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Chapter 1
Introduction

Backward stochastic di¤erential equations (BSDE�s in short) appear in many
areas of research including mathematical �nance, nonlinear partial di¤erential equa-
tions (PDE�s), �nancial economics, stochastic control and game problems of func-
tional di¤usions. For the general theory of BSDE�s and their applications, we refer
the reader to the books by Yong and Zhou (1999), Ma and Yong (1999) and the
survey paper by El Karoui et. al. (1997).
The �rst existence and uniqueness result for nonlinear BSDE�s was given by

Pardoux and Peng (1990). They studied a BSDE of the type

dYt = �f(t; Yt; Zt)dt+ ZtdWt; YT = � (1)

where the coe¢ cient f : [0; T ]�<d�<d�m ! <d (sometimes called the generator or
the driver) is uniformly Lipshitz in state variables Y; Z and the terminal condition
� is square integrable. The unique solution is a pair (Y; Z) = (Yt; Zt)0�t�T of square
integrable z�adapted processes where z is the complete ��algebra generated by
m-dimensional Brownian motion W on a probability space (
;z; P ). Since the
uniform Lipshitz condition is too restrictive for many interesting applications, a
number of attempts have been made to relax these assumptions on f .
Pardoux and Peng (1994) weakened the assumptions in mainly two ways:
1. f is locally Lipshitz in y but uniformly Lipshitz in z; f(t; y; z) satis�es the

linear growth conditions on state variables (y; z) and the terminal condition � is
bounded.
2. f is continuously di¤erentiable in (y; z) with locally bounded �rst order

derivatives, � is a bounded random variable belonging to the Wiener space and its
derivatives on this space are bounded.
By studying a more general BSDE, Mao (1995) showed that if

f : 
� [0; T ]�<d �<d�m ! <d

satis�es

jf(t; y1; z1)� f(t; y2; z2)j2 � �(jy1 � y2j2) + c jz1 � z2j2 ; a.s. (2)

where c > 0 and � : [0;1)! [0;1) is a concave nondecreasing function such that
�(0) = 0; �(u) > 0 for u > 0 and

R
0+

du
�(u)

= 1, then the equation (1) has a unique

solution.
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Lepeltier and San Martin (1997) obtained the existence of a maximal bounded
solution for one-dimensional BSDE�s when f is continuous with linear growth in
state variables and � is square integrable.
Kobylanski (2000) provided existence, comparison and stability results for one

dimensional BSDE�s when the generator f is continuous and has a quadratic growth
in Z and if � is bounded. She also discussed the uniqueness of solutions under slightly
stronger conditions. The main technique is a transformation of the original equation
by means of an exponential change of variable.
Lepeltier and San Martin (1998) generalized Kobylanski�s results to the following

case
jf(t; !; y; z)j � k(y) + C

��z2�� ; (3)

where k is a strictly positive function satisfying

1Z
0

dx

k(x)
=1 =

0Z
�1

dx

k(x)
:

However, their emphasis was on the existence of the solutions rather than the unique-
ness.
El-Karoui and Hamadene (2003) obtained similar existence and comparison re-

sults to solve a risk-sensitive control problem and a zero-sum game problem. They
also showed the connections between non-zero sum risk-sensitive games and their
associated multidimensional BSDE�s.
In many situations, the terminal condition � depends explicitly on another state

variable X, � = g(XT ) where

dXt = b(t;Xt)dt+ �(t;Xt)dWt; s � t � T (4)

Xs = x

The system of equations (1) and (4) is called a decoupled FBSDE. The connec-
tions between this type of BSDE�s and quasilinear PDE�s were stated by Pardoux
and Peng (1992), Peng (1992) by generalising Feynman-Kac representation of PDE�s
as follows:

Theorem 1 (Pardoux and Peng, 1992) Consider the following parabolic PDE:

vt + bvx + f(t; x; v; �0vx) +
1

2
tr(��0vxx) = 0 (5)

v(T; x) = g(x)
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together with the decoupled system of FBSDE:

dXt = b(t;Xt)dt+ �(t;Xt)dWt (6)

dYt = �f(t; Yt; Zt)dt+ ZtdWt (7)

Xs = x; YT = g(XT ).

If the PDE (5) has a (classical) solution v, then (Y; Z) with

Y s;x
t = v(t;Xs;x

t ); Z
s;x
t = �0(t;Xs;x

t )vx(t;X
s;x
t )

solve the BSDE (7). Conversely, if the system (6)-(7) has a unique (adapted) so-
lution, then v(t; x) , Y t;x

t is a viscosity solution to the PDE (5). Moreover, this
solution is unique if the coe¢ cients involved are uniformly Lipshitz.

El Karoui et. al. (1997) simpli�ed the proof of Theorem 1, and extended the
results of Pardoux and Peng (1992) by presenting �ow, comparison and regularity
properties of BSDE�s. They provided some examples of BSDE�s in pricing and
hedging contingent claims as well as those in stochastic di¤erential utility framework.
They also discussed the connections with Malliavin calculus. Zhang (2001), Ma
and Zhang (2002) can be referred for new results on the regularity properties and
representation theorems for BSDE�s using Malliavin calculus.
When the coe¢ cients b; �; f depend on (x; y; z), the system

dXt = b(t;Xt; Yt; Zt)dt+ �(t;Xt; Yt; Zt)dWt; s � t � T

dYt = �f(t;Xt; Yt; Zt)dt+ ZtdWt; s � t � T (8)

Xs = x;YT = g(XT )

is called a coupled Forward-Backward SDE (FBSDE). A solution to this sytem
is a set of processes (X;Y; Z) which are zt-adapted and satisfy some integrability
conditions. The �rst existence and uniqueness result for coupled FBSDE�s (when
b doesn�t depend on Z) was provided by Antonelli (1993). By giving a counterex-
ample, he proved that the Lipshitz condition for the parameters is not enough to
guarantee the existence for a large time interval through Ito�s rule and related quasi-
linear PDE�s. Later, Peng and Wu (1999) generalized the existence and uniqueness
results to an arbitrarily large time duration. Although a considerable number of
works are under progress, the general theory of coupled FBSDE�s with �reasonable
conditions�on coe¢ cients is still lacking.
The �Four Step Scheme�introduced by Ma, Protter and Yong (1994) is one of

the �rst methods to solve FBSDE�s in a Markovian setting. Their method uses
Ito�s rule to transfer the FBSDE system to the corresponding nonlinear PDE and
solve this PDE anaytically or numerically under some strong regularity and growth
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conditions on the coe¢ cients. Although the numerical scheme based on the �Four
Step Scheme� is e¢ cient in one dimensional problems, it is quite costly in higher
dimensional cases. For some applications of this method, one can refer to the papers
by Cvitanic and Ma (1996); Du¢ e, Ma, Yong (1995); Douglas, Ma, Protter (1996).
Recently, the linear-quadratic regulator (LQR) problems with random coe¢ -

cients have been the main application of a type of nonlinear BSDE�s with quadratic
growth, called Ricccati BSDE�s. Chen et. al (1998) discussed the solvability of these
equations in some special cases. Later, their results were generalized and applied
to the problems of mathematical �nance, especially to mean-variance hedging and
portfolio selection problems. See, for example, Chen and Zhou (2000), Kohlmann
and Tang (2000), Lim and Zhou (2002), Lim (2003), Hu and Zhou (2003) and also
section 4.2 in this dissertation.
For other approaches and applications of nonlinear BSDE�s, the works of Yong

and Zhou (1999), Skiadas and Schroder (1999, 2003), Cvitanic et. al. (2001, 2004),
Hugonnier and Kaniel (2004), Cetin (2005) can be referred.

1.1 The Description of The Problem

In this dissertation, our emphasis is on the decoupled system of FBSDE�s of the
form

dXt = b(t;Xt)dt+ �(t;Xt)dWt; 0 � t � T

dYt = �f(t;Xt; Yt; Zt)dt+ ZtdWt; 0 � t � T (9)

X0 = x; YT = g(XT )

where b and � satis�es usual Lipshitz and growth conditions, � is non-degenerate,
f is continuous with quadratic growth in Z, and YT is square integrable. The
next section describes how such a system of FBSDE can be used to solve certain
stochastic optimal control problems by focusing on a well known application in en-
gineering, stochastic linear-quadratic regulator (LQR) problem. In low dimensions,
the PDE techniques work quite well to get at least a numerical solution to a con-
trol problem. When the dimension of a problem increases, the numerical schemes
for PDE�s becomes very ine¢ cient (from the computational point of view). There-
fore, the probabilistic approach using simulation would suggest a more convenient
framework for numerical applications. In order to get advantage of this approach,
we want to know the ��ne�properties of the solutions as well. We notice that even
in the standard case of the deterministic coe¢ cients, the quadratic FBSDE system
corresponding to the LQR problem is complicated enough to show the uniqueness
of the solutions.
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The rest of the dissertation is organized as follows: The next section includes
some de�nitions and notations as well as basic facts from stochastic control theory
and Malliavin calculus.
The second Chapter starts with the formulation of stochastic LQR problem for

which an explicit solution can be obtained. First, the case of control independent
di¤usion terms is introduced together with both PDE and FBSDE characterizations.
Then the uniqueness to the solutions is discussed for both one and multi-dimensional
state processes. After providing some comparison theorems to the solutions of LQR
problem and to the associated FBSDE�s and PDE�s, the Chapter ends with a dis-
cussion of the problems with control dependent di¤usion terms and a review of the
known results concerning Riccati BSDE�s.
The third Chapter discusses the numerical solution of the FBSDE�s by a dis-

cretization algorithm of Bouchard and Touzi (2004) which is based on the Markov-
ian structure of the system. By considering the FBSDE systems arising from LQR
problems, some convergence and regularity results for the discretized system of FB-
SDE�s are given. Then a pure simulation scheme is implemented to estimate the
conditional expectations by a regression approximation which is based on Malliavin
calculus. A three dimensional example is provided and the computational aspects
are discussed.
Finally, the fourth Chapter includes some applications of the FBSDE�s that are

considered in Chapter 2 to economics (impulse control problem of a central bank)
and to mathematical �nance (mean-variance portfolio selection). The dissertation
ends with some concluding remarks on other major applications.

1.2 Preliminaries

The most of the terms and the notations that are used in this thesis are much
or less standard in the literature (especially in the areas of stochastic calculus,
stochastic optimal control and mathematical �nance). However, we �x the notations
for the function spaces, derivatives etc. in the next subsection. Throughout the
dissertation, we assume a prior knowledge in measure theory, stochastic analysis
(including the theory of SDE�s, convergence theorems, conditional expectations)
and some familiarity with mathematical �nance (continuous time complete �nancial
market models and utility maximization). Although we summarize the basics of
stochastic optimal control theory and the Malliavin calculus in this section, some
other technical results and computations are included in the Appendices.
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1.2.1 De�nitions and Notations

For a given T > 0, a Euclidean space <k with k � 1, and a probability space
(
;z; P ) where z = fzt : 0 � t � Tg is the complete ��algebra generated by
m-dimensional Brownian motion W = (W1; :::;Wm)

0, we de�ne the following spaces
which will be used frequently throughout the thesis:

� Cp;q([0; T ];<k): The space of all <k valued measurable functions f : [0; T ]�<k
such that f(t; x) is p (respectively, q) times continuosly di¤erentiable with
respect to t (respectively, x) where p; q are non-negative integers.

� C1b (D): The set of all in�nitely di¤erentiable functions on D with bounded
derivatives.

� LpzT (
;<k): The space of all <k valued, zT -measurable random variables H
such that E[jHjp] <1 where j:j denotes the Euclidean norm in <k.

� L1zT (
;<
k): The space of all <k valued, zT -measurable essentially bounded

random variables.

� Lpz([0; T ];<k): The space of all <k valued, z-adapted processes f such that

E[

TZ
0

jf(t)jp dt] <1:

where j:j denote the usual Euclidean norm on <k.

� L1z ([0; T ];<k): The space of all <k valued, z-adapted essentially bounded
processes.

� Lpz(C[0; T ];<k): The space of all <k valued, z-adapted continuous processes
such that

E[ sup
0�t�T

jf(t)jp dt] <1:

Sometimes, we will write LpzT (
); L
1
zT (
), L

p
z(<k); L1z (<k); L

p
z(C;<k) by omit-

ting the time (and the space occasionally) components when the context is clear.
Unless otherwise speci�ed, all the vectors are column vectors and the prime (.0)

denotes the transpose of a matrix so that x0 will be a k � 1 row vector for x 2
<k. The trace of a matrix M will be denoted by tr(M). For a matrix M 2 <k�m,
the matrix norm kMk will denote the Euclidean norm on <k�m, unless otherwise
stated. The identity matrix of dimensions k�k will be denoted by Ik�k or just by I
when the context is clear. A matrix inequality M � N (M > N , respectively) is a
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convention for the staement that the matrix di¤erenceM�N is nonnegative de�nite
(positive de�nite, respectively). A matrix valued function � : [0; T ]! <k�m is called
uniformly non-degenerate if ��0(t) > �I, some positive constant �, 8 t 2 [0; T ].
For a deterministic function h(t; x) : [0; T ] � <k ! <, the subscript notation

will usually denote partial derivatives: ht(t; x) = @h
@t
(t; x), hx(t; x) = Dxh(t; x) =

rxh(t; x) and hxx(t; x) = D2
xh(t; x). In particular, for time dependent ODE�s, dot

(�) designates the derivative with respect to time parameter t.
The notation Et[:] will denote the conditional expectation E[:jzt]. When the

initial value of a process X is given at time t, then Et;x[:] refers to E[:] with Xt = x.

1.2.2 Basics of Stochastic Control Theory

The most of the following facts are standard results from stochastic optimal control
theory and will be summarized in this part without proofs. For the details and the
proofs of these arguments, one can refer to the books by Fleming and Rishel (1975),
Fleming and Soner, (1993), Yong and Zhou (1999) among other valuable sources.
Let T > 0 be given, W be an m dimensional Brownian motion on a probability

space (
;z; P ) and x0 2 <d. Consider the following control dependent SDE:

dX(t) = �(t;X(t); u(t))dt+ �(t;X(t); u(t))dWt (10)

X(0) = x0

where the coe¢ cients � and � are <d and <d�m valued, respectively and satisfy
the usual Lipshitz and linear growth conditions with respect to state and control
variables. Let U � <m and for U -valued, z-adapted control processes u(:), de�ne
the cost functional

Ju(s; x) = E[

TZ
s

f(t;X(t); u(t))dt+ g(X(T ))] (11)

where the running cost f , the terminal cost g and the control u satisy

f(:; X(:); u(:)) 2 L1z(<);
g(X(T )) 2 L1zT (<)

and u 2 U s;x = U s;x([s; T ];<m) where U s;x denotes the set of all admissible control
processes: u 2 U s;x if and only if u 2 L2z([s; T ];U) such that the SDE (10) with
X(0) = x0 replaced by X(s) = x has a unique solution. With the assumptions
above, if the cost functional (11) is well de�ned over U , then we de�ne the value
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function as
V (s; x) , inf

u2Us;x
Ju(s; x) (12)

for (s; x) 2 [0; T ] � <d. Because of the dynamic structure of the optimal control
problems, we consider all the pairs (s; x) 2 [0; T ]�<d although the original problem
concerns only the initial values (0; x0). Then the dynamic programming principle
(DPP) for (12) can be stated as

V (s; x) = inf
u2Us;x

Es;x[

tZ
s

f(� ;X(�); u(�))d� + V (t;Xs;x(t;u))] (13)

for any 0 � s � t � T .
If a pair (X�,u�) is optimal for the control problem (10)-(12), then the value

function V satis�es the equation

V (t;X�(t)) = Es;xt [

TZ
t

f(� ;X�(�); u�(�))d� + g(X�(T ))] (14)

P-a.s., 8 t 2 [s; T ].
When the value function V 2 C1;2([0; T ] � <d), then V solves the following

second-order nonlinear PDE:

vt � sup
u2U

H(t; x; u;�vx;�vxx) = 0; (t; x) 2 [0; T ]�<d (15)

with terminal condition v(T; x) = g(x); x 2 <d where

H(t; x; u; p; z) , 1

2
tr(�z) + �0(t; x; u)p� f(t; x; u) (16)

with
�(t; x; u) = ��0(t; x; u)

is called the (generalized) Hamiltonian and the equation (15) is called the Hamilton-
Jacobi-Bellman (HJB) equation (or HJB PDE). The HJB PDE is called uniformly
parabolic if 9 c > 0 such that

dX
i;j=1

�ij(t; x; u)yiyj � c jyj2 (17)

for all (t; x; u) 2 [0; T ]�<d�U , and y 2 <d. If (17) doesn�t hold, the HJB equation
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(15) is called a degenerate parabolic PDE. The uniformly parabolic PDE�s of the
form (15) are known to have unique classical solutions under some regularity and
growth conditions (for a summary of these results, see Fleming and Soner, 1993,
IV.4). For minimization problems, the HJB equation can be rephrased as

0 = inf
u
ff(t; x; u) + (LuV )(t; x)g (18)

where L is the backward evolution operator

LuV (s; x) = Vs + �0Vx(s; x) +
1

2
tr(aVxx(s; x)): (19)

Given (s; x) 2 [0; T ] � <d, a system �s;x = (
; fzt : s � t � Tg; P;X(:); u(:))
is called an admissible control system if (
;z; P ) is a (complete) probability space,
fzt : s � t � Tg is a �ltration, X(:) and u(:) are z-adapted processes such
that X(s) = x;X(t) 2 <d, 8 t 2 [s; T ], u 2 U s;x, f(:; X(:); u(:)) 2 L1z([s; T ];<);
g(X(T )) 2 L1zT (
;<).

Notation 2 We will usually write u 2 U s;x or u 2 U to refer to an admissible
control system when the context is clear.

Remark 3 The description of the admissible system above is in general a weak
formulation which might also involve a reference Brownian motion. However, we
omit such extension of the notation to keep the presentation simple.

Theorem 4 (Veri�cation Theorem) Let v 2 C1;2([0; T ] � <d) be a classical so-
lution to the equation (15). Then for all (s; x) 2 [0; T ]�<d,
(a) v(s; x) � Ju(s; x); 8 u 2 U s;x
(b) An admissible pair (X�,u�) is optimal for (10)-(12) if and only if

vt(t;X
�(t)) = max

u2U
H(t;X�(t); u(t);�vx(t;X�(t));�vxx(t;X�(t))) (20)

= H(t;X�(t); u�(t);�vx(t;X�(t));�vxx(t;X�(t)));8t 2 [s; T ],
holds P-a.s.

De�nition 5 A pair (� ; �) is called an impulse control if (�n) is a non-negative
sequence of increasing stopping times and (�n) is a sequence of random variables
such that �n 2 L1z�n , 8 n � 1:

1.2.3 Some Results From Malliavin Calculus

In this subsection, we review some fundamental facts from Malliavin calculus (some-
times called stochastic calculus of variations or anticipating calculus) including inte-
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gration by parts formula, Clark-Ocone formula and results for the Malliavin deriv-
atives and Skorohod integrals of smooth functionals. The details and the proofs of
these results could be found in Nualart (1995) and Oksendal (1997).
Let � be the set of the random variables of the form

F = f(

TZ
0

�01(t)dW (t); :::;

TZ
0

�0k(t)dW (t))

where f 2 C1b (<k) and �j 2 L2([0; T ];<k), for some k � 1. A stochastic process
D : �! L2([0; T ]�
) is called the Malliavin derivative operator if for any F 2 �,
and t 2 [0; T ], we have

DtF = �0(t)rf(
TZ
0

�01(t)dWt; :::;

TZ
0

�0k(t)dWt)

=
kX
j=1

@f

@xj
(

TZ
0

�01(t)dWt; :::;

TZ
0

�0k(t)dWt)�j(t):

Let D1;2 denote the (Banach space which is the) completion of � in L2(
) with
respect to norm k:k1;2:

kFk21;2 , E jF j2 + E

TZ
0

jDtF j2 dt.

The operator D is known to be a closed linear operator densely de�ned from D1;2

into L2([0; T ]�
). We now de�ne the Skorohod integral � which is known to be the
adjoint operator of D.
Let Dom(�) be the set of z-adapted stochastic processes in L2([0; T ] � 
;<m)

such that ������E[
TZ
0

(DtF )vtdt]

������ � c kFk1;2 ;

for all F 2D1;2. Then the Skorohod integral of the process v is de�ned by the
following duality expression

E[F�(v)] , E[

TZ
0

(DtF )vtdt]. (21)
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As in Oksendal (1997), the Skorohod integral may also be de�ned in the framework
of the Wiener-Ito chaos expansion. Then the identity (21) is obtained as an inte-
gration by parts formula relating the Skorohod integral to Malliavin derivative. For
v 2Dom(�), we write

�(v) =

TZ
0

v0tdWt

although this is not an Ito stochastic integral in general (since the integrand v is
not necessarily z-adapted). When v 2 L2z([0; T ];<m), �(v) represents the usual Ito
integral. The following results are well known and summarize the basic properties
of the operators Dt and �.

Lemma 1 (Chain Rule) Let F = (F1; :::; Fn)
0 be a random vector with Fi 2D1;2

for i = 1; :::n, and ' : <k ! < be in C1b (<k). Then '(F ) 2D1;2 and

Dt'(F ) =
nX
i=1

@'(F )

@xi
DtFi

Lemma 2 Let F 2D1;2 \ L2zT . Then
(a) (Integration by parts formula) If v = (v1; :::; vn) is an <n�m valued random

matrix such that vi 2Dom(�) for i = 1; :::n and Fv 2 L2z([0; T ] � 
;<n�m), then
Fvi 2Dom(�), 8 i = 1; :::n and the following identity holds:

�(Fv) = F

TZ
0

vtdWt �
TZ
0

DtFvtdt

(b) (Clark-Ocone Formula) F has the following decomposition:

F = E[F ] +

TZ
0

Et[DtF ]dWt

Lemma 3 Let fXt : 0 � t � Tg be the solution to the following <d valued vector
SDE:

dXt = b(t;Xt)dt+ �(t;Xt)dWt

X0 = x 2 <d.

where both coe¢ cients b and � are globally Lipshitz with linear growth and continu-
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ously di¤erentiable. Then Xt 2D1;2, 0 � t � T; and

DsXt = �(s;Xs) +

tZ
s

rxb(u;Xu)DsXudu+

tZ
s

rx�(u;Xu)DsXudWu

where rxf(t; x) denotes the gradient of f with respect to the state variable x.
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Chapter 2
The Stochastic LQR Problem

Let T > 0 be �xed (deterministic), W be an m dimensional Brownian motion.
For a given <m-valued control process u = (u1; :::; um)0 and for 0 < t � T; consider
the following d-dimensional state process

dXt = (A(t)Xt +B(t)u(t) + �(t))dt+ (

mX
j=1

Cj(t)Xt +Dj(t)u(t) + �j(t))dWj(t);

X0 = x0 (22)

where the deterministic matrices A; Cj 2 <d�d; B; Dj 2 <d�m; � , �j 2 <d�1,
j = 1; :::;m, are t-continuous. The �rst part of this work concentrates on minimizing
a quadratic cost functional when the di¤usion coe¢ cient doesn�t depend on the
control explicitly, that is, Dj = 0, j = 1; ::m. In this case, the optimal control is
known to be identical to the one in the deterministic LQR problems and is a linear
feedback control. In general, the existence of the coe¢ cients Cj introduces some
other tecnical di¢ culties.
There are basically two approaches to solve such control problems: Dynamic

Programming Principle (DPP), and Stochastic Maximum Principle. Although they
are equivalent for the LQR type control problems, we will appeal to the former one
which is also useful to connect certain PDE�s with systems of FBSDE�s. One may
refer to Yong and Zhou (1998) for a discussion of Stochastic Maximum Principle
and its connections with DPP approach. The square completion method is also
used in the literature for LQR type problems by taking advantage of the quadratic
structure of the cost functional. See for instance, Chen et. al (1998).

2.1 Control Independent Di¤usion Terms

For T > 0 given, the set of all admissible control processes is given by U0;x0([0; T ];<d)
which consists of all fzt; 0 � t � Tg adapted processes u = fu(t); 0 � t � Tg

with values in <d such that E0;x0 [
TR
0

ju(t)j2 dt] < 1 and the state process X0;x0;u

in (22) has a unique strong solution. When there is no ambiguity, the notations
Xs;x;u; U([0; T ];<d) will be abbreviated as X and U ; respectively. We will often use
subscript notation Xt and ut for the state and control processes when the context
is clear.
Throughout this subsection, we will assume that Dj = 0, j = 1; ::m. Hence, the

14



equation (22) reduces to

dXt = (A(t)Xt +B(t)u(t) + �(t))dt+ (
mX
j=1

Cj(t)Xt + �j(t))dWj(t);

X0 = x0: (23)

The primes (.0) will denote the transpose of a matrix, as before.
Now, for (s; x; u) 2 [0; T )�<d �<m given, de�ne the quadratic cost functional

as follows:

Ju(s; x) = Es;x[

TZ
s

(X 0
tM(t)Xt + 2X

0
tL(t)ut + u0tN(t)ut)dt+X 0

TRXT ] (24)

whereM;N and L are t-continuous, deterministic matrices of sizes d�d, m�m and
d�m, respectively;M , R are symmetric and non-negative de�nite d� d matrices;
N is symmetric and positive de�nite. Then the value function V is de�ned by

V (s; x) = inf
u2<m

Ju(s; x)

with terminal condition V (T; x) = x0Rx.

Remark 6 We can interpret the state variable X and the cost function J as the
deviation from a target trajectory and the cost of minimizing this deviation, respec-
tively. Any nonlinear optimization problem would be reasonably approximated by the
quadratic cost functional (24) provided jXtj and jutj stays close to zero.
In this subsection, we will �rst consider the time dependent di¤usion coe¢ cients

by assuming Dj = 0, j = 1; ::m and discuss the PDE interpretation of this LQR
problem. Then our emphasis will be on the well-posedness and qualitative properties
of the corresponding FBSDE system(s).

2.1.1 The PDE Characterization.

With � = 0; Dj = 0, j = 1; :::;m, the state process has the following form:

dXt = (A(t)Xt +B(t)ut)dt+ ~�(t;Xt)dW (t); 0 < t � T (25)

X0 = x

where ~� is the d �m matrix valued function whose jth column ~�j(t; x) is given by
Cj(t)x+ �j(t). Set

F (t; x; u) = x0M(t)x+ u0N(t)u+ 2x0L(t)u

15



Then, by (18)-(19), the value function V (s; x) satis�es

0 = inf
u
fF (s; x; u) + (LuV )(s; x)g

= Vs + x0M(s)x+ x0A(s)0Vx(s; x) +
1

2
tr(~�~�0(s)Vxx(s; x)) (26)

+ inf
u
fu0N(s)u+ (B(s)u)0Vx + 2x0L(s)ug

with the backward evolution operator Lu given by

LuV (s; x) = Vs + (A(s)x+B(s)u)0Vx(s; x) +
1

2
tr(~�~�0(s)Vxx(s; x)):

Remark 7 It is well known that if the di¤usion term � doesn�t depend on the control
variable u, then the condition N � 0 (N > 0, respectively) is a necessary (su¢ cient,
respectively) condition for the LQR problem to be solvable. This condition can be
relaxed for the general LQR problems with control dependent di¤usion coe¢ cients,
as in Section 2.5.

Clearly, the minimum of

u0Nu+ (Bu)0Vx + 2u
0L0x

is
�1
4
V 0
xBN

�1B0Vx � x0LN�1BVx � x0LN�1Lx

(suppressing time parameter) with the minimizer

u� = �N�1(
1

2
B0Vx + L0x): (27)

Then the HJB PDE takes the form of

Vs +
1

2
tr(~�~�0Vxx) + x0 ~Mx+ x0 ~A0Vx �

1

4
V 0
xBN

�1B0Vx = 0 (28)

V (T; x) = x0Rx

which can also be written as

Vs +
1

2
tr(~�~�0Vxx(s; x)) + f(s; x; ~�

0Vx(s; x)) = 0 (29)

V (T; x) = x0Rx

16



with

f(s; x; z) = x0 ~Mx+ x0 ~A0(~�~�0)�1~�z � 1
4
((~�~�0)�1~�z)0BN�1B0(~�~�0)�1~�z

V (T; x) = x
0
Rx (30)

where

~M = M � LN�1L0 (31)
~A = A� LN�1B0

for (s; x; z) 2 [0; T ]�<d�<m. In the remaining of this section, we will assume that
the condition (17) holds with �(t; x) = ~�~�0(t; x) so that the HJB equation (29) is
uniformly parabolic.

Remark 8 (a) In general, the quasilinear PDE (28) may have multiple solutions.
However, the value function is unique. Moreover it is the maximal solution of (26)
(and hence of (29)) by Theorem 4.(i)
(b) The PDE representation given by (29)-(31) is essential for the BSDE interpre-
tation of the problem with a candidate solution (Yt; Zt) = (V (t;Xt); ~�

0(s)Vx(t;Xt)).
(c) When ~� is a square (d�d) invertible matrix uniformly on [0; T ]�<d, the function
f in (30) could be further simpli�ed as

x0 ~Mx+ x0 ~A0(~�0)�1z � x0LN�1B(~�0)�1z � 1
4
z0(~�0)�1BN�1B0(~�0)�1z (32)

with z = ~�0(s; x)Vx(s; x).

Now, the system (29)-(31) can be solved directly by assuming a solution of the
following quadratic form

v(s; x) = x0S(s)x+K 0(s)x+ a(s) (33)

v(T; x) = x
0
Rx;

(S(T ) = R;K(T ) = 0; a(T ) = 0)

where S(:) 2 C1(<d�d), K(:) 2 C1(<d), a(:) 2 C1(<); S(t) is symmetric and uni-
formly nonegative de�nite (positive de�nite if R > 0) on [0; T ]. Note that a so-
lution v of the form (33) has a polynomial (quadratic) growth in x and satis�es
v(t; x) 2 C1;2([0; T ];<d). Then, substituting the trial function (33) back into the
equation (29) and using the notation _f(t) � df(t)

dt
for time derivatives, the left hand

17



side of (29) becomes

x0( _S + ~M � SBN�1B0S + ~A0S + S ~A+
mX
j=1

C 0jSCj)x (34)

+f _K + ( ~A0 � SBN�1B0)K + 2
mX
j=1

C 0jS�
jgx+ _a� 1

4
K 0BN�1B0K +

mX
j=1

�j
0
S�j.

The expression (34) is zero if S, K and a satisfy

( _S + ~M � SBN�1B0S + ~A0S + S ~A+

mX
j=1

C 0jSCj)(t) = 0; (35)

f _K + ( ~A0 � SBN�1B0)K + 2
mX
j=1

C 0jS�
jg(t) = 0 (36)

( _a� 1
4
K 0BN�1B0K +

mX
j=1

�j
0
S�j)(t) = 0; (37)

for s � t < T .
The equation (35) with boundary condition S(T ) = R is a Riccati type nonlinear

di¤erential equation. When the matrices L and Cj�s vanish, (35) becomes

_S +M � SBN�1B0S + A0S + SA = 0 (38)

which (sometimes called the standard or conventional Riccati equation) is known to
have a unique solution S(:) 2 C1((�1; T ];<d�d) (e.g., Fleming and Rishel, p.89;
Davis, Ch. 5). Some basic facts about Riccati type ODE�s that will be used to
discuss the solutions for more general Riccati ODE�s of the type (35) are included
in the Appendix B.

Lemma 4 If ~M � 0; R � 0 and N > 0, then the Riccati equation (35) has a
unique solution S 2 C1([0; T ];<d�d); which is symmetric and nonnegative on [0; T ].
Moreover, if ~M > 0 or R > 0, then S > 0 on [0; T ].

Proof. When Cj�s vanish, the result follows from the Lemma B.1 in Appendix.
The general case is an extension of Proposition B.5 using Lemma B.4 with D � 0.

Now, having that (35) has a unique bounded solution, the linear non-homogenous
vector ODE (36) with terminal condition K(T ) = 0 has a unique smooth solution
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implying also that the scalar ODE (37) with a(T ) = 0 has the smooth solution

a(s) =

TZ
s

(
mX
j=1

�j
0
S�j � 1

4
K 0BN�1B0K)(t)dt; 0 � s < T: (39)

With these choices of the functions S;K and a; the expression (34) vanishes and the
equality in (29) is satis�ed. So the trial function v(t; x) given by (33) is a solution
to the HJB PDE (29) and satis�es v(t; x) � Ju(t; x), for any u 2 <d, by (the
Veri�cation) Theorem 4(a).
The (unique) minimizer (27) is given in the following feedback form:

u�(s; x) = �N�1[(B0S + L0)x+
1

2
K].

To show that u� is an optimal control for this problem, consider the dynamics
of the state process Xt under the control ut = u�(t;Xt):

dX�
t = (A(t)X�

t +B(t)u(t;X�
t ))dt+ ~�(t;X

�
t )dWt; (40)

= f(A�BN�1(B0S + L0))X�
t �

1

2
N�1Kgdt

+(
mX
j=1

Cj(t)X
�
t + �j(t))dWj(t):

The linear nonhomogenous SDE (40) above has a unique strong solution X� 2
L2z([0; T ];<d) and the adapted process

u�t = u(t;X�
t ) = �N�1B0S(t)X�

t �
1

2
N�1K(t) (41)

is an admissible control process in U . It�s easy to check that the condition (20) of
(the Veri�cation) Theorem 4 (b) is satis�ed and u� is an optimal (Markov) control
policy:

v(s; x) = min
u
Ju(s; x) = Ju

�
(s; x).

Hence, the (unique) value function V (s; x) is given by

V (s; x) = v(s; x) (42)

= x0S(s)x+K 0(s)x+

TZ
s

(
mX
j=1

�j
0
S�j � 1

4
K 0BN�1B0K)(t)dt
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Remark 9 When the forward process X is completely observed, the optimal con-
trol u�(t;Xt) given by (41) is the same for both deterministic and stochastic reg-
ulator problems. However, for a partially observable process X, the optimal con-
trol (to be adapted to the �ltration generated by the noisy observations) is given by
�N(t)�1[B(t)0S(t) �Xt+

1
2
K(t)] where �Xt is the (�ltered) linear least squares estimate

of Xt, given by the Kalman �lter (see Davis (1977), Oksendal (2000)). Then the
stochastic control problem splits into two separated computations: Estimating �Xt,
and computing the optimal control u� for the completely observable case. This result
is known as the Separation Principle (see also Fleming and Rishel (1975)).

2.1.2 FBSDE Interpretation

For notational convenience, we assume that m = d and ~��1(t; x) exists, 8(t; x) 2
[0; T ] � <d. In view of Theorem 1 and the equation (29), the triple ( ~Xt; Y

s;x
t ; Zs;xt )

with
Yt = V (t; ~Xt) = ~X 0

tS(t) ~Xt +K 0(t) ~Xt + a(t), (43)

and
Zt = ~�

0(t; ~Xt)Vx(t; ~Xt) = ~�
0(t; ~Xt)(2S(t) ~Xt +K(t)) (44)

is a solution to the BSDE

dY s;x
t = �f(t; ~Xt; Zt)dr � Z 0tdWt (45)

Y s;x
T = g( ~XT ) = ~X 0

TR
~XT

with

~Xs;x
t = x+

tZ
s

~�(r; ~Xs;x
r )dWr;

and f(t; x; z) as in (32). Note that the function f(s; x; z) is not Lipshitz in state
variables x and z. So, the classical results for the existence and uniqueness of the so-
lutions to the BSDE (45) don�t apply. Unfortunately, the generator f(s; x; z) doesn�t
satisfy the non-Lipshitz conditions given by Pardoux and Peng (1994) and by Mao
(1995). Similarly, the results of Kobylanski (2000) for one-dimensional BSDE�s with
quadratic growth are not directly applicable since the terminal condition g(XT ) is
not bounded and we are not seeking a bounded solution in general. However, we
are going to apply some techniques like exponential change of variable and use the
results from Kobylanski (2000), Lepeltier and San Martin (1998) and Mao (1995)
to our transformed systems whenever they are applicable. For the FBSDE sys-
tems arising from the LQR problem, our emphasis will be on the uniqueness of the
solutions since the existence follows from the results above.
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Remark 10 .

1. The representation of (29)-(31) as a FBSDE system is not unique. Another
representation may be given by the following system:

X̂s;x
t = x+

tZ
s

b̂(r; X̂r)dr +

tZ
s

~�(r)dWr (46)

Y s;x
t = g(X̂T ) +

TZ
t

f̂(r; X̂r; Zr)dr �
TZ
t

Z 0rdWr

where

f̂(t; x; z) = x0 ~Mx� 1
4
(�0�1z)0BN�1B�0�1z

b̂(t; x) = ~A(t)x (47)

Each representation has some advantages depending on the complexity of the
forward or backward equations in (45) or (46). In this section, the represen-
tation (45) will be used frequently due to the simplicity of the forward state
dynamics.

2. For the notational convenience, we will use Xs;x for ~Xs;x
t given by (45).

3. The representation by FBSDE�s can also be applied to the stochastic optimal
control problem of minimizing (24) with more general di¤usion processes ~� =
~�(s; x) which depends on the state but not on the control process. Although
the optimal control strategy doesn�t change, in this case, we don�t have the
advantage of an explicit solution in general (the problem of existence in a
suitable space!)

4. If there doesn�t exist a smooth solution of (29), then generalized or viscosity
solutions can be considered for which the uniqueness issue becomes harder.

Note that the process X with

Xs;x
t = x+

tZ
s

~�(r;Xr)dWr; 0 < t � T; (48)
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has continuous paths, a.s. and is an L2-continuous martingale with mean x and
covariance matrix

cov(t1; t2) = E[Xt1X
0
t2
]� xx0 = E[

t2Z
t1

~�~�0(r;Xr)dr];

for s � t1 � t2 � T . Since ~�(t; x) satis�es the global Lipshitz and linear growth
conditions for any t 2 (s; T ]; there exist generic constants c; d > 0 (depending on t
and the matrix norms k�(:)k, kCj(:)k ; j = 1; :::m) such that

E[

tZ
0

jXrj2 dr] � c(1 + jxj2)ect; (49)

E[ sup
0�r�t

jXrjp] � d(1 + jxjp); p � 1:

implying that X 2 Lpz(C[0; T ];<d) and g(XT ) = X 0
TRXT 2 Lp(
), for p � 1: These

identities follow from martingale moment estimates or Burkholder-Davis-Gundy in-
equalities. See for instance, Karatzas and Shreve (1999), Yong and Zhou (1999). By
(43) and (44), Y and Z have quadratic growth in X, and by virtue of (49), satisfy
the following regularity properties:

E

�
sup
s�t�T

jZtjp
�

< 1;

E

�
sup
s�t�T

(Yt)
p

�
< 1; p � 1.

The identities (43) and (44) also enable us to set some a priory bounds that will be
essential in the implementation of the numerical schemes for certain FBSDE systems
that will be discussed in Chapter 3. In particular, when Cj � 0; j = 1; :::m, X is a
Gaussian process with simpli�ed covariance function

cov(t1; t2) =

t2Z
t1

��0(r)dr; 0 � t1 � t2 � T

and Z is a linear function of X. In the standard case with L � 0 (24), we get K � 0
and the value function simpli�es as

V (s; x) = x0S(s)x+ a(s)
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where

a(s) =

TZ
s

(

mX
j=1

�j
0
S�j)(t)dt

=

TZ
s

tr(��0S)(t)dt.

Hence V (s; x) is nonnegative by Lemma 4. Moreover, if M > 0 or R > 0, then
V (s; x) is positive uniformly on [0; T ] � <d. This implies that Yt = V (t;Xt) where
X is given by (45) is a positive process with 0 < Yt � c(1 + jXtj2), a.s. for
t 2 [s; T ). Noting that V (t; x) is a maximal solution of HJB equation (26), we have
the following result:

Lemma 5 Let the pair ( �Y ; �Z) be given as in (43) and (44) with ~M � 0. Then Ȳ is
a maximal nonnegative solution to the BSDE (45). Moreover, if Cj � 0; j = 1; :::m,
then
(i) Any solution (Y; Z) 2 L2z � L2z to (45) with Y � 0 a.s. satis�es �Y � Y , a.s.
(ii) If ~M > 0 or R > 0, then �Y is positive a.s and hence any nonnegative

solution (Y; Z) 2 L2z(<) � L2z(<) to (45) satis�es 0 � Yt < c(1 + jXtj2), a.s. for
any t 2 [s; T ).

Remark 11 The results above hold for the FBSDE representation (46), too.

We also provide a regularity result for the maximal solution ( �Y ; �Z) for the stan-
dard case. A similar result for the general case may be obtained under additional
assumptions.

Lemma 6 Suppose that Cj � 0; j = 1; :::m, and L � 0. Let

Xt = x+

tZ
0

�(r)dWr; 0 < t � T;

and (Y; Z) be the maximal solution

Yt = V (t;Xt) = X 0
tS(t)Xt + a(t);

Zt = �(t)0Vx(t;Xt) = 2�(t)
0S(t)Xt

to the BSDE (45). Then the triple (X; Y; Z) satisfy the following estimate:

sup
0�s;t�1

E[jXt �Xsj2 + jYt � Ysj2 + jZt � Zsj2] � k jt� sj+ l jt� sj2 (50)
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for some positive constants c; d.

Proof. Since the matrix and vector valued functions �(:); S(:) and a(:) are
uniformly continuous on [0; 1] with respect to the corresponding Euclidean norms,
there exist constants c > 0 and d � 1 such that for a generic function �(:) �
�(:); S(:); �0S(:) and a(:), the following identities hold:

max
0�t�1

k�(t)k2 � d (51)

k�(t)� �(s)k � c jt� sj ; 8 0 � s; t � 1 (52)

Without loss of generality, we assume 0 � s � t � 1. Then by Ito�s isometry and
(51), we get the inequalities

E[jXt �Xsj2] � d(t� s) (53)

E[jXtj2] � d(1 + jxj2).

Moreover, by simple manipulations and the inequalities (51)-(53), one can see that
the following inequality holds:

jYt � Ysj2 � 2fkS(t)k2 jXtj2 jXt �Xsj2 + kS(s)k2 jXsj2 jXt �Xsj2

+ kS(t)� S(s)k2 jXtj2 jXsj2 + ja(t)� a(s)j2g
� 4d2(1 + jxj2) jXt �Xsj2 + 2c2d2(1 + jxj2)(t� s)2 + 2c2(t� s)2.

Similarly, we have:

jZt � Zsj2

8
� k�0S(t)k2 jXt �Xsj2 + k�0S(t)� �0S(s)k2 jXsj2

� d jXt �Xsj+ c2d(1 + jxj2)(t� s)2.

Hence, taking expectations of both sides in the expressions above and using (53),
the inequality (50) holds with

k = 9d+ 2d3(1 + jxj2)
l = c2d2(1 + jxj2) + c2.

2.2 Uniqueness of The Solutions

Now, having a maximal solution to the FBSDE system (45) or (46) in the form
�Yt = V (t;Xt); �Zt = ~�(t;Xt)

0Vx(t;Xt), our emphasis in this part will be on the
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uniqueness of solutions when the di¤usion coe¢ cient depends only on the time
parameter: ~�(t; x) = �(t) such that k��1(:)k < c uniformly on [0; T ] for some c > 0.
With this assumption, the HJB equation is uniformly parabolic and all the results
mentioned in the previous subsection hold.

Condition 12 9c > 0 with 0 < k��1(:)k < c, ~M(:) > 0, B(:) > 0 or B(:) < 0 on
[0; T ] and Cj � 0; j = 1; :::m

For simplicity, we �rst consider the one dimensional case under the Condition
12. Then the system (30)- (31) becomes

f(t; x; z) = ~M(t)x2 +
~A(t)

�(t)
xz �H(t)z2

Vx(s; x) = z=�(t) (54)

V (T; x) = Rx2

with ~M(t) = (M � L2=N)(t) > 0 and

H(t) =
B2(t)

4N(t)�2(t)
> 0; [0; T ].

Condition 13 The time dependent functions _H
H
(:) and H(:) are uniformly bounded

on [0; T ].

De�ne the transformation

 (t; x) , exp(�2H(t):x)
Ut ,  (t; Yt), 0 � t � T ,

for a new (bounded) process U with 0 < UT = exp(�2H(T )YT ) < 1 a.s. Then, by
Ito�s lemma, U satis�es

dUt = d (t; Yt) = �h(t;Xt; Ut;�t)dt+ �tdWt (55)

UT =  (T; YT ) = exp(�2H(T )g(XT )),

where the driver h(t; x; u; z) and the martingale term �t are given by

h(t; x; u; z) = �
_H

H
(t)u log u� 2H(t) ~M(t)x2u+

~A(t)

�(t)
xz (56)

�t = �2H(t)UtZt (57)

so that (Ut;�t) is a solution to the BSDE (55).

25



Note that, by construction, the pair (U;�) of processes U = (Ut)t�T given by

Ut = exp(�2H(t):V (t;Xt))

�t = �2H(t)Ut�(t)Vx(t;Xt)

(0 < Ut < 1, a.s.) solve (55). If (Ut;�t) is the unique solution to (55), then

(Yt; Zt) = (
� logUt
2H(t)

;
��t

2H(t)Ut
)

is (formally) the unique solution for the system (45). The aim of the rest of this
section is to make these statements precise by �rst starting from the uniqueness
issue for a backward system which is similar to (1).
Given the random measurable functions f : 
 � [0; T ] � < � <m ! <, � :


� [0; T ]�< ! <m and � : 
! <, we will now consider the BSDE�s of the form

dYt = �f(t; Yt; Zt)dt+ (�(t; Yt) + Zt)dWt; (58)

YT = �

under the following assumption:

Condition 14 The random functions f and � satisfy the followings:
(a) f(:; 0; 0) 2 L2z(<), and �(:; 0) 2 L2z(<m), a.s.
(b) For any y1; y2 2 <; z1; z2 2 <m and 0 � t � T;

jf(:; y1; z1)� f(:; y2; z2)j2 � �(jy1 � y2j2) + c jz1 � z2j2 , a.s.

j�(:; y1)� �(:; y2)j2 � �(jy1 � y2j2), a.s.
where c > 0 and � : <+ ! <+ is a concave increasing function such that �(0) = 0;
�(u) > 0 for u > 0 and

R
0+

du
�(u)

=1:

The following theorem which is adapted from Mao (1995) will be useful through-
out this section. A Picard-Lindelof type approximation procedure and Bihari�s in-
equality (see Appendix A) are key tools in the proof.

Theorem 15 (Mao, 1995) If the Condition 14 (a)-(b) hold, then there exists a
unique solution (Y; Z) to equation (58) in L2z(<)� L2z(<m).

Note that the function h given by (56) is no longer quadratic in z. Morever, it
doesn�t satisfy the Condition 14 (b) above since the forward state process X is not
bounded. We �rst prove the existence and uniqueness to a BSDE system without
involving the forward part. Then, taking advantage of the nice properties of the
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Lp martingale X, we get the same uniqueness result in the presence of the forward
process X.

Proposition 16 Let Condition 12 and Condition 13 hold. Then the BSDE

dUt = �h(t; Ut;�t)dt+ �tdWt (59)

0 < UT = � < 1, a.s.

with

h(t; u; z) = �
_H

H
u log u� 2H(t) ~M(t)u+

~A(t)

�(t)
z (60)

has a unique solution in L1z (<)� L2z(<m).

Proof. We may assume WLOG that h(t; u; z) = �u log u� u+ z since the time
dependent coe¢ cients are uniformly bounded on [0; T ].
Claim1. The indentities (a)-(b) of Condition 14 are satis�ed by h(t; u; z) and

� � 0 on [0; T ]� [0; l]�<, for any M > 0. This means that L(u) , u log u satis�es

jL(y1)� L(y2)j2 � �(jy1 � y2j2), a.s.

on [0; l], l > 0 where � is as in Condition 14.
Claim2. We may assume 0 < Ut < 1, a.s. since we are seeking a bounded

solution. By using a truncation argument to control the growth of U , if necessary, the
result of the Proposition 16 holds. In fact, the unique solution is in L1z (<)�L2z(<m).
In order to prove Claim1, we introduce the following concave function on [0; l]:

�(u) =

�
2u log(u�1); if 0 � u � �

2� log(��1) + _�(��)(u� �), if � � u � l

for a small number �. For example, we may choose � < e�1 so that u log(u�1) is
a monotone increasing function on [0; �] satisfying other conditions above. (One
can generalize the de�nition of � by introducing �1(u) = C�;l�(u) to guarantee that
�1(u) will be bigger than ju log(u�1)j on the set � � u � l, where C�;l � 1 is a
constant depending on � and l).
Now, we want to show that

jL(u1)� L(u2)j � �(ju1 � u2j) = ju1 � u2j log(ju1 � u2j�1) (61)

WLOG, we may assume that 0 � u2 < u1 < 1=e. We will consider two cases
ju1 � u2j � u2 and u2 < ju1 � u2j separately:
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If 0 < ju1 � u2j � u2, by Mean Value Theorem, the inequality

jL(u1)� L(u2)j = j1 + log �j ju1 � u2j ;9� with u2 � � � u1

< jlog �j ju1 � u2j , since log � < log(e�1) = �1
� jlog(u1 � u2)j ju1 � u2j , u1 � u2 � u2 � �

= ju1 � u2j log(ju1 � u2j�1

is obtained.
On the other hand, when u2 < u1 � u2, by adding and subtracting the term

u2 log u1, we get

jL(u1)� L(u2)j � (u1 � u2) log u1 + u2 jlog u1 � log u2j
= (u1 � u2) log(u

�1
1 ) + u2(log u1 � log u2)

� (u1 � u2) log(ju1 � u2j�1)� u2 log u2,

since u2 log u1 < 0 and log(u�1) is decreasing. The result follows by noting that

�u2 log u2 = u2 log(u
�1
2 ) � (u1 � u2) log(ju1 � u2j�1).

The general case (0 � u2 < u1 � l) is similar provided � < e�1 holds.

Remark 17 The existence of the solution for (59)-(60) would also follow from Le-
peltier and San Martin (1998) by choosing the function k in (3) as

k(y) =

�
c1; y < 2

c2y ln y; y � 2

with suitable positive constants c1 and c2.
By using a truncation approach to control the growth of the driver in u, Kobilansky�s
existence results might apply to this truncated process. Then, one should also verify
the convergence and stability issues. The following result is adapted from Kobilansky
(2000) with some minor changes:

Proposition 18 Let f and � be the generator and terminal condition of a BSDE

dYt = �f(t; Yt; Zt)dt+ ZtdWt;YT = � (62)

and (fn; �n) be a sequence of generators and terminal conditions such that:

(i) The sequence (fn) converges to f locally uniformly on <+�<�<m; �n 2 L1(
)
and (�n) converges to � in L1(
):
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(ii) There exists k : <+ ! <+ such that for all T > 0, k 2 L1[0; T ] and 9 C > 0
such that for 8 n and 8 (t; u; z) 2 <+ �<�<m;

jfn(t; u; z)j � k(t) + C jzj2 :

(iii) For each n, the BSDE with parameters (fn; �n) has a solution (Y n; Zn) 2
L1z (<) � L2z(<m) such that the sequence (Y n) is monotonic and 9 M > 0 with
kY nk1 �M , 8 n.
Then 9 (Y; Z) 2 L1z (<)� L2z(<m) such that for all T > 0, lim

n!1
Y n = Y uniformly

on [0; T ]; (Zn)! Z in L2z(<m) and (Y; Z) is a solution of the BSDE (62).
In particular, if for each n, Y n has continuous paths, so does the process Y .

Theorem 19 If Condition 12 and Condition 13 hold, then the FBSDE given by
(55)-(56) with

Xt = x+

tZ
0

�(r)dWr

has a unique solution in L1z (<)� L2z(<m).

Proof. For notational convenience, the dependence of integrands on the time
variable is suppressed. Let (U1;�1) and (U2;�2) be two solutions for the equation
(55) in L1z (<)� L2z(<m). Then by Ito�s formula, jU1(t)� U2(t)j2 satis�es

jU1(t)� U2(t)j2 =

TZ
t

f�2(U1 � U2)[U1 logU1 � U2 logU2]� 2x2(U1 � U2)
2

�2x(U1 � U2)(�1 � �2)� (�1 � �2)2gdr

+

TZ
t

2(U1 � U2)(�1 � �2)dWr,

for 0 < t < T . Then it holds that

E[jU1(t)� U2(t)j2 +
TZ
t

j�1 � �2j2 dr] � 2E

TZ
t

fjU1 � U2j jU1 logU1 � U2 logU2j

�x2(U1 � U2)
2 + x jU1 � U2j j�1 � �2jgdr.

Now, the second term on the right of this equation is negative. The �rst term
2 jU1 � U2j jU1 logU1 � U2 logU2j is dominated by jU1 � U2j2+jU1 logU1 � U2 logU2j2
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which is also bounded by jU1 � U2j2+�(jU1 � U2j2) using the same � as in the proof
of Proposition 16. Applying the inequality 2ab � �a2+b2=� with � = 2 to the third
term, we get

2x jU1 � U2j j�1 � �2j � 2x2(U1 � U2)
2 + j�1 � �2j2 =2:

Combining these inequalities,

E[jU1(t)� U2(t)j2 +
1

2

TZ
t

j�1 � �2j2 dr] � E

TZ
t

fjU1 � U2j2 + �(jU1 � U2j2gdr

is obtained.
De�ne �(x) , x2 + �(x2). Then,

E[jU1(t)� U2(t)j2] � E

TZ
t

�(jU1 � U2j2)dr

implies that jU1 � U2j2 = 0; a.s., by Bihari�s inequality. So U1 = U2, a.s. Then
j�1 � �2j2 = 0; a.s., too, so that Z1 = Z2; a.s.

Due to the monotonicity of the transformations  (t; x) , exp(�2H(t):x), Ut ,
 (t; Yt) and �t = �2H(t)UtZt, we get the following results as a Corollary:

Corollary 20 If Condition 12 and Condition 13 hold, then the BSDE (45) where
the driver f is given by (54) has a unique solution (Y; Z) in L2z(<)� L2z(<m)

Corollary 21 The one-dimensional version of HJB PDE (29) has a unique viscos-
ity solution under the assumptions of theorems above. Moreover, this solution is
smooth and is given by the value function (42).

Now, suppose that the di¤usion coe¢ cient �(t; x) is a uniformly Lipshitz con-
tinuous function which is uniformly positive-de�nite and independent of the control
variable. Then, consider the following version of (22):

dXt = (A(t)Xt +B(t)ut)dt+ �(t;Xt)dWt; 0 � s < t � T (63)

X0 = x

with the cost functional

Ju(s; x) = Es;x[

TZ
s

(X 0
tM(t)Xt + 2X

0
tL(t)ut + u0tN(t)ut)dt+X 0

TRXT ]: (64)
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We may use the FBSDE representation

X̂0;x
t = x+

tZ
0

A(r; X̂r)dr +

tZ
0

�(r; X̂r)dWr

Y s;x
t = g(X̂T ) +

TZ
t

f(r; X̂r; Z
s;x
r )dr �

TZ
t

Zs;xr dWr

where

f(t; x; z) = x0Mx� 1
4
(�0�1z)0BN�1B�0�1z

= x0Mx� z0H(t; x)z

g(t; x) = x0Rx

for the control problem (63)-(64).
For simplicity, consider the one dimensional case d = 1, write X̂ = X and de�ne

a process U , fUt : 0 � t � Tg the following exponential tranformation

Ut = e�2H(t;Xt)Yt

UT = e�2H(T;XT )YT

where H(t; x) 2 C1;2([0; T ]�R). The dynamics of Ut is:

dU = fHt

H
+
Hx

H
AX)U lnU + 2HMX2U +

1

2
[
Hxx

H
+ 2(

Hx

H
)2 lnU ]�2U lnU

+�
Hx

H
(1 + lnU)�g+ (�Hx

H
U lnU + �)dW (65)

with � = �2HUZ. In general Ht; Hx; Hxx are complicated functions of t and x. For
the linear case �(t; x) = C(t)x with C � � > 0, some straightforward computations
show that

Ht

H
=

2 _BN

B
� _N + 2 _N

_C

C
Hx

H
= �2=x

Hxx

H
= 6=x2

so that all the terms in the BSDE (65) above becomes state-invariant. Note that the
results of LQR problem applies to this case, i.e. the value function is known to be a

31



smooth quadratic function of x and to be a maximal solution of the corresponding
HJB PDE. However, we are not able to prove the uniqueness of the solution to the
corresponding BSDE. The main di¢ culty is coming from the term U(lnU)2 which
grows very fast in a neighborhood of zero. The arguments of Proposition 16 doesn�t
apply directly to such a function.

2.3. Multidimensional Extension

In this section, we will consider the case ~�(t; x) = �(t) 2 <d�m; d;m � 1. We will
also assume that L � 0 although all of the following results will remain valid in
the general case L 6� 0 provided that the matrix ~M = M � LN�1L0 is nonnegative
de�nite: ~M � 0.
With L � 0; we have ~M = M and ~A = A: Therefore, when d = m; the driver

f(t; x; z) simpli�es to

f(t; x; z) = x0M(t)x+ x0 ~A0�0�1(t)z � z0H(t)z

with
H(t) =

1

4
��1BN�1B0�0�1(t). (66)

Otherwise if d 6= m, replace the matrices ��1 and �0�1 with �0(��0)�1 and (��0)�1�,
respectively. In multidimensional case, the exponential transformation method is
much more complicated and we will only consider some special cases.
Now, let (Y; Z) be the maximal solution considered in section 2.1 Then applying

Ito�s rule to a transformation of the form '(t; y) , e�2�(t)y, the dynamics of the
process Ut , '(t; Yt) is governed by the BSDE

dUt = d'(t; Yt) = �h(t;Xt; Ut;�t)dt+ �tdWt (67)

UT = '(T; YT ) = exp(�2�(T )g(XT ))

with

h(t; x; u; z) = �
_�

�
u log u� 2�ux0Mx+ x0A(�0)�1

0
z +

1

2u
z0(I � H

�
)z (68)

where I is the d� d identity matrix.
When H(t) is of the form �(t)I; where �(t) is a real-valued continuous function

which doesn�t vanish on [0; T ], the results in the previous section can be generalized
to the multidimensional case, as stated by the following theorem:

Theorem 22 Let the function H(:) be given by (66) and be of the form �(t)I where
� : [0; T ] ! (0;1) is a continuous function satisfying Condition 12. De�ne a
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transformation '(t; y) , e�2�(t)y, for (t; y) 2 [0; T ]� [0;1). Then, the dynamics of
the process Ut , '(t; Yt) is given by the BSDE

dUt = d'(t; Yt) = �h(t;Xt; Ut;�t)dt+ �tdWt (69)

UT = '(T; YT ) = exp(�2�(T )g(XT ))

with

h(t; x; u; z) = �
_�

�
u log u� 2�ux0Mx+ x0A(�0)�1

0
z (70)

�t = �2�(t)UtZt. (71)

This system has a unique solution (Ut;�t) in L1z (<)� L2z(<m).

Proof. The �rst part follows from Ito�s lemma. Since the quadratic dependence
on z disappears in (70) and the time dependent matrix valued functions are bounded
on [0; T ], the existence and uniqueness arguments are similar to the proof for the
one dimensional case.

Corollary 23 Under the assumptions of Theorem 22, the FBSDE system (45) has
a unique solution (Y; Z) in L2z(<)� L2z(<m), where

Yt =
�1
2�(t)

ln(Ut)

Zt =
�1

2�(t)Ut
�t

with (Ut;�t) being the unique solution to the system (69)-(71). Moreover, the value
function given by (42) is the unique viscosity solution to the quasilinear PDE (29)
and this solution is smooth.

The results above suggest that we can identify certain systems of FBSDE�s as
LQR problems through the representations (45)-(47) and solve them by means of
Riccati type equations:

Corollary 24 Consider the following FBSDE system

dXt = �(t)dWt; s � t � T

dYt = �f(t;Xt; Zt)dt+ ZtdWt; s � t � T (72)

Xs = x;YT = X 0
TRXT

with
f(t; x; z) = x0M1(t)x+ x0M2(t)z + z0M3(t)z
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and proper conditions on the matrix valued functions Mj(t), for j = 1; 2; 3. Then
the pair of processes (Y; Z) which are given by

Yt = V (t;Xt); Zt = �0(t)Vx(t;Xt)

solve the system (72) with V (t; x) = x0Sx+ a(t) where S(t) and a(t) satisfy

_S +M2�
0S + S�M 0

2 + 4S�M3�
0S +M1 = 0

_a+ tr(��0S) = 0

S(T ) = R

a(T ) = 0.

Corollary 25 Consider the following FBSDE system:

dXt = A(t)Xtdt+ �(t)dWt; s � t � T

dYt = �f(t;Xt; Zt)dt+ ZtdWt; s � t � T (73)

Xs = x;YT = X 0
TRXT

with
f(t; x; z) = x0M(t)x+ z0H(t)z

Then the pair of processes (Y; Z) which are given by

Yt = V (t;Xt);

Zt = �0(t)Vx(t;Xt)

solve the system (72) with V (t; x) = x0Sx+ a(t) where S(t) and a(t) satisfy

_S + A0S + SA+ 4S�H�0S +M = 0

_a+ tr(��0S) = 0

S(T ) = R

a(T ) = 0.

2.4. Some Comparison Results

Note that the dynamics of the Riccati equation (38) depends on the expression
BN�1B0 rather than on the matrices B and N individually. By taking advantage
of this property as well as the symmetry properties of the matrices involved, we
can obtain the following comparison results for the solutions to the stochastic LQR
problems.
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Theorem 26 Assume that the di¤usion matrix �(:) has full column rank and con-
sider the following LQR problems with state dynamics

dX i
t = (A(t)X i

t +Bi(t)ut)dt+ �(t)dWt; 0 < t � T (74)

X i
0 = x;

for i = 1; 2 and cost functionals

Jui (s; x) = Es;x[

TZ
s

(X i0
t M(t)X

i
t + u0tNi(t)ut)dt+X i0

TRX
i
T ]; 0 � s � T . (75)

De�ne the value functions V i(s; x) = inf
u
Jui (s; x); i = 1; 2 and set

Hi(t) ,
1

4
[�0(��0)�1BiN

�1
i B0

i(��
0)�1�](t); i = 1; 2:

If Hi(:) > 0 on [0; T ], then the followings hold:

(i) If the matrix inequality H1(t) � H2(t) holds on [s; T ], then V 1(s; x) � V 2(s; x):
(ii) If, in particular, Hi(t) = �i(t)I for i = 1; 2 with 0 < �1(t) � �2(t) < c, for
some c > 0 on [0; T ], then the value functions V i(s; x) are the unique solutions to
the HJB equations

vis +
1

2
tr(��0vixx(s; x)) + f(s; x; �

0vix(s; x)) = 0 (76)

vi(T; x) = x0Rx

with

f(s; x; z) = x0Mx+ x0A0(��0)�1�z � 1
4
((��0)�1�z)0BN�1B0(��0)�1�z

vi(T; x) = x
0
Rx

for i = 1; 2 and satisfy V 1(s; x) � V 2(s; x):
(iii) Let H1(:) � �I for some � > 0 on [0; T ], and V (s; x) be the value function for a
LQR problem (and unique solution to the corresponding HJB equation) of the form
(74)-(75) with H(:) = �I. Then any classical solution v1(s; x) of the PDE (76) with
i = 1 satis�es v1(s; x) � V 1(s; x) � V (s; x).

Proof. Note that the matrix inequality S1 � S2 implies

V1(s; x) = x0S1(s)x+ a1(s) � x0S2(s)x+ a2(s) = V2(s; x)
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Then the claims (i)-(ii) follow from the FBSDE representation of (74)-(75) and
Lemma B.2 noting that
(i) B1N�1

1 B0
1(t) = 4��

0(t)�1(t) � 4��0(t)�2(t) = B2N
�1
2 B0

2(t), 8 t 2 [s; T ] and
(ii) x0(B2N�1

2 B0
2(t)�B1N�1

1 B0
1(t))x = x0�(H2�H1)�

0(t)x � 0, for any t 2 [s; T ]
and any nonzero x since � has full column rank and (H2 �H1)(t) � 0.
The proof of (iii) is a result of (i)-(ii) and Remark 8.

Corollary 27 Consider the following decoupled FBSDE system:

X i
t = x+

tZ
0

�(s)dWs

Y i
t = g(X i

T ) +

TZ
t

f i(s;X i
s; Z

i
s)ds�

TZ
t

Zi0s dWs (77)

where

f i(s; x; z) = x0M(s)x� z0Hi(s)z; (78)

g(y) = y0Ry

and Hi(:) > 0 on [0; T ], for i = 1; 2. Let ( �Y i; �Zi), i = 1; 2 be the maximal solutions
to the system (77)-(78) as in Lemma 5. Then

(i) If H1(t) � H2(t) holds for 0 � t � T , then �Y 1
t � �Y 2

t , 8 t 2 [0; T ], a.s.
(ii) If Hi(t) = �i(t)I for i = 1; 2 with 0 < �1(t) � �2(t) < c, for some c > 0 on
[0; T ], then ( �Y i; �Zi)i=1;2 are the unique solutions to the systems (77)-(78) for i = 1; 2
such that �Y 1

t � �Y 2
t , 8 t 2 [0; T ], a.s.

(iii) Let H1(:) � �I for some � > 0 on [0; T ], and V (s; x) be the value function for
a LQR problem (74)-(75) with H(:) = �I. If (Y 1

t ; Z
1
t ) 2 L2z(<) � L2z(<m) is any

solution of (77)-(78) for i = 1, then

PfY 1
t � �Y 1

t � �Yt;8t 2 [0; T ]g = 1

where ( �Yt; �Zt) = (V (t;Xt); �
0(t)Vx(t;Xt)) is the unique (maximal) solution to a

BSDE of the form (77)-(78) with H(:) = �I.

Remark 28 In section 3.1, we will implement a numerical procedure under which
an approximating sequence V n converges to the solution V given by (42). Note that
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the process Y with Yt = V (t;Xt) satis�es the identity

Et[YT ] = Et[(Xt +

TZ
t

~�(r;Xr)dWr)
0R(Xt +

TZ
t

~�(r;Xr)dWr)]

= X 0
tRXt +

TZ
t

tr(~�~�0R)dr, t < T . (79)

which will be used in Chapter 3.

In the next section, we introduce a more general class of LQR problems which
have numerous applications in �nancial economics.

2.5 Control Dependent Di¤usion Terms

In this section, we review some known results about solvability of a class of LQR
problems that a linear control is present in the di¤usion of the state dynamics as in
(22) and the cost functional as in (24) but with L � 0:

Ju(s; x) = Es;x[

TZ
s

(X 0
tM(t)Xt + u0tN(t)ut)dt+X 0

TRXT ]; s � T . (80)

The optimization problems of this form have various applications in mathematical
�nance where decision making is also related to the scale of the uncertanty. When
the parameters of the equation (22) are allowed to be random, the LQR problem is
related to the stochastic Riccati BSDE�s which are nonlinear BSDE�s with quadratic
growth. The general theory of these equations are reviewed in subsection 2.6.3
and an application to mean-variance portfolio optimization problem is provided in
section 4.2.
Note that the FBSDE representation given in the previous section doesn�t work

when D(t) 6= 0. Moreover, the optimal control process turns out to be di¤erent than
the one given in section 2.1. The stochastic LQR problems with state dynamics (22)
are extensively studied under the condition that the control weighting matrixN > 0,
see e.g. Wonham (1968), Bizmut (1976). However, this condition has been recently
shown to be relaxed (see Remark 29 below).
Now, associated with (22) and (80), we have the following generalized Riccati
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equation:

0 = _P + (PA+ A0P +

mX
j=1

C 0jPCj +M)

�(PB +
mX
j=1

C 0jPDj)(N +
mX
j=1

D0
jPDj)

�1(PB +
mX
j=1

C 0jPDj) (81)

P (T ) = R, (N +

mX
j=1

D0
jPDj)(t) > 0; t � T: (82)

Remark 29 Note that the assumption (82)

(N +
mX
j=1

D0
jPDj)(t) > 0; t � T

is part of the solution and is a generalization of the condition N > 0 which is a
standing assumption in the standard LQR problems. To the best of our knowledge,
the extension (82) is �rst introduced by Chen et al (1998) with m = 1 (one dimen-
sional Brownian motion), assuming Cj � 0, for all j. Later, Chen and Zhou (2000)
discussed some special cases with non-zero Cj�s. See also Ait Rami et. al. (2001)
for the general case L 6� 0. The results for m > 1 are not essentially di¤erent. See,
for instance, Kohlmann and Tang (2000), Hu and Zhou (2003).

When all the coe¢ cients are deterministic, the following general result connecting
the generalized Riccati equation to the LQR problem (81)-(82) is well known. Our
formal argument to prove it is based on DPP in one-dimensional homogenous case
in the next subsection.

Proposition 30 If the Riccati equation (81)-(82) has a solution, then the stochastic
LQR problem with state dynamics (22) is well posed: V (s; x) > �1. Moreover, the
feedback control

u� = �(N +
mX
j=1

D0
jPDj)

�1(PB +
mX
j=1

C 0jPDj)
0Xt (83)

is optimal for the LQR problem.
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2.5.1 Homogenous Case with Deterministic Coe¢ cients

Let � � 0, � � 0 in (22) and consider the case m = 1 with cost functional (80).
Then (22) reduces to the homogenous equation

dXt = (A(t)Xt +B(t)ut)dt+ (C(t)Xt +D(t)ut)dWt; 0 � s < t � T

X0 = x0, (84)

the control (83) becomes

u� = �(N +D0PD)�1(PB + C 0PD)0Xt

and the corresponding Riccati equation is given by

0 = _P + (PA+ A0P + C 0PC +M)

�(PB + C 0PD)(N +D0PD)�1(PB + C 0PD) (85)

P (T ) = R; (N +D0PD)(t) > 0; t � T:

A proof of Proposition (30) under the assumptions of this subsection is given by
Chen et al (1998) using a square completion technique which also works in random
coe¢ cient case. For a Maximum Principle approach, see Yong and Zhou (1999). We
prefer to use DPP to also show the connections with the methods used in section 2.1.
Notice that the HJB PDE is now fully nonlinear and corresponds to a fully coupled
FBSDE system which is far more complicated than the systems considered in the
Chapter 2. For simplicity, a (formal) proof will be given only in one-dimensional
case.
Proof of Propositon (30). De�ne �u(t; x) , C(t)x+D(t)u. Then the HJB

equation satis�es

Vs +M(s)x2 + A(s)xVx + inf
u
g(s; x; u) = 0 (86)

V (T; x) = Rx2

with
g(s; x; u) = B(s)uVx +N(s)u2 +

1

2
(�u(s; x))2Vxx:

Assuming a solution of the form V (s; x) = x2P (s), one gets

inf
u
g(s; x; u) = g(s; x; u�) =

�(B + CD)2P 2

N +D2P
(s)x2
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corresponding to

u� =
�(B + CD)P

N +D2P
(s)x:

So, the equation (86) becomes

x2( _P + 2AP + C2P � (B + CD)2P 2

N +D2P
+M) = 0 (87)

N +D2P > 0; P (T ) = R

If the equation (87) has a solution, this solution should be unique, symmetric and
continuous on [0; T ], which is also positive semide�nite (Lemma B.4 in Appendix B).
Now, the system equation (84) with the optimal control candidate u�(t;Xt) takes
the following form:

dX = (A�B ~N�1 ~P )Xdt+ (C �D ~N�1 ~P )dWt (88)

Xs = x

with ~N = N + D2P > 0, and ~P = PB + CPD. Since P is bounded, ~N > 0, and
coe¢ cients are time-continuous (uniformly), the equation (88) has a unique adapted
solution. By the Veri�cation Theorem, u�(t;Xt) is the unique (feedback) optimal
control for the optimization problem which is �nite.

Corollary 31 Suppose that D0D > 0 or N > 0 on [0; T ]. Then the Riccati equation
(85) has a solution P , and the value function for the stochastic LQR problem with
state dynamics (84) is V (s; x) = x0P (s)x Moreover, the optimal control is u� =
�(N +D0PD)�1(PB + C 0PD)0Xt.

Proof. Follows from Proposition B.5 and Proposition 30.

Remark 32 In general, the Riccati equation (85) is only locally solvable around T;
by the general theory of the �rst order ODE�s. When C doesn�t vanish, there is no
general result about the global existence of the solutions although results similar to
the ones in Appendix B are available for special cases.

2.5.2 Random Nonhomogenous Terms

It is easy to see that the arguments in the previous subsection can be generalized to
the nonhomogenous case (with deterministic coe¢ cients). We will now give a more
general result assuming that the nonhomogenous terms �(:) and �(:) in (22) are <d
valued square integrable adapted processes (again with m = 1, for simplicity). Let
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(Y; Z) be the solution to the following linear BSDE:

dYt = �[ �A0y + �C 0z + P�+ �C 0P�]dt+ ZdWt (89)

YT = 0,

where

�A = A�B ~N�1 ~P ; �C = C �D ~N�1 ~P
~P = B0P +D0PC; ~N = N +D0PD

and P (:) is a solution to (85) (if it exists). Then the following result can be shown
by a square completion method as in Chen and Zhou (2000):

Theorem 33 If P (:) is a solution to (85), then the LQR problem (22) and (80) is
solvable with an optimal control

u�t =
~N�1( ~PXt + h(t))

where
h(t) = B0Yt +D0Z +D0P�

Moreover, the optimal value is

Ju
�
(0; x0) =

TZ
0

f�h0 ~N�1h+ �0P� + 2Y 0�+ 2Z 0�gdt

+x00P (0)x0 + Y 0(0)x0.
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2.5.3 Random Parameters and Riccati BSDE�s

When the parameters of the LQR problem (22) and (80) are bounded random
functions which are adapted to z, then the solutions to the LQR problem can be
described in terms of the following matrix equation, called backward Riccati SDE
(BRSDE, in short) or Riccati BSDE :

dP = �fPA+ A0P +
mX
j=1

(Z 0jCj + C 0jZj + C 0jPCj) +M

�[PB +
mX
j=1

(C 0jP + Zj)Dj] ~N
�1[PB +

mX
j=1

(C 0jP + Zj)Dj]
0gdt (90)

+
mX
j=1

Z 0jdWj(t)

~N = N +
mX
j=1

D0
jPDj > 0, P (T ) = R (91)

where the matrices M;N;R are symmetric. A solution (P ;Zj; j = 1; :::m) to this
BSDE is a set of matrix valued symmetric processes P;Zj 2 L2z([0; T ];<d�d) such
that the conditions (91) are satis�ed.

Remark 34 The Riccati BSDE is a highly nonlinear equation with a quadratic
qrowth in Z and involves the reciprocal of the unknown P which makes it very hard
to show the global existence of solutions. Analogous to the deterministic Riccati
ODE�s, some special cases can yield the uniqueness and existence of the solutions
as in the following Lemma:

Lemma 7 (Peng, 2000) Consider the Riccati BSDE (90) with Dj � 0, 8j =
1; :::m, and assume that M � 0; R � 0 and N > 0. Then the equation (90)
admits a unique solution (P ;Zj; j = 1; :::m) such that P 2 L1z ([0; T ];<d�d); Zj 2
L2z([0; T ];<d�d); j = 1; :::;m and P � 0.

Now, for any given (s; �) 2 [0; T ]� L2zs(<d), we consider the following SDE on
[s; T ]:

dXt = (A(t)Xt +B(t)u(t))dt+ (

mX
j=1

Cj(t)Xt +Dj(t)u(t))dWj(t); (92)

Xs = �
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where A;Cj 2 L1z ([s; T ];<d�d) andB;Dj 2 L1z ([s; T ];<d�m) for j = 1; :::;m. De�ne
the cost functional Ju(s; �) for u(:) 2 L2z([s; T ];<m) as

Ju(s; �) = Es;�[

TZ
s

(X 0
tM(t)Xt + u0tN(t)ut)dt+X 0

TRXT ]; s � T . (93)

With the value function

V (s; �) = min
u2L2z([s;T ];<m)

Ju(s; �), (94)

we have the following result for the solvability of the stochastic LQR problem (92)-
(94) via Riccati BSDE�s:

Lemma 8 Let ~N be as in (91), � 2 L2zs(<d) and consider the control process u� :

u�t = � ~N�1(PB +
mX
j=1

C 0jPDj + Zj)
0Xt (95)

under which the forward SDE (92) becomes

dXt = [A�B ~N�1(B0P +
mX
j=1

D0
j(PCj + Zj))]Xtdt

+
mX
j=1

[Cj �Dj(t) ~N
�1(B0P +

mX
j=1

D0
j(PCj + Zj))]XtdWj(t); (96)

Xs = �.

If the Riccati BSDE (90) has a solution P 2 L1z ([0; T ];<d�d); Zj 2 L2z([0; T ];<d�d);
j = 1; :::;m and the SDE has a solution X(:) 2 L2z([0; T ];<d), then the stochastic
LQR problem (94) is solvable, (95) is the optimal feedback control and the minimal
cost is

V (s; �) = Ju
�
(s; �) = �0P (s)� (97)

Proof. See Chen et. al (1998) for the deterministic �. The same argument is
valid here since � 2 L2zs(<d), as also stated by Hu and Zhou (2003).
The one-dimensional Riccati BSDE�s of the following form have unique bounded

solutions and are used frequently in mean-variance hedging and portfolio selection
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problems (see the section 4.2)

dp = �fAp+B0z � z0z

p
gdt+ z0dWt (98)

p(T ) = M; p(t) > 0, 8 t 2 [0; T ],

where A 2 L1z (<); B 2 L1z (<m);M 2 L1zT (<). As shown in Lim and Zhou (2002),
this BSDE is a monotonic transformation of the linear BSDE

dY = fAY �B0Zgdt+ Z 0dWt (99)

Y (T ) =
1

M
� � > 0; a.s.

for some �nite constant �. This linear BSDE has a unique bounded solution (Y; Z) 2
L1z (<) � L2z(<m). Then a solution to the Riccati BSDE (98) is given by (p; z) =
( 1
Y
; �Z
Y 2
) 2 L1z (<) � L2z(<m) which can be veri�ed by Ito�s rule. Moreover, this

solution is unique since the function f(x) = 1=x is monotonic when x > 0. So we
have

Lemma 9 The equation (98) has a unique solution (p; z) 2 L1z (<)� L2z(<m).
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Chapter 4
Numerical Implementation

In this section, the discrete-time approximation and numerical solution of FB-
SDE�s are discussed by taking LQR problem as a benchmark. Recall that the value
function for the LQR problem can be written as

V (s; x) = x0S(s)x+K 0(s)x+

TZ
s

(

mX
j=1

�j
0
S�j � 1

4
K 0BN�1B0K)dt (100)

V (T; x) = x
0
Rx;

where S;K and a solves the ODE�s (35)-(37) with boundary conditions

S(T ) = R; K(T ) = 0; a(T ) = 0.

In practice, one may only hope to get a numerical solution to these equations and
hence to (100). A numerical approximation of V (s; x) which involves the time
discretization to approximate the ODE�s corresponding to S;K and a on [0; T ] is
not very costly, even in high dimensions. See Figure 1 in Example (38). However, in
general, the solution of a parabolic PDE of the form (29)-(30) with a state dependent
di¤usion term doesn�t reduce to a system of ODE�s. The numerical solution of such
an equation with �nite di¤erence methods requires the state discretization in each
dimension which makes the procedure very costly in higher dimensions.
Now, we rewrite the FBSDE system (45) with s = 0; and m = d:

Xt = x+

tZ
0

~�(r;Xr)dWr (101)

Yt = g(XT ) +

TZ
t

f(r;Xr; Zr)dr �
TZ
t

Z 0rdWr

where

f(t; x; z) = x0 ~M x+ x0 ~A0(~�0)�1z � 1
4
z0(~�0)�1BN�1B0(~�0)�1z

g(x) = x0Rx (102)

~�j(t;Xt) = CjXt + �j

with ~�j being the jth column of ~�.
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In the next subsection, a discrete time approximation scheme for the FBSDE
system (101)-(102) will be introduced as a numerical solution to this system. Then
a Monte Carlo approach will be presented to estimate the conditional expectations
(regression estimation) in the numerical scheme when no explicit representation
can be obtained. However, it turns out that for the LQR problem, the discretized
numerical solution of the corresponding FBSDE system reduces to a deterministic
iterative procedure which doesn�t require any regression estimation. The resulting
deterministic sequence which is a backward Euler discretization is a numerical so-
lution of S;K and a in (100) and converges to the value function (100) strongly
for any x 2 <d. Therefore, for a linear state process X whose di¤usion coe¢ cient
doesn�t depend on the control variable u, the most e¢ cient procedure for the LQR
problem seems to be solving the system of deterministic equations (35)-(37) numer-
ically. Moreover, this scheme is not much costly because only the time component
is discretized.
We want to obtain error estimates for the approximation procedure (105) similar

to the results given by Theorem 3.1 of Bouchard and Touzi (2004) or the ones given
by Zhang (2001). We will also discuss the error due to the regression approximation
based on Malliavin calculus with a three dimensional example. In general, in order
to improve e¢ ciency of regression approximation, one needs to �nd upper and lower
bounds for Y �

ti
and Z�ti in terms of X

�
ti
. We mainly use the approximation Ê�i of

E�i as in Bouchard and Touzi (2004) with slight adjustments. Since the functions
f(t; x; z) and g(x) are neither Lipshitz nor have linear growth in state variables, the
regression error is large and heavily depends on the a priory bounds for Y �

ti
and Z�ti.

In high dimensions, the estimation of Skorohod integrals becomes relatively harder.
When the forward state process is Gaussian, we could evaluate d-iterated Skorohod
integrals in terms of the discretized Brownian motion (see the subsection 3.2 and
Appendix C).

3.1 Discrete Time Approximation of FBSDE

Let T = 1 be �xed. Then for a partition �: 0 = t0 < ::: < tn = 1 of [0; 1], with
uniform mesh size j�j , max

1�i�n
�ti = 1=n;the discretized approximation X� of the

forward process X in (101) is computed using classical Euler discretization and
Monte-Carlo simulation:

X�
t0
= x (103)

X�
ti
= X�

ti�1 + ~�(ti�1; X
�
ti�1)�

�Wi; for i = 1; :::n,
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where ��Wi = Wi �Wi�1. Moreover, for ti�1 � t < ti, the continuous time approx-
imation X�

t of X is de�ned as

X�
t , X�

ti�1 + ~�(ti�1; X
�
ti�1)(Wt �Wi�1).

Then it is easy to check that the following estimates hold for the processes X�
ti
and

X�
t :

E[ sup
0�t�1

jX�
t j
4] � c(1 + jxj4)

E[ sup
0�t�1

jXt �X�
t j
2] � c(1 + jxj2) j�tj (104)

max
1�i�n

sup
ti�1�t<ti

E[
���Xt �X�

ti�1

���2] � c(1 + jxj2) j�tj

where j�tj would be replaced by j�j for a non-uniform partition �. The error term
for this scheme is well known:

lim sup
j�j!0

j�j�1=2E[ sup
0�t�1

jXt �X�
t j
p + max

1�i�n
sup

ti�1�t�ti

���Xt �X�
ti�1

���p] <1
for p � 1, see Kloeden and Platen (1992), for example.
For the discrete-time approximation of the processes (Y �; Z�), the following

backward procedure is implemented:

Y �
tn = g(X�

tn);

Z�ti�1 = (�t)�1E[Y �
ti
�Wijzti�1 ] (105)

Y �
ti�1 = E[Y �

ti
jzti�1 ] + f(ti�1; X

�
ti�1 ; Z

�
ti�1):�t

where �Wi = Wti �Wti�1, fztg is the (completed) �ltration generated by W (in
other words, generated by X) and f is given by (102). This backward scheme will
be relied on the Markov structure of the FBSDE system and the fact that (Yt; Zt) is
a deterministic function of (t;Xt); t � 1. Then the conditional expectations above
reduce to the regression of Y �

ti
and Y �

ti
�Wi onX�

ti�1, which in general requires further
approximations. One may use the Malliavin calculus approach �rst introduced in
Fournie et al. (2001) and then developed by Zhang (2001), Bouchard et al. (2004)
and Bouchard and Touzi (2004). For other approaches (e.g., kernel estimators,
quantization, basis projection methods) and references, see Gobet et.al (2004) and
Bouchard and Touzi (2004).
Notice that the �ltrations for the conditional expectations above can be replaced

by the discrete-time �ltration z�i which is the �-algebra generated by fX�
tj
; j �

ig. Then, E�i�1[Y �
ti
] = E[Y �

ti
jX�

ti�1 ] and E�i�1[Y
�
ti
��Wi] = E[Y �

ti
��WijX�

ti�1 ] with

47



E�i�1[:] , E[Y �
ti
jz�i�1] for any i = 1; :::; N . Conditional on z�i�1, E�i�1[X�

ti
] is normally

distributed with mean X�
ti�1 and variance


~�(ti�1; X�

ti�1)



2 =n

for each i = 1; :::; n. If Y �
ti
2 L2z, 8 i = 1; :::; n (which indeed holds by Corollary 37),

then we can de�ne a continuous time approximation (Y �
t ,Z

�
t )2 L2z(<)�L2z(<m) as

follows: For all i = 1; :::; n; by the martingale representation theorem, there exists
a process Z� 2 L2z(<m) such that

Y �
ti
= E�i�1[Y

�
ti
] +

tiZ
ti�1

Z�t dWt. (106)

Then, following Bouchard and Touzi (2004), we de�ne Y �
t

Y �
t , Y �

ti
� (t� ti)f(ti; X

�
ti
; Z�ti) +

tZ
ti

Z�s dWs; ti � t < ti+1 (107)

and an auxiliary process ~Z�ti:

~Z�ti�1 ,
1

�ti
Ei�1[

tiZ
ti�1

Ztdt]; 1 � i � n: (108)

A similar approximation is introduced in Zhang (2001) by using step processes. See
also Zhang (2004).
By (106) and the Ito isometry, Z�ti satis�es

Z�ti�1�ti = Ei�1[Y
�
ti
��Wi] = Ei�1[�

�Wi

tiZ
ti�1

ZtdWt]

= Ei�1[

tiZ
ti�1

1dWt

tiZ
ti�1

Z 0tdWt] (109)

= Ei�1[

tiZ
ti�1

Ztdt]
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The following estimate is obtained in Zhang (2001) under a uniform Lipshitz
condition on both the driver f and the terminal condition g which is not satis�ed
in our case:

Lemma 10 (Zhang, 2001) Assume that the functions f(t; x; z) and ~�(t; x) in a
FBSDE system of the form (101) are uniformly Lipshitz in state variables (x; z)
and in x, respectively and Hölder-1

2
continuous in time variable t. Assume also that

g(x) is uniformly (L1) Lipshitz. Then, for any partition � of [0; 1], the following
estimate holds:

max
1�i�n

sup
ti�1�t<ti

E[
��Xt �Xti�1

��2 + ��Yt � Yti�1
��2] + nX

i=1

E[

tiZ
ti�1

���Zt � ~Z�ti�1

���2 dt � � j�j ;

(110)
where � is independent of �.

Remark 35 For more general functions f and g, it is hard to get an L2-type reg-
ularity result (110). For example, the functions f(t; x; z) and g(x) given by (102)
have quadratic growth in (x; z), and in x, respectively. The maximal solution (�Y ; �Z)
satis�es

�Zt = 2~�
0(t;Xt)S(t)Xt +K(t)

which has quadratic growth in Xt, too. Because of the Markovian feature of the solu-
tion (�Y ; �Z), the driver f then has a quartic (fourth order) dependence on Xt; which
usually complicates the analysis of the regularity properties of the numerical approx-
imations. In order to eliminate such technical problems, we will again consider the
standard case as we did in Lemma (6).

Lemma 11 Suppose that Cj � 0; j = 1; :::m, and L � 0. Consider the Gaussian

process Xt = x +
tR
0

�(r)dWr; 0 < t � T; where �(:) 2 <d�m is uniformly Lipshitz

continuous on [0; 1]: 9 c > 0 such that k�(t)� �(s)k � c jt� sj, 8 s; t 2 [0; 1]. Let
(Y; Z) be the maximal solution

Yt = V (t;Xt) = X 0
tS(t)Xt + a(t);

Zt = �(t)0Vx(t;Xt) = 2�(t)
0S(t)Xt

to the LQR problem in this standard case. Then,

(a) The triple (X; Y; Z) satisfy the estimate (110).
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(b) Moreover, the following regularity result

max
1�i�n

sup
ti�1�t<ti

fE[
��Xt �Xti�1

��2 + ��Yt � Yti�1
��2] + nX

i=1

E[

tiZ
ti�1

��Zt � Zti�1
��2 dtg � � j�j

(111)
holds.

Proof. The part (b) follows from Lemma (6) with � = k+1 where the constant
k is as in (50).
To prove part (a), it su¢ ces to show that

nX
i=1

E[

tiZ
ti�1

���Zt � ~Z�ti�1

���2 dtg � C j�j ;

for some C > 0. Note that

~Z�ti�1 =
1

�ti
Ei�1[

tiZ
ti�1

Ztdt]

= 2
Xti�1

�ti

tiZ
ti�1

�0S(s)ds; 1 � i � n;

and for any t 2 [ti�1; tt),

Zt � ~Z�ti�1 = 2�
0S(t)(Xt �Xti�1) + 2(�

0S(t)� 1

�ti

tiZ
ti�1

�0S(s)ds)Xti�1

so that

E
���Zt � ~Z�ti�1

���2 � 8fdE
��Xt �Xti�1

��2 + c2dE
��Xt �Xti�1

��2g
� 8fd2�ti + c2d(1 + jxj2)(�ti)2g
� C j�j

with C = 8d(d+ c2(1 + jxj2)) and c; d as in the proof of Lemma (6).

Before going into the details of the error estimates, we show that the discrete-
time approximation (105) reduces to the numerical solution of the value function
through Riccati equation (35).
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Proposition 36 The procedure given by (105) results in the following iteration for
Y � and Z�:

Z�ti = �tiX
�
ti
+ �ti (112)

Y �
ti

= X�0
ti
�tiX

�
ti
+ �0tiX

�
ti
+ 
ti

where the sequence of coe¢ cients �ti ; �ti 2 <d�d, �ti ; �ti 2 <
d�1 and 
ti 2 < satisfy

�tn = R; �tn = 0; �tn = 0; �tn = 0 = �
tn�1

; 
tn = 0

�ti =
1

n
fM̂ti + Â0ti�ti+1 + �ti+1Âti � �0ti+1Bti

N�1
ti
B0
ti
�ti+1

+

mX
j=1

C 0j(ti)�ti+1Cj(ti)g+ �ti+1

�ti = �ti+1 +
1

n
f2

mX
j=1

C 0j(ti)�ti+1�
j(ti) + (Âti � �0ti+1Bti

N�1
ti
B0
ti
)�ti+1g (113)


ti = tr(�ti�
0
ti
�ti+1)=n+ 
ti+1

�ti = 2~�0
ti
�ti+1 ; �ti = ~�

0
ti
�ti+1

Proof. Backward induction on i. The case i = n is clear with the convention
Z�tn = 0. For i = n � 1, the conditional expectations E�i�1[Y �

ti
] and E�i�1[Y

�
ti
��Wi]

could be computed explicitly: By writing

X�
tn = X�

tn�1 + ~�tn�1�
�Wn;

with

~�tn�1 = ~�(tn�1; X
�
tn�1);

�tn�1 = �(tn�1)

and using (79), the conditional expectations E�n�1[Y
�
tn ], E

�
n�1[Y

�
tn�

�Wn] can be com-
puted as follows:

E�n�1[Y
�
tn ] = E�n�1[X

�0

tnRX
�0

tn ]

= X�0

tn�1RX
�
tn�1 + tr(~�tn�1~�

0
tn�1R)=n

and
E�n�1[Y

�
tn�

�Wn] = E�n�1[X
�0

tnRX
�
tn�

�Wn] = 2~�
0
tn�1RX

�
tn�1=n
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so that

Ztn�1 = nE�i�1[Y
�
ti
��Wi] = 2~�

0
tn�1RX

�
tn�1 = �tn�1X

�
tn�1 + �tn�1

with
�tn�1 = 2~�

0
tn�1R; �tn�1 = 0

and hence

Ytn�1 =
1

n
f(n� 1; X�

tn�1 ; Z
�
tn�1) + E�n�1[X

�0

tnRX
�0

tn ]

=
1

n
fX�0

tn�1M̂tn�1X
�
tn�1 +X�0

tn�1Â
0
tn�1(~�

0
tn�1)

�12~�0tn�1RX
�
tn�1

�(2~�0tn�1RX
�
tn�1)

0(
1

4
~��1
tn�1

Btn�1N
�1
tn�1B

0
tn�1(~�

0
tn�1)

�1)(2~�0tn�1RX
�
tn�1)g

+X�0

tn�1RX
�
tn�1 + tr(~�0tn�1~�tn�1R)=n

= X�0

tn�1f
1

n
(M̂tn�1 + Â0tn�1R +RÂtn�1 �RBtn�1N

�1
tn�1B

0
tn�1R

+
mX
j=1

C 0jRCj(tn�1)) +RgX�
tn�1

+
2

n
(
mX
j=1

C 0j(tn�1)R�
j
tn�1)

0X�
tn�1 + tr(�tn�1�

0
tn�1R)=n

= X�0

tn�1�n�1X
�
tn�1 + �0tn�1X

�
tn�1 + 


tn�1

Now, assume that (Yti ; Zti) together with the coe¢ cients �ti ; �ti 2 <d�d, �ti ; �ti 2
<d�1 and 
ti are given by (112)-(113). Then, writing X�

ti
in the form

X�
ti
= X�

ti�1 + ~�ti�1�
�Wi

and following similar arguments as in the computations for t = tn�1 above, we get
the

Zti�1 = n(E�i�1[(X
�0
ti
�tiX

�
ti
)��Wi] + E�i�1[�

0
tn�1X

�
tn�1�

�Wi] + E�i�1[
ti�
�Wi])

= n(2
1

n
~�0ti�1�tiX

�
ti�1 + ~�

0
ti�1�ti=n)

= 2~�0ti�1�tiX
�
ti�1 + ~�

0
ti�1�ti = �ti�1X

�
ti�1 + �X�

ti�1
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and similarly for Yti�1 :

Yti�1 =
1

n
f(i� 1; X�

ti�1 ; Z
�
ti�1) + E�i�1[X

�0

ti
�tiX

�0

ti
+ �0tn�1X

�
tn�1 + 
ti ]

= X�0

ti�1f
1

n
( ~Mti�1 +

~A0ti�1�ti + �ti
~Ati�1 � �tiBtn�1N

�1
tn�1B

0
tn�1�ti

+

mX
j=1

C 0j(ti�1)�tiCj(ti�1)) + �tigX�
ti�1

+
2

n
(

mX
j=1

C 0j(ti�1)�ti�
j
ti�1)

0X�
tn�1 + tr(�ti�1�

0
ti�1�ti)=n+ 
ti

= X�0

ti�1�ti�1X
�
ti�1 + �0ti�1X

�
ti�1 + 
ti�1,

with the coe¢ cients

�ti�1 =
1

n
( ~Mti�1 +

~A0ti�1�ti + �ti
~Ati�1 � �tiBti�1N

�1
ti�1B

0
ti�1�ti

+
mX
j=1

C 0j(ti�1)�tiCj(ti�1)) + �ti

�ti�1 = �ti +
1

n
f2

mX
j=1

C 0j(ti�1)�ti�
j
ti�1

+( ~Ati�1 � �0tiBti�1
N�1

ti�1
B0
ti�1
)�tig

and

ti�1 = tr(�ti�1�

0
ti�1�ti)=n+ 
ti.

Corollary 37 Let (Y �
ti
; Z�ti)i=0;:::n be the discrete time approximation given by pro-

cedure (105). Then
Y �
t0
= x0�t0x+ �0t0x+ 
t0 ; (114)

where the deterministic coe¢ cients �t0 ; �t0 and 
t0 can be computed recursively from
(113). Moreover, Y �

t0
converges to the value function (42) of the LQR problem, for

any x 2 <d: k�t0 � S(0)k ! 0,
���t0 �K(0)

��! 0, and
��
t0 � a(0)

��! 0 as n!1.

Proof. It�s easy to see that the scheme given by (112)-(113) is a backward dis-
cretization of (35)-(37) where some of the time-dependent coe¢ cients are evaluated
at lower bounds of the integration. Because of the continuity of these matrix-valued
functions, the result follows.
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Now, we provide a three dimensional example with L = 0 and Cj = 0, for all
j = 1; :::m, which corresponds to the standard Riccati equation (38):

_S +M � SBN�1B0S + A0S + SA = 0

Example 38 Consider the following matrix valued functions for the standard LQR
problem on [0; 1] with x =

�
1 1 1

�0
:

A(t) = �

24 1=2 t=2 1=2
0 1=2 �1=2
1 1� t

2
1=3

35 =5

B(t) =

24 t+ 2
3

t=2 0
1=3 t+ 2

3
1

0 1=2 1 + t

35 =6

�(t) =

24 1 + t=2 0 0
:9 1:2 0
0 :5 1 + t

4

35 =4

M(t) =

24 1 0 0
0 2� t 0
0 0 1 + t2=2

35 =3

N(t) =

24 1:5 1 0
1 2:5 1
0 1 1:5

35 =4
Let S(1) = R = I3�3. Then the value function is

V (0; x) = x0S(0)x+ a(0)

where S and a solve the ODE system

_S +M � SBN�1B0S + A0S + SA = 0

_a+ tr(��0R) = 0

with S(1) = I3�3 and a(1) = 0. For any partition �; the approximating sequence
(114) is now given by

Y �
t0
= x0�t0x+ 
t0 ; (115)

where �t0 and 
t0 can be computed recursively through (113). Now, using this al-
gorithm with n = 100000 on a uniform partition of [0; 1] results in the following
numerical solution for the system
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S(0) � �t0 =

24 1:0577 �0:0091 �0:2710
0:0394 1:2055 �0:1174
�0:2710 �0:1174 1:0755

35
and a(0) � 
t0 = 0:3407 so that

V (0; x) = x0S(0)x+ a(0) = 2:8844.

We consider this result as exact when comparing with other computations. Although

the numerical scheme (which is some type of Euler discretization) for this example
is very fast, the convergence is rather slow since the accuracy of a(0) also depends on
the mesh size of the partition � and usually reqiures a large number of discretization
points. See the Figure 1 (a)-(b) below:

Convergence of Riccati equation

Remark 39 The Corollary 37 and the Example 38 above discuss only the con-
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vergence of Y �
t0
to the value function V (0; x) = Y 0;x

0 of the associated LQR prob-
lem. In general, the L2 type convergence of the continuos time process (Y �

t ; Z
�
t ) to

(Yt,Zt)=(�Yt, �Zt) is not very easy to prove since, in our case, it may require strong
regularity of Z�t which is only known to have L

2-regularity. The following error es-
timate is obtained both by Zhang (2001) and Bouchard and Touzi (2004) assuming
the driver f is Lipshitz in state variables:

sup
0�t�1

E[jYt � Y �
t j
2] + E[

1Z
0

jZt � Z�t j
2 dtg � c j�j

One may obtain similar estimates in our setup by assuming Z� 2 L4z(<d); for ex-
ample. Since Zt = 2�0(t)S(t)Xt has the same regularity as Xt and X 2 L4z(<d), this
assumption is not too strong. Now, leaving this discussion aside, thanks to the �ne
properties of the solutions to the standard Riccati equation, we have the following
error estimate as a corollary to Proposition 36:

Corollary 40 max
1�i�n

sup
ti�1�t�ti

E[
��Yti � Y �

ti

��2] + nP
i=1

E[
tiR

ti�1

��Zti � Z�ti
��2 dtg � c j�j.

3.2 Regression Approximation

Thanks to Proposition 37, the discretized pair (Y �
ti
; Z�ti) given by (112) can be de-

scribed as deterministic functions of X�
ti
, i = 1; :::; n. By using this explicit rep-

resentation and the estimated value Y �
t0
� V (0; x), we can now test the Malliavin

calculus based regression approximation on LQR problem through the Example 38.
Due to the involved technical steps and the notation, we are not going to explain
the details of the algorithm. The reader can refer to the paper by Bouchard and
Touzi (2004) for a deeper understanding of the method. We also put some of the
computations and technical steps in the Appendix C to simplify the presentation in
this section.
The approximation of the forward process {X�

ti
; i = 1; :::; n} is based on Monte-

Carlo simulation and the classical Euler discretization given by (103). The terminal
condition Y �

tn = g(X�
tn) with tn = 1 is computed from the simulated random variables

X�
tn for each j = 1; :::N , accordingly. Then the pair of processes (Y �

ti
; Z�ti) are

computed by approximating the conditional expectation operator E�i in (103) by an
approppriate Malliavin regression estimator ~E�i as follows: If {X

�(j) ; j = 1; :::; N}
are N independent copies of {X�

ti
; i = 1; :::; n} and a smooth localizing function
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� : <d ! < is given, then

~E�i [�(X
�
ti+1
)] ,

NP
j=1

�(X�(j)

ti+1
)HX�

ti
(X�(j)

ti
)�(j)

NP
j=1

HX�
ti
(X�(j)

ti )�(j)
(116)

where

HX(y) ,
dY
i=1

1(Xi � yi)

is the Heaviside unit function and, �(j) are independent copies of some random
variable � which has some Skorohod integral representation of the form

S
hi�1
i [F ] ,

1Z
0

(Fhit)
0dWt; i = 1; :::; d (117)

where F is a random variable (usually another Skorohod integral) and hi is the ith

column of a matrix valued process h satisfying

1Z
0

DtX
�
ti
hitdt = Id�d (118)

1Z
0

DtX
�
ti+1

hitdt = 0d�d.

For the exact form of the matrix ht and the computation of the Malliavin derivatives
and the iterated Skorohod integrals corresponding to the Example 38, see Appendix
C.
Since this scheme requires n independent copies of N discrete-time process X

on a partition �; it is computationally costly. Moreover, the estimator (116) is
not necessarily integrable. In order to improve e¢ ciency of the algorithm and to
eliminate problems related to the possible non-integrability of the estimators, it is
essential to use some a priory bounds on Y �

ti
and Z�ti during the implementation.

Since the function f(t; x; z) depends quadratically on z, any error in the estimation
of the process Z� is magni�ed by f . Then the accuracy in the computation of
Y � is a¤ected by both regression estimation ~E�i�1[Y

�
ti
] of E�i�1[Y

�
ti
] and the error

in the approximation f(ti�1; X�
ti�1 ; Z

�
ti�1) which has quadratic growth in both state

variables. For this reason, during the simulation, we �rst apply the bounds on the
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regression estimation ~E�i [Y
�
ti
] if such bounds are available and then compute

Y �
ti�1 = E[Y �

ti
jzti�1 ] + f(ti�1; X

�
ti�1 ; Z

�
ti�1):�ti.

The random variables � of the form (117) involves the evaluation of 2d terms
which are iterated Skorohod integral and might pose additional problems for high
dimensions and �ner partitions. However, the three dimensional case discussed in
Example 38 reduces to the simulation of Brownian motion and to the computation
of discretized values of ht due to the choice of a constant localizing function and the
nice conditional distribution of the state process X.

3.2.1 A Computational Example

We now apply this regression estimation to the LQR problem of Example 38 by �rst
choosing �(x) � 1 which reduces the number of terms in the Skorohod integral �
that appear in the formula (116).

Remark 41 We implemented the procedure in Matlab and because of some sequen-
tial programming, the computation time is very large which could be reduced signi�-
cantly by using C++ or Fortran, for example.

Example 42 We use the same model and setup as in Example 38. Noting that the
di¤usion matrix depends only on t; the deterministic function

hi;t =
1

j�j(�(ti�1)
�11[ti�1;ti)(t)� �(ti)

�11[ti;ti+1)(t))

satis�es the identities (118). By using the localizing function �(x) � 1 in the esti-
mation of both conditional expectations E�i�1[Y

�
i ] and E

�
i�1[Y

�
i 4Wi], the term �h[�]

reduces to the iterated Skorohod integrals Shi�1f1;2;3g[1] and S
hi�1
f1;2;3g[4W u

i ] which can be
computed in terms of the single Skorohod integrals

S
hi�1
k [1] = (hki�1;ti�2 � 4Wi�1 + hki�1;ti�1 � 4Wi)

and

S
hi�1
k [4W u

i ] = (4W u
i )(h

k
i�1;ti�2 � 4Wi�1 + h

k
i�1;ti�1 � 4Wi)� hi�1;ti�1(u; k)=n (119)

where W u
i denotes the u

th component of W u
i , for 1 � u; k � d. For the details, see

the Appendix C.
The following simulation results are obtained from one application of the regression
estimation where N � n3:5 paths are simulated at each step corresponding to the
number of intervals n = 8; 10 and 12:
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Y �
0

computation time
absolute error

Exact
(n = 105)

n = 8
N = 1450

n = 10
N = 3150

n = 12
N = 6000

2:8844 3:1324 2:5478 3:0893
14:7 522 3114 14767
0 :2480 :3075 : 204 9

Table 1. Computations for One Set of Simulations

For the signi�cance of N � n3:5 as an optimal number of simulations, one may refer

to Bouchard and Touzi (2004). Since the computation results are subject to change in
each implementation, we repeated the scheme for each N and computed the empirical
mean, standard deviation and computation time (in units of seconds) to have a more
objective idea about the performance of the method. We �xed n = 10 (recall that
103:5 � 3162) and had 20 sets of results for N = 2000; N = 3000 and N = 4000
and 12 sets for N = 5000, (we also tried N > 5000 but observed no signi�cant
improvement with increased computational cost). The following table compares the
simulation results for various N where �emp.� and comp� are abbreviations for
�empirical�and �computation�, respectively:

n = 10
emp. mean
emp. std.
comp. time
abs. error

Exact N = 2000 N = 3000 N = 4000
2:8844
0

2:7518
0:7010

2:9140
0:7202

3:0308
0:7268

14:8 1220:1 2707:3 4727:8
0 : 1296 :0326 : 1494

N = 5000
3:0051
0:7752
7727:9
:1237

Table 2. Results for Repeated Simulations

The FBSDE approximation scheme by (pure) simulation using the regression esti-

mation doesn�t seem to be performing well for this problem. Moreover, increasing
the number of simulated paths are not necessarily helping to get better estimates
with a reduced variance. One possible reason would be that the number of data sets
for large N (10 sets) is less than that of small N (20 sets). However, comparing
N = 2000, N = 3000 and N = 4000, we see that the case N = 2000 (although
slightly) performs better with the same (20 sets) number of data. Another reason
for this would be the poor estimation of Skorohod integrals when N is large. One
signi�cant observation is that the minimum error is obtained when N = 3000 which
is closer to 103:5 � 3162. Since the computation time increases quadratically with
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N , it is not desirable to use large values of N . To address this question empirically,
we will mention brie�y the applicability of the variance reduction techniques.

3.2.2 Variance Reduction

The error due to the regression estimation could be reduced by using some variance
reduction techniques. Introducing a control variate method would require some ad-
ditional computations to estimate the optimal estimator by simulation. As reported
by Bouchard et. al (2004), the gain from this method is not signi�cant (even in one
dimensional case). We can also consider the separable localizing functions of the
form �(x) = e�

0x, for x 2 <d: Bouchard et al. (2004) characterized such a function
as the unique integrated mean-square-error minimizer among the class of separable
localizing functions. Although the nonlinear system of equations that they provided
could be solved by an iterative method, it involves expected values of some random
variables which could be quite complicated and would usually require extra simula-
tion to be estimated. In order to control the convergence rate when n is large (the
case of �ner discretization), it is also essential to normalize �(x) as �n(x) = �(

p
nx).

By choosing a localizing function of the form �(x) = e�
0x for the estimation of

E�i�1[Y
�
i ] and �(x) = 1 for E�i�1[Y

�
i 4Wi], we apply a partial variance reduction.

The reason is that the Skorohod integrals in the computation of E�i�1[Y
�
i ] have a

simpler form than that of E�i�1[Y
�
i 4Wi], and it is less costly from computational

point of view. The following table compares the results of the Table 2 with the
results using this partial variance reduction for N = 2000 and 3000.

n = 10 From Table 2 Variance Reduction
(20 sets) N=2000 N=3000 N=2000 N=3000
emp. mean 2:7518 2:9140 2:7258 2:7908
empirical std. 0:7010 0:7202 0:6795 0:6723
comp. time 1220:1 2707:3 1227:0 2741:9
abs. error : 1296 :0326 :1556 :0 906

Table 3. Partial Variance Reduction

We notice that a localizing function of the form �(x) = e�
0x helps in reducing

the empirical standard deviation. However, it doesn�t contribute signi�cantly to
minimize the absolute mean error. The increase in the computation time due to
using a localizing function is negligible (around 1%). Although n = 10 doesn�t
correspond to a small mesh size, we also tried the localizing function �n(x) = �(

p
nx)

for the computation of E�i�1[Y
�
i ]. We haven�t observed any signi�cant di¤erence

between �(x) and �(
p
nx). A full variance reduction includes estimating also the
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term E�i�1[Y
�
i 4Wi] with separable localizing functions of the exponential form and

might perform better by reducing both the empirial standard deviation and the
mean absolute error.
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Chapter 4
Applications to Economics and Finance

4.1 An Application to Economics

The following classical-impulse control application is based on the paper by Cade-
nillas and Zapatero (2000) where they solve the problem of a Central Bank that
wants to control the exchange rates by using both interest rates and reserves. We
�rst summarize their results on the in�nite time domain and then discuss a modi�ed
terminal value problem which has an FBSDE representation.

4.1.1 The Case of In�nite Time Domain

Let r and �r denote domestic and the target interest rates, respectively and de�ne
the dynamics for the controlled exchange rate (the domestic currency units per unit
of foreign currency) process as

Xt =

tZ
0

(�Xs +Kus)ds+

tZ
0

�XsdWs +
1X
i=1

1(� i < t)�i

where u(t) = log r(t)
�r
; the parameters � 2 <, K � 0, � > 0 are constant; � i

and �i are the time and the intensity of the i
th intervention, respectively. For the

economical signi�cance and a detailed interpretation of these parameters, one can
refer to Cadenillas and Zapatero (2000) and the references there.
Then the problem is to choose a triple (u; � ; �) where u 2 L2z([0;1) � <) is a

classical control and (� ; �) is an impulse control with Pf8t � 0 : X(t) � 0g = 1 to
minimize the following cost functional J :

J(x;u; � ; �) = E[

1Z
0

e��tf(Xt; ut)dt+

1X
i=1

e��� i1(� i <1)g(�i)]

where
f(x; u) = (x� �)2 + ku2; (120)

g(z) =

8<:
C + cz; z > 0
min(C;D) z = 0
D � dz z < 0

9=; , (121)
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with the nonnegative constants �; �; C; c;D; d and k 2 [0;1).

The value function is de�ned for all x > 0 as follows

V , inf J(x;u; � ; � : (u; � ; �) 2 A(x)

where A(x) is the set of admissible controls which satisfy the following identities:

E[

1Z
0

e��tX2
t dt] < 1; E[

1Z
0

e��tu2tdt] <1

lim
n!1

e��tX(T+) = 0; Pf lim
n!1

�n � Tg = 0;8T > 0.

By developing the DPP for the mixed classical-impulse control problem above, they
conjecture an optimal solution (û; �̂ ; �̂) characterized by four parameters a; �; �; b
with 0 < a < � � � < b < 1 such that the optimal strategy is to stay in
the (continuation) region [a; b] and jump to � (respectively, to �) when reaching a
(respectively, b). This conjecture implies that the process

û = �K
k

dV

dx
(X̂t)

is the optimal control in the continuation region, which result in the following non-
linear ODE for the value function V :

1

2
�2x2

d2V (x)

dx2
� K2

k
(
dV

dx
)2 + �x

dV

dx
� �V + (x� �)2 = 0. (122)

Remark 43 For the details of the following remarks and some examples, see the
original paper.
(i) The values for the constants a; �; �; b are determined by a system of equations

numerically.
(ii) The quasilinear ODE (122) doesn�t have an explicit solution and should be

solved numerically.

This application can be extended to the higher dimensions, to terminal value
problems including deterministic and possibly random (bounded) parameters. How-
ever, in the next subsection, we will consider the one dimensional case of a corre-
sponding terminal value problem and its FBSDE interpretation assuming that the
model parameters are constant.
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4.1.2 Terminal Value Problem and FBSDE Formulation

Let T > 0 be given. Then, a natural modi�cation of the cost functional on [0; T ] is

J(x;u; � ; �) = E[

TZ
0

e��tf(Xt; ut)dt+ e
��T jx� �j2+

X
i�1

e��� i1(� i < T )g(�i)] (123)

where f and g are as in (120)-(121). Since the di¤usion coe¢ cient in doesn�t
depend on the control variable, an analog of the DPP for this classical-impulse
control problem would hold and the optimal control is given by

û = �K
k
Vx(X̂t).

Hence, in the continuation region (a; b), the value function V satis�es the quasilinear
PDE

Vt +
1

2
�2x2Vxx �

K2

k
(Vx)

2 + �xVx � �V + (x� �)2 = 0 (124)

V (T; x) = e��T (x� �)2

which can be represented by the following (decoupled) FBSDE system:

Xs = x 2 (a; b)
dXt = �Xtdt+ �XtdWt; s < t � T (125)

dYt = �F (Xt; Yt; Zt)dt+ ZtdWt;YT=e
��T (XT � �)2

where

s = infft : Xt 2 (a; b); 0 � t � Tg
and the driver

F (x; y; z) = jx� �j2 � �y � K2

k�2x2
z2

is a quadratic function in z.
Note that X is an exponential martingale with an explicit unique solution

Xt = xe(��
1
2
�2)(t�s)+�(W (t)�W (s)).

Although the generator F (x; y; z) involves x2 and the reciprocal of x which are not
desirable in general, both jx� �j2 and 1=x2 are bounded on the continuation region
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and the following estimate holds:

jF (x; y; z)j �M(1 + jyj+ z2)

for some positive constant M . Therefore, the results of Kobilansky imply that the
BSDE (125) has a unique minimal solution. One can then attempt to solve this
system numerically by probabilistic methods discussed in Chapter 3.

4.2 Mean-Variance Portfolio Optimization

In this section, we �rst consider the application of stochastic LQR problem (hence,
of Riccati BSDE�s) to the continuous time mean-variance portfolio selection prob-
lem with random coe¢ cients. Then we discuss the problem using martingale (or
convex) duality method. An LQR formulation for the mean-variance type problems
is �rst introduced by Zhou and Li (2000) in the deterministic coe¢ cients case which
can also be handled by DPP approach through the solution of the corresponding
HJB equation. In the general case of random coe¢ cients, HJB equation is not a
deterministic PDE and DPP approach is not easy to apply. However, the LQR and
martingale duality methods work quite well in complete market situations where the
number of the risky assets is equal to the dimension of the Brownian motion. Some
of the results and methods that are used in subsections 4.2.1 and 4.2.2 are adapted
from Lim and Zhou (2002). Throughout the section, we ignore the transaction costs,
taxes and consumption and assume the completeness of the market.

4.2.1 Problem Formulation

We consider a complete �nancial securities market consisting of a locally riskless
bond with dynamics

dS0(t) = r(t)S0(t)dt; 0 < t � T (126)

S0(0) = s0 > 0

and d risky assets whose prices Si(t); i = 1; :::; d, with S = (S1; S2:::; Sd)
0, satisfy

the following linear SDE

dS(t) = diag(S(t))[�(t)dt+ �(t)dW (t)]; 0 < t � T (127)

S(0) = s 2 <d,

where s = (s1; s2:::; sd)
0 with si > 0, i = 1; :::; d; the interest rate r(:), the appre-

ciation rate �(:) and the volatility matrix �(:) are z-adapted, essentially bounded
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processes. We also assume that �(:) is uniformly non degenerate and de�ne the
process

�(t) , ��1(t)(�� r1);

known as the risk premium or the market price of risk.
Now, let x0 > 0 be the initial wealth of a small investor (in the sense that

he cannot change the dynamics of (126)-(127)) and let � = (�1; �2; :::; �d)0 be the
portfolio strategy of the investor where �i denotes the market value of the wealth
in the ith asser at time t. Then the investor�s wealth process X has the following
dynamics:

dX(t) = [rX + �0(�� r1)]dt+ �0�dW (t) (128)

X(0) = x0 > 0,

where 1 stands for the d dimensional column vector composed of ones. Sometimes,
we write X�(t) to emphasize the dependence of X on �. However, we usually skip
this superscript for notational simplicity. We denote the set of admissible portfolio
processes by U = f� 2 L2z(<d) :(128) has unique solutiong.
We assume that the investor has mean-variance preferences: For a given expected

terminal wealth d > 0 (which is assumed to be reachable), his aim is to minimize
the variance

J(�(:)) = E[(X�(T )� d)2]

over � 2 U subject to E[X(T )] = d. Then the value function is(
V (s; x) = inf

�2U
J(�) subject to

E[X(T )] = d:
(129)

We will assume in the remaining of this section that for d > 0 given, the optimization
problem (129) is feasible: V (s; x) <1. A solution (var(XT ); d) to this problem is
called the e¢ cient point, and the set of all e¢ cient points corresponding to feasible
d values is called an e¢ cient frontier.

4.2.2 A Modi�ed Problem and Riccati BSDE

By introducing a Lagrange multiplier � 2 <, the original optimization problem
(129) can be written as

�(�) = inf
�2U

E[(X�(T )� d)2]� 2�(E[X�(T )]� d) (130)

= inf
�2U

E[(X�(T )� (d+ �)2]� �2
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Our aim is to �rst solve the unconstrained problem �(�) for any � > 0 and then to
optimize �(�) over � solve the original problem thanks to the convexity of the cost
functional J . To this end, consider the following Riccati BSDE:

dp(t) = �f(2r � j�j2)p� 2�0Z � jZj
2

p
gdt+ Z 0dWt (131)

p(T ) = 1; p(t) > 0; 8 t 2 [0; T ]

together with the linear BSDE

dh(t) = (rh+ �0�)dt+ �0dWt (132)

h(T ) = �(�+ d).

Note that when �(:) is uniformly non-degenerate on [0; T ], j�j2 (:) is a bounded
process. Therefore, by Lemma (9), the BSDE (131) has a unique solution (p; Z) 2
L1z (<)�L2z(<m). The linear equation (132) is a special case of the BSDE (99) and
has unique solution (h; �) 2 L1z (<)� L2z(<m) with h(:) � � > 0, for some constant
�. Now, for any admissible control � 2 U , applying the Ito�s rule to the expressions
(X�

t + �t)
2 and pt((X�

t + ht)
2, and noting that

pT ((X
�
T + hT )

2 = (X�
T � (�+ d))2;

a square completion method, as in Chen et. al (1998) and Lim and Zhou (2002),
would yield that the cost functional E[(X�(T )� (d+ �)2] can be written as

E[(X�(T )� (d+ �)2] = p0(x0 + h0)
2 + E[

TZ
0

pt(�t + ��t )
0��0(t)(�t + ��t )]

where

��t = �(��0(t))�1[((�� r1)(t) + �(t)
Zt
pt
)(Xt + ht) + �(t)�t]

= ��0(t)�1[(�(t) + Zt
pt
)(Xt + ht) + �t]. (133)

Noting that the equation (128) with � = �� 2 L2z(<m) is a linear non-homogenous
SDE, we have �� 2 U and the following result holds:

Proposition 44 For any � > 0, the LQR problem (130) is solvable with the unique
optimal feedback control ��t given by (133) and with the optimal cost

�(�) = p0(x0 + h0)
2. (134)
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Remark 45 The optimal cost (134) depends on � through the initial value h0 of
the process h in (132). However, it is easy to see that

(ht; �t) = �(�+ d)(gt; �t)

where (gt; �t) solves the linear BSDE

dgt = (rg + �0�)dt+ �0dWt (135)

gT = 1, g(t) > 0 on [0; T ].

Corollary 46 For any � > 0, the optimal cost for the LQR problem (130) is given
by

�(�) = p0(x0 � (�+ d)g0)
2, (136)

where g solves (135).

4.2.3 Solution to Mean Variance Optimization Problem

Since the wealth process X has a linear dynamics, the cost functional

J(�(:)) = E[(X�(T )� d)2]

is strictly convex. Moreover, (129) is �nite and can be written as

V (s; x) = sup
�>0
( inf
�2U

E[(X�(T )� (d+ �)2]� �2) (137)

= sup
�>0
(�(�)� �2) = sup

�>0
[p0(x0 � (�+ d)g0)

2 � �2]

by Lagrange duality theorem (see for example Luenberger (1968)). Clearly, the
optimal � is

�� =
p0g0(x0 � dg0)

g20 � 1
with g0 > 0, and the minimum variance is given by

V (0; x0) =
p0g

2
0

1� p0g20
(d� x0

g0
)2.

Hence the e¢ cient frontier is characterized by the pairs ( p0g20
1�p0g20

(d � x0
g0
)2; d) for all

feasible d > 0.

Remark 47 A su¢ cient condition for the feasibility of the problem is given by Lim
and Zhou (2002) under which 1� g20p0 > 0 holds. They also proved that 0 < g0 � 1,
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if r(t) � 0, a.s. on [0; T ]. Note that indeterministic case, g simply becomes the

discount factor g(t) = e
�

TR
t
r(s)ds

> 0 and p is given by p(t) = e

TR
t
(2r�j�j2)(s)ds

so that

0 < p0g
2
0 = e

�
TR
0

j�j2(s)ds
< 1

and

V (0; x0) =
e
�

TR
0

j�j2(s)ds

1� e
�

TR
0

j�j2(s)ds
(d� x0e

TR
0

r(s)ds
)2. (138)

In this case, it is natural to consider the values of d such that

d� x0e

TR
0

r(s)ds
> 0;

otherwise the investor would just invest in the riskless bond (so with zero risk, zero
variance) and come up a wealth amount of at least d at time T . Under these as-
sumptions, we have �� > 0 and 0 < V (s; x) <1.

4.2.4 The Martingale Duality Approach

The solution of the mean variance portfolio selection problem using the LQR ap-
proach depends on the solvability of the corresponding Riccati equation. In the
previous subsection, the Riccati BSDE could be written as a simple transformation
of another linear BSDE which has a unique bounded solution and the optimal portfo-
lio could be obtained via a square completion technique. However, in mathematical
�nance, when there are some constraints on the admissible portfolio processes, these
methods tricks may not apply. See for example Li et. al (2002) for short selling
constraints; Hugonnier and Kaniel (2004) and Cetin (2005) for mutual fund port-
folio optimization problems with constraints on the portfolios of the investor. In
this subsection, without going into the details, we will introduce the martingale
duality method which is a powerful tool for the optimization problems in complete
market settings. For the general theory and applications of the duality methods to
utility maximization problems, one can refer to the Karatzas and Shreve (1998) and
Cvitanic and Karatzas (1992).
We begin with introducing the exponential martingale Z0(t):

dZt = �Z0(t)�(t)dWt; (139)

Zt = 1
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which is a strictly positive and uniformly integrable martingale (under the conditions
of the previous subsections). Then the state price density process H = fHt : 0 �
t � Tg is de�ned as

Ht , e
�

tR
0

r(s)ds
Zt

and has dynamics
dH = �H(rdt+ �0dW (t):

By Ito�s rule, it is easy to see that the process HX is a martingale with

d(HtXt) = Ht(�
0� � �0Xt)dWt (140)

HtXt = x > 0.

Now, by martingale representation theorem, there exists an adapted square inte-
grable process ' 2 L2z(<d) such that

E[HTXT ] = HtXt = E[HTXT ] +

TZ
0

'0(s)dWs

= x+

TZ
0

'0(s)dWs. (141)

Moreover, by Clark-Ocone formula (see section 1.2.4) and comparing the equations
(140)-(141),

Ht(�
0� � �Xt) = '(t) = Et[Dt(HTXT )]. (142)

Now, we turn back to the optimization problem (129) which is, by the arguments
of the previous subsection, equivalent to

V (0; x) = sup
�>0
( inf
�2U

E[(X�(T )� (d+ �)2]� �2) (143)

= sup
�>0
(�(�)� �2)

where �(�) is as in (130). We now de�ne the following quadratic utility function:

U(x) , �(x� k)2, (144)

for some k > 0. Clearly, U(:) is a smooth and strictly concave function of x with
the derivative

dU

dx
= �2(x� k):
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We then introduce the following functions:

I(y) , (
dU

dx
)�1(y)

~U(y) , max
x>0

fU(x)� xyg; y 2 <.

which takes the following form in our case:

I(y) = k � y=2
~U(y) = U(I(y))� yI(y)

=
y2

4
� yk.

Remark 48 The most frequently used utility functions (e.g. exponential, logarith-
mic, power utilities) in the literature are strictly increasing (functions of the con-
sumption or wealth). Although (130) doesn�t satisfy this condition, the martingale
duality methods applies to our problem since U is strictly concave and the functions
I(y) and ~U(y) are well de�ned. The function ~U(y) is related to the Legendre-Fenchel
transform (of a convex function) as mentioned in Karatzas and Shreve (1998). The
following properties of ~U(:) are straightforward.

Lemma 12 The function
~U(y) =

y2

4
� yk

satisfy the following properties:
(i) ~U(:) 2 C2(<) and ~U(:) is convex
(ii) ~U(:) is decreasing on (�1; 2k), and increasing on (2k;1)
(iii) d ~U

dx
(y) = �I(y)

(iv) 8x 2 <; U(x) = inf
y2<
f ~U(y) + xyg = ~U(dU

dx
(x)) + xdU

dx
(x)

Now, we rewrite the problem �(�) in the equivalent form as follows: Maximize
the expected terminal utility E[U(XT )] with k = (�+d), over all admissible portfolio
processes such that the static budget constraint

E[HTXT ] = x

is satis�ed. By introducing another Lagrange multiplier � > 0, this can be described
as

sup
X(T );�

E[U(XT )]� �(x� E[HTXT ]) (145)

which characterizes the optimal terminal wealth �rst. Therefore, the original prob-
lem transforms to a static one in (130). By a simple application of the arguments
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above and the Lemma 12, the necessary and su¢ cient conditions for the optimality
of (XT ; �; �) are given by the following identities:

X̂�
T = I(�̂HT ) (146)

x = E[HT X̂
�̂
T ] = E[I(�̂HT )HT ]. (147)

From (146), we get

X̂�
T = k � �̂HT

2

which together with (147) implies that

x = kE[HT ]�
�̂

2
E[H2

T ]

so that the optimal values (X̂T ; �̂) are given by

�̂ = 2
kE[HT ]� x

E[H2
T ]

X̂�
T = k � kE[HT ]� x

E[H2
T ]

HT (148)

if there exists a portfolio such that (148) is attained for some admissible � 2 L2z(<d)
and �̂ > 0. Thanks to the completeness of the market, such a portfolio (called a
replicating portfolio) always exists, and indeed, is given by (142). For the technical
details and the �nancial interpretation of market completeness, one can refer to
Karatzas and Shreve (1998).
The application of the identities in section 1.2.4 and using the fact that XH is

a martingale, we obtain

Dt(XTHT ) = k�tHT � 2�tXTHT ,

and hence the optimal values satisfy

Ht(�
0
t�
�
t � �tX̂

��

t ) = 't = Et[Dt(HT X̂
��

T )]

= k�tEt[HT ]� 2�tHtX̂
��

t

from which we get the optimal feedback control

�� = ��0(t)�1[�(t)(X̂��

t � kEt[e
�

TR
t
(r+ 1

2
j�j2)(s)ds�

TR
t
�(s)0dWs

]) (149)

Remark 49 By uniqueness of ��, the expressions (133) and (149) with k = d+� are
equal a.s. However, the representation (149) is more intuitive from �nancial point
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of view (thinking H as a discount factor) and simpler computationally (expressed in
terms of model parameters). In the deterministic parameters case, both expressions
reduce to the following form:

�� = ��0(t)�1�(t)(Xt � (d+ �)e
�

TR
t
r(s)ds

)

= �(��0)�1(�� r1)[Xt � (d+ �)e
�

TR
t
r(s)ds

]

which still depends on �. We now complete the solution of the mean variance prob-
lem.

Theorem 50 The value function V (0; x) for the mean-variance problem (143) is
given by

V (0; x) = var(X̂T ) =
E[(dHT � x)2]

var(HT )
.

with optimal �

�� =
d(E[HT ])

2 � xE[HT ]

var(HT )

Proof. For any � > 0, the optimal terminal wealth is

X̂T = �+ d� (�+ d)E[HT ]� x

E[H2
T ]

HT :

Now, instead of maximizing the expression �(�)� �2 in (143), we �nd � such that
the static terminal condition E[X̂T ] = d is satis�ed. This means

d = �+ d� (�+ d)E[HT ]� x

E[H2
T ]

E[HT ]

so that

�� =
d(E[HT ])

2 � xE[HT ]

var(HT )

which also maximizes �(�)� �2. Then by (148), the corresponding �̂ and X̂T are

�̂ = 2
dE[HT ]� x

var(HT )

X̂T =
dE[H2

T ]� xE[HT ]

var(HT )
� dE[HT ]� x

var(HT )
HT .

73



Then, some straightforward computations show that the minimum variance is

var(X̂T ) =
E[(dHT � x)2]

var(HT )
.

Corollary 51 The e¢ cient frontier

(var(XT ); E[XT ])

for the the mean variance problem (129) is given by

(var(XT ); E[XT ]) = (V (0; x0); d) = (
E[(dHT � x0)

2]

var(HT )
; d)

When all the coe¢ cients are deterministic, V (0; x0) coincides with (138).

4.3 Other Applications and Concluding Remarks

In the previous section, the power of the martingale duality method comes from the
fact that when an optimal terminal wealth is obtained, there is always an admissi-
ble portfolio strategy to replicate this payo¤ in a complete market setting. Another
advantage of this approach is that it could be applied even under some portfolio
constraints (Cvitanic and Karatzas, 1992). A recent application is the mutual fund
portfolio optimization problem that the investor is not allowed to short sell the fund.
Hugonnier and Kaniel (2004) considered log utility for the investor and an increas-
ing utility for the manager. They obtained the optimal strategies for both agents as
well as the optimal fund proportions using convex duality technique and backward
BSDE�s. When the agents have mean-variance preferences, the optimal strategies
di¤er signi�cantly and need to be computed numerically, even in deterministic co-
e¢ cients case (Cetin, 2005). One important drawback of the martingale duality
is that when the �nancial market is incomplete (which means that some claims or
payo¤s may not be replicated) it is not so easy to apply.
In a similar way, the LQR approach works well if the corresponding Riccati

equation is solvable. When there are some constraints on the portfolios, the square
completion technique is not guaranteed to work. Moreover, the resulting Riccati
BSDE may not be always obtained from a simple transformation of a linear BSDE.
For the recent applications of LQR approach to the quadratic hedging problems
under incomplete market settings, one may refer to Lim (2003).
We can also mention the applications of quadratic BSDE�s to the problems of

stochastic di¤erential utility by Schroder and Skiadas (1999, 2003).
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Appendices
Appendix A. Some Useful Inequalities

Lemma A.1. (Bihari�s Inequality) Let T > 0, u0 � 0, u(t) and v(t) be continu-
ous functions on [0; T ].Let � : <+ ! <+ be continuous and nondecreasing such that
�(r) > 0 for r > 0. If

u(t) � u0 +

tZ
0

v(s)�(u(s))ds

for all 0 � t � T , then

u(t) � G�1(G(u0) +

tZ
0

v(s)ds)

for all such t 2 [0; T ] that G(u0) +
tR
0

v(s)ds 2 Dom(G�1), where G(r) =
rR
1

1
�(s)

ds,

for r � 0. In particular,when u0 = 0 and
R
0+

1
�(s)

ds = 1, then u(t) = 0 for all

0 � t � T .

(Bihari, 1956; Mao, 1995)

Lemma A.2. The Burkholder-Davis-Gundy Inequality. Let M be a contin-
uous martingale which, along with its quadratic variation process hMit, is bounded
and de�ne M�

t = max
0�s�t

jMsj. Then for any m > 0 there exist universal positive

constant cm; dm (depending only on m) such that

cmE[hMim� ] � E[jM�
� j
2m] � dmE[hMim� ]

holds for any stopping time �

Appendix B. Riccati ODE�s

The most of the following results are well known in the literature and can be
found in Yong and Zhou (1999), Chen at al (1998) and Chen and Zhou (2000).

Lemma B.1. Let S be the unique d � d symmetric matrix valued solution to the
standard Riccati equation (38):

_S +M � SBN�1B0S + A0S + SA = 0; 0 � t < T

S(T ) = R
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where A;B;M;N;R are as in (22)-(24). Then, S � 0. Moreover, if M > 0, or
R > 0 on [0; T ], then S > 0 on [0; T ].

Lemma B.2. Let Si, for i = 1; 2, be d � d symmetric matrix valued functions on
[0; T ], satisfying the Riccati equation

_Si +M � SiBiN
�1
i B0

iSi + A0Si + SiA = 0; 0 � t < T (B.1)

Si(T ) = Ri � 0; i = 1; 2

where A;M;R;Bi; Ni are as in (22)-(24), i = 1; 2.
(i) If

B1N
�1
1 B0

1 � B2N
�1
2 B0

2

on [0; T ] and R1 � R2 then, S1 � S2, on [0; T ]

(ii) If N1 � N2 > 0 on [0; T ] and R1 � R2 then, S1 � S2, on [0; T ]

Proof. (i) Set S = S1 � S2. Then it is easy to see that S satis�es the following
standard Riccati equation:

_S + ~A0S + S ~A� SBN�1B0S = 0; 0 � t < T

S(T ) = R1 �R2 � 0

with ~A = A�BS2. By the previous Lemma, S is the unique symmetric non-negative
de�nite solution and therefore S1 � S2 on [0; T ].(ii) Now, S = S1 � S2 satis�es

_S + ~A0S + S ~A� SBN�1B0S + ~M = 0; 0 � t < T

S(T ) = R1 �R2 � 0

with ~A = A � BN�1
2 B0S2 and ~M = S1B(N

�1
2 � N�1

1 )B
0S1. Since N1 � N2 and

S1 � 0, we have N�1
2 � N�1

1 � 0 and ~M � 0. So the equation above is a standard
Riccati ODE which satis�es S � 0.

Lemma B.3. Consider the following linear ODE:

_P +M + A0P + PA+

mX
j=1

C 0jPCj = 0; 0 � t < T (B.2)

P (T ) = R

Then there exist a unique symmetric solution P 2 C1(<d) with P � 0 on [0; T ].
Moreover, P > 0 if M > 0 or R > 0 on [0; T ].
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Proof. The case m = 1 follows from a Lemma 4.1 in Chen and Zhou (2000).
Since (B.2) is a linear equation with bounded coe¢ cients, it is not di¢ cult to extend
the proof to the general case.

Lemma B.4. Consider the following generalized Riccati ODE with continuous
coe¢ cients where N;M and R are symmetric:

_S = �(M + A0S + SA+ C 0SC) + (SB + C 0SD)(N +D0SD)�1(SB + C 0SD)0

S(T ) = R; N +D0SD > 0 (B3)

If S 2 C([0; T ];<d) is a solution to (??), then this solution is unique and symmetric.
Proposition B.5 Consider the Riccati ODE (??) with M � 0; R � 0; N � 0
(uniformly on [0; T ]). Then, the equation (??) has a continuous symmetric solution
if either of the followings hold:

(a) N > 0 on [0; T ].

(b) N is singular and D0D > 0 on [0; T ].

Appendix C. Regression Approximation

Let �(t) be uniformly parabolic, � be a partition of [0; 1] with uniform mesh size:
j�j = 4t = 1=n. Using the notation of Bouchard and Touzi (2004), the process

hi;t =
1

j�j(�(ti�1)
�11[ti�1;ti)(t)� �(ti)

�11[ti;ti+1)(t))

satis�es
1R
0

DtX
�
ti
hi;tdt = Id and

1R
0

DtX
�
ti+1

hi;tdt = 0 since DtX
�
ti
= �(ti�1) for t 2

(ti�1; ti); 1 � i � n. Let a be a generic notation for the a¢ ne functions a0 and
ak : <d ! <; k = 1; :::; d; de�ned by a0(x) = 1; ak(x) = xk (kth component of x).
Then

S
hi�1
fkg [a(4Wi)] = a(4Wi)(h

k
i�1;ti�2 �4Wi�1+h

k
i�1;ti�1 �4Wi)�ra(4Wi) �hki�1;ti�1=n

where hk denotes the kth column of the matrix h and the dots (�) denote the inner
product in <d to simplify the notation.
Then, for 1 � k; u � d,

S
hi�1
fkg [a0(4Wi)] = S

hi�1
fkg [1] = (h

k
i�1;ti�2 � 4Wi�1 + hki�1;ti�1 � 4Wi)

and

S
hi�1
fkg [au(4Wi)] = (4W u

i )(h
k
i�1;ti�2 � 4Wi�1 + hki�1;ti�1 � 4Wi)� hi�1;ti�1(u; k)=n
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By choosing the localizing function ' as the constant function ' � 1, the rep-
resentation for Shi�1 [a(4Wi)] can be simply written as S

hi�1
f1;:::;dg[a(4Wi)] (see, for

example, Bouchard and Touzi (2004)). Our aim is to evaluate these expressions in
terms of the discretized processes hi and Wi for a given dimension d.

For d = 3,

Shi�1 [1] = S
hi�1
f1;2;3g[1] =

Z
S
hi�1
f2;3gh

1
i�1 � dWt

= S
hi�1
f2;3g(h

1
i�1;ti�2 � 4Wi�1 + h1i�1;ti�1 � 4Wi)�

Z
DtS

hi�1
f2;3g � h

1
i�1dt

= S
hi�1
f2;3gS

hi�1
f1g �

Z
DtS

hi�1
f2;3g � h

1
i�1dt

with

S
hi�1
f2;3g =

Z
S
hi�1
f3g h

2
i�1 � dWt

= S
hi�1
f3g S

hi�1
f2g �

Z
DtS

hi�1
f3g � h2i�1dt

where Shi�1fkg = S
hi�1
fkg [1];

DtS
hi�1
fkg = hki�1;ti�21[ti�2;ti�1)(t) + hki�1;ti�11[ti�1;ti)(t)

and
DtS

hi�1
f2;3g = S

hi�1
f2g DtS

hi�1
f3g + S

hi�1
f3g DtS

hi�1
f2g

Therefore,

Shi�1 [1] = S
hi�1
f2;3gS

hi�1
f1g �

ti�1Z
ti�2

[S
hi�1
f2g h

3
i�1;ti�2 � h

1
i�1;ti�2 + S

hi�1
f3g h

2
i�1;ti�2 � h

1
i�1;ti�2 ]dt

�
tiZ

ti�1

[S
hi�1
f2g h

3
i�1;ti�1 � h

1
i�1;ti�1 + S

hi�1
f3g h

2
i�1;ti�1 � h

1
i�1;ti�1 ]dt
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The computation for Shi�1 [4W u
i ] is much more complicated:

Shi�1 [4W u
i ] = S

hi�1
f1;2;3g[4W

u
i ] =

Z
S
hi�1
f2;3gh

1
i�1 � dWt

= S
hi�1
f2;3gS

hi�1
f1g [1]�

tiZ
ti�2

DtS
hi�1
f2;3g � h

1
i�1dt

with

S
hi�1
f2;3g =

Z
S
hi�1
f3g h

2
i�1 � dWt

= S
hi�1
f3g S

hi�1
f2g [1]�

Z
DtS

hi�1
f3g � h2i�1dt

where

S
hi�1
fkg = S

hi�1
fkg [4W

u
i ];

DtS
hi�1
f3g = 4W u

i (h
3
i�1;ti�21[ti�2;ti�1)(t) + h3i�1;ti�11[ti�1;ti)(t))

+

24 �1u
�2u
�3u

35 (h3i�1;ti�2 � 4Wi�1 + h3i�1;ti�1 � 4Wi)1[ti�1;ti)(t)

DtS
hi�1
f2;3g[4W u

i ] = f(h3i�1;ti�2 4W u
i 1[ti�2;ti�1)(t) + [(h

3
i�1;ti�2 � 4W

u
i�1

+h3i�1;ti�1 �4Wi)1[ti�1;ti)(t)

24 �1u
�2u
�3u

35+4W u
i h

3
i�1;ti�1 ]g((h

2
i�1;ti�2 �4Wi�1+h

2
i�1;ti�14Wi)

+4W u
i (h

3
i�1;ti�2 �4Wi�1+4Wi �h3i�1;ti�1)f(h

2
i�1;ti�21[ti�2;ti�1)(t)+h

2
i�1;ti�11[ti�1;ti)(t))g

�
ti�1R
ti�2

(h3i�1;ti�2 � h
2
i�1;ti�2)(v)dv

24 �1u
�2u
�3u

35 1[ti�1;ti)(t)
�

tiR
ti�1

(h3i�1;ti�1 � h
2
i�1;ti�1)(v)dv

24 �1u
�2u
�3u

35 1[ti�1;ti)(t)
�

tiR
ti�1

(h3i�1;ti�21[ti�2;ti�1)(t) + h3i�1;ti�11[ti�1;ti)(t))hi�1;ti�1(u; 2)dv

� (
tiR

ti�1

hi�1;ti�1(u; 3)dv)(h
2
i�1;ti�21[ti�2;ti�1)(t) + h2i�1;ti�11[ti�1;ti)(t)
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