
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