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SUBELLIPTIC CORDES ESTIMATES

ANDRAS DOMOKOS AND JUAN J. MANFREDI

(Communicated by David S. Tartakoff)

ABSTRACT. We prove Cordes type estimates for subelliptic linear partial dif-
ferential operators in non-divergence form with measurable coefficients in the
Heisenberg group. As an application we establish interior horizontal TW2:2-
regularity for p-harmonic functions in the Heisenberg group H' for the range
I <p< B8

1. INTRODUCTION

The main goal of this paper is to prove some estimates of Cordes type for subel-
liptic partial differential operators in non-divergence form with measurable coeffi-
cients in the Heisenberg group, including the linearized p-Laplacian. To show the
applicability of our methods let us state the following theorem that constitutes a
special case of our results.

Theorem 1.1. Let @ <p< 5*'2—‘/5 Then any p-harmonic function in the
Heisenberg group H' initially in HWI})’Cp 15 1n HVVIQ’Q,

oc

We build on previous regularity results obtained by Marchi [7} 8] and extended by
the first author [3], which give non-uniform bounds of the HW?2:? (or HW??) norm
of the approximate p-harmonic functions. Using the Cordes condition [2, [IT] and
Strichartz’s spectral analysis [I0] we establish HW?? estimates for linear subelliptic
partial differential operators with measurable coefficients. As an application we
obtain uniform HW??2 bounds for the approximate p-harmonic functions for p in
a range that depends on the dimension of the Heisenberg group H".

Consider the Heisenberg group H", that is, R?**! with the group multiplication

n

1
(T1y ey Ton, U) (YLs ooy Y2n, w) = (T1 Y1, oo, T2n +Y2n, t+u—§ Z(miyn+i—xn+iyi)) .
i=1
For ¢ € {1,...,n} consider the vector fields
0 Ln4s 0 0 €T; 0 0
X,= L I 9y = g O
T om 2 o T mn, T 20t ot

The nontrivial commutators are [X;, X,4;] = T'; otherwise [X;, X;] = 0.
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Let 2 C H"” be a domain. Consider the following Sobolev space with respect to
the horizontal vector fields X; as

HW?2(Q) = {u e L*(Q) : X;X;u € L*(Q), foralli,j € {1,...,2n}}

endowed with the inner product

(u, ) pw22(Q) = /Q(u(x)v(x) + i X, X u(x) -Xinv(a:))da:.

ij=1

HW?22(Q) is a Hilbert space and let HWZ?() be the closure of C§°(Q) in this
Hilbert space.

We denote by X?u the matrix of second-order horizontal derivatives whose en-
tries are (X%u);; = X;(X;u), and by Agu = 21221 X; X;u the subelliptic Laplacian
associated to the horizontal vector fields X;.

Lemma 1.1. For all u € HWZ?(Q) we have

1X%ull2(0) < enllAmullr2q)

/ 2
cn=14/1+—.
n

The constant ¢, is sharp when € = H™.

where

Proof. We follow the spectral analysis of Ay developed by Strichartz [10]. Let us
recall the fact that —Agy and iT commute and share the same system of eigenvectors

o ) = AT oxn [ — IR
Mk (2, = @n)nti(n + 2kt p n -+ 2k

o (A Ny (e
P\ 4 mr2m)) 7 \2mran))

where [ = +1, k € {0,1,2,...} and sz1 is the Laguerre polynomial

t k
n—1 _ ¢ 1 d —tpk+n—1
For the eigenvalues, we have the following relations:
I
(1.1) Tux Py g mu*q’&k,h
(1.2) _AH'U'*(I))\,k,l = )\u*‘l))\7k,l,

where * denotes the group convolution. Therefore, the spectral decomposition of
Apu for u € C§°(Q), the Plancherel formula, and relations (1.1)-(1.2) give

Awulfag = 203 Z(n+2k)/0 / A D pa(2, 0)[2 dzd
k=0 I==%1
e3¢} fo%e) 2 2
= 2772 Z(n—l—Zk)/ / n—l; kiTu*(I>A7k7l(z,O) dzd\
k=0 I=+1 0 "

v

n?||Tul72 ().
Therefore, for all u € C§°(2) we have

1
(1.3) ||Tu||L2(Q) < H”AHUHLQ(Q)
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In the following we will use the fact that the formal adjoint of Xy, is —Xj. Let
u € C(Q). For ke {1,..,n} and j # k +n, X and X; commute; therefore,

/ (XX ju(z))? de = / X Xpu(z) - X; X u(z)de.
Q Q

For j = k 4+ n we have
/ (X Xju(2)? do — / XX ju() - (X; Xpu() + Tu(z)) do
Q Q

= / X Xju(z) - X; Xpu(z) dz +/ Xe X u(z) - Tu(z) de

/Xu - Xp X Xpu(z dx—l—/Xqu( ) - Tu(z) dz

/Xu (X, Xi +T) Xpu(e dx—i—/XkX (@) - Tulz) do

_ /Q Xjule) - X; X Xpu(w) dz +2 /Q X X u() - Tu() d
- /Q X Xypu(z) - X, X u(z) dz +2 /Q XX ju(x) - Tu(z) d

Similarly,

/Q (X, Xpu(x))? da

/Q X Xyu(z) - X, Xu(z) de — 2 /Q X, Xpu(x) - Tu(z) dz

Therefore,

||X2U||2L2(Q) = Z ||XkaU||2L2(Q)
k,j=1

/Xkau( ) - X, X ju(x d:c+22/ (X5, Xiin]u(z) - Tu(z) do

k,j=1

" 2
L(;Xkau(m)> da:—|—2n/Q(Tu(x)) dx

1 2
(1 2ns ) Ny = (14 2) Il

IA

The constant 4/1 —|—% is sharp when 2 = H", because for v = @)1 we have
Tv = %AHU. O

2. CORDES CONDITIONS FOR SECOND-ORDER SUBELLIPTIC PDE OPERATORS
IN NON-DIVERGENCE FORMS WITH MEASURABLE COEFFICIENTS

Let us consider now
2n

Au = Z a;;(x) X Xu

i,j=1
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where the functions a;; € L>(Q2). Let us denote by A = (a;;) the 2n x 2n matrix
of coefficients.

Definition 2.1 ([2,[11]). We say that A satisfies the Cordes condition K, , if there
exist € € (0,1] and o > 0 such that

2n on 2
1
2
=2 0 s gT (Z %(x)) LaezeQ.

i=1

(2.1) 0<

SHE

Theorem 2.1. Let 0 < e <1, 0 > 0 such that v = /1 —€c¢, <1 and A satisfies
the Cordes condition K. ,. Then for all u € HWZ?(Q) we have

2 1
(2.2) 1X%ull2 <4 /1+ = T lladle=flAullz2,

where (). 1)
x
alr) = L.
|| A(z)]]?
Proof. We denote by I the identity 2n x 2n matrix, by (A, B) = Z??Zl ai;bi;

the inner product and by ||A|| = N/E??ﬁ ay; the Euclidean norm in R***?" for
matrices A and B. The Cordes condition K. , implies that

(A(z), 1)?
1A ()2

for all z € Q' C Q, where the Lebesgue measure of Q\ ' is 0.
Now let z € Q' be arbitrary, but fixed. Consider the quadratic polynomial

P(a) = [[A(@)*a? — 2(A(x), T)a +2n — (1-¢).
Inequality (2.3) shows that

(2.3) >2n—(1—¢)

. A(x), I
(2.4) glellgP(oz) =P (W) <0.
Therefore there exists
_ (A=), 1)

such that P(a(x)) < 0. Observing that
I = a(2) A@)I? = || A()|[2a®(z) — 2(A(z), a(z) + 2n
we get that (2.4) implies that
I = a(@)A@)IF <1-¢,
which is equivalent to
(2.6) (I — a(x)A(x), M)| < V1—¢||M]|, for all M € Ma,(R).
Condition (2.6) can also be written as

1/2
n

(2.7) Zm“ — ax) Z a;j(z)mi;| < V1—e Z m?j
i=1

i,j=1 i,j=1

for all M € Ma,(R).



CORDES CONDITIONS 1051

Formula (2.7) and Lemma 1.1 imply that for all u € HW}*() we have

/|AHu ) — afz) Au(z)|? dz < ( 1—5/2 (X, Xju(x))? de

<(1—e)? /|AHu( )P da.

Therefore, for v =+1/1 —e¢, < 1 we get
1AHu — adullr2(0) < VI[Anul|2(0),
which shows that

||X2’LL||L2 Q) < Cn“AH’U,”LQ(Q

@) -

3. HW?22.INTERIOR REGULARITY FOR P-HARMONIC FUNCTIONS IN H™

Let € H" be a domain, h € HW1P(Q) and p > 1. Consider the problem of
minimizing the functional
= / | Xu(x)|P dx
Q

over all u € HW'P(£) such that u — h € HW,?(Q). The Euler equation for this
problem is the p-Laplace equation

2n
(3.1) > X (1XuP? Xiu) =0, inQ.

i=1

A function u € HWP(Q) is called a weak solution for (3.1) if

2n
(3.2) Z/Q | Xu(z) P2 Xu(z) - Xjp(z)de =0, V@ € HWOI’p(Q).

® is a convex functional on HWP; therefore weak solutions are minimizers for ®
and vice-versa.
For m € N let us now define the approximating problems of minimizing the

functionals
1 5
By (u) = — + [ Xu(2)|?
= [ (5 +xur?)

and the corresponding Euler equations

(3.3) ZX << + |Xu|2)

The weak form of this equation is

p—2

Xm) =0, in .

p—2

Z/( + | Xu( )|) Xu(z) - Xip(x)de =0, for all goEHWOLP(Q).
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The differentiated version of equation (3.3) has the form

2n
(3.5) > a XiXu=0, inQ,
ij=1

where
Xiu(z) Xju(x)

w1 Xu(@)?
Let us consider a weak solution u,, € HW'?(Q) of equation (3.3). Then aj} €
L>(Q). Define the mapping Ly, : Wg'>(Q) — L*(Q) by

aj;(x) = 6ij + (p — 2)

2n

(3.6) Ly,(v)(z) = Z a;; () X Xju(z) .
i,j=1
We will check the validity of Theorem 2.1 for L,,. We have
2n
| X |2
M) =92 _ gy Uml”
;a“(a:) n+(p )#+|Xum|2
and
2n
2 | Xt |? 2 | X!
(af (@) =2n+20p-2) 7 ——— + (-2
Denote Xy 2
Um
gy oml
Therefore, for an & € (1 — -, 1) we need
1 2
2n+20 +A* < ———— (2n+ A)° .
nt A S S
This leads to
(2n — 1)A* < (1 —¢) (2n+2A + A?)
1 2
<% (2n+ 20+ A%) .
n
Hence,
(2n—1)c —1)A* —=2A —2n < 0.
Solving this inequality we get
1—y/2n((2n—-1)c2 —1)+1 14+2n(2n—-1)c2 —1)+1
(3.7) Ae ,
(2n—1)c2 —1 (2n—1)c2 -1
Using ¢2 = 2t2 and the fact that Xum < 1 for all m € N we have that
g n - n #_qump
n—nvan? +4n—3 n+nvin?+4n—3
. -2
(38) b 6( m2+2n—2 ' 22+ 2n—2

and that the operators L,, satisfy the assumptions of Theorem 2.1 uniformly in m.
Let us remark that in the case n = 1 we have

p—2¢€ <1_\/5 1+\/5>.

2 7 2
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Theorem 3.1. Let

n+nv4an? +4n — 3
2n2+2n—-2
If u e HV'2(Q) is a minimizer for the functional ®, then u € HW22(Q).

loc

2<p<2+

Proof. The case p = 2 is well known, so let us suppose p # 2. Let u € HW1P(Q)
be a minimizer for ®. Consider zy € Q and r > 0 such that By, = B(xzg,4r) CC Q.
We need a cut-off function n € C§°(Bs,) such that n = 1 on B,. Also consider
minimizers u,, for ®,, on HW1P(By,) subject to u,, —u € HWOLP(BQT). Then
Um — uw in HWLP(By,) as m — oc.

By [3, [7] we get that for 2 < p < 4 we have u,, € HW? 2(Q), but with bounds

loc
depending on m, and also that u,, satisfies the equation L,,(u,,) = 0 a.e. in Ba,.

So, in By, we have a.e.
XZ‘X]‘ (ﬂQUm) = Xin(UQ)um -+ Xj(772)Xium =+ Xi(UQ)Xjum =+ n2Xinum

and hence
2n

Lon(0*tm) =t Lm s (1) + Y all}(2) (Xj<n2)Xz-um + Xi(UQ)XjUJM> :
i,j=1
By Theorem 2.1 it follows that
1X%umllr2m,y < X0 um)llL2(Ba) < ellLm(0*um)llL2(5,,)
< dlumllawrr(Ba,) < cllullawres,,)

where c is independent of m. Therefore, u € HW%2(B,.). O

Remark 3.1. Observe that the range for p given by Theorem 3.1 is shrinking from
2, #) to [2, 3] as n increases from 1 to co.

For the case p < 2 we need the following lemmas. The first lemma is an inter-
polation result and its proof is based on integration by parts.

Lemma 3.1. For all u € C§°(Q) and for all 6 > 0 there exists c¢(6) > 0 such that
||XU||%2(Q) < 5||X2U||2L2(Q) + C@)H“H%z(n) .
Proof.

1 X |72 = /Xu ) Xiu(x Z/ ) X Xiu(z)dx
:—/Qu(a:) Apu(z) dz < %/Q|AHu(a:)|2dx+c(5)/u2(m) do

Q
§5/9|X u(@)| da:—l—c(é)/Qu (2) dz.
O

From Lemma 3.1 and the higher-order extension results available for the Sobolev
spaces on the Heisenberg group [6l 0] we get the following result.

Lemma 3.2. For allu € HW?*%(B,.) and all § > 0 there exists c(d) > 0 such that
1 Xul[Z2s,) < 0llX2ullf2s,) + c(@)lullZ2s,) -
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By Lemmas 3.1 and 3.2 we can use a method similar to the proof of Theorem
9.11 [5] to get the following result.

Lemma 3.3. Let us suppose that the operator A satisfies the assumptions of The-
orem 4.1 and that B3, C Q. Then

1X2ull2(5,) < e(|lAullia,,) + ullz2sa) )

for all u € HWQ’Q(BgT).

loc

Proof. Let n € C§°(Ba,), 0 < 0 < 1 and o/ = 22 such that 7 is a cut-off function
between Bgo, and Bya, satisfying

16

Xnl < —_
Xl < 11— o0)2r2

4
Toay ™ =

Then we can use Theorem 2.1 for nu to get
1X%ullL2(B,0,) < [1X2(u)]|22(B,,) < cllAG)l| L2 (2,
2n
<cl|nAu+uA(n) + Z aij (Xj(n)Xiu + Xi(n)Xju)
i,j=1

L2(Ba,)

1 1
é C<||Au||L2(B2r) + (1 _ 0.)7,, ||XU||L2(BG,2T) + (1 _ 0')27"2 ||u||L2(Ba/2r)) :

For k € {0,1,2} let us use the seminorms

lullle = sup (1 —o)*r*[| X" ull12(5,,,) -
0<o<1

Then
il < e(r2 Il Aulliasa,) + Hullls + [llulllo) -
Lemma 3.2 implies that for 6 > 0 small we have

[lulllr < élffulll2 + e(@)]lfelllo -

Therefore,
[l < e(r*/ Aull 2.,y + lllulllo)
and hence
c
1 X2ul|p2(B,,) < m<r2||Au||L2(BQT) + ||U||L2(BQT)) .
For o = % we get the desired inequality. O

Theorem 3.2. Let us consider the Heisenberg group H' and
7Vl7_1 <p<2.
2

If ue HWYP(Q) is a minimizer for the functional ®, then u € HW.22(Q).

loc
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Proof. We start the proof in the same way as we did in the proof of Theorem 3.1.
Let uw € HWP(Q) be a minimizer for ®. Consider zo € 2 and 7 > 0 such that
By, = B(zo,4r) CC Q. We need a test function n € C§°(Bs,). Also consider
minimizers wu,, for ®,, on HW1P(Bs,) subject to u,, —u € HWOLP(Bgr). Then
U — uw in HWYP(Bs,.) as m — oo. We use the facts that

4 5—+5 17 -1
< \/_<\/_ <

3 2 2
the homogeneous dimension of H' is Q = 4, and

4 4
ZSﬁpp forall§§p<2.
The Sobolev embeddings result in the subelliptic setting [1] says that
4
HWOI’p(Bgr) < LY(Bs,), for 1<¢< 4_p
-P
Therefore, u, — u in L*(Bs;). Also, using that (see [3]) for @ <p<2
we have u,, € HVVli’p (Bgr) we get that Xu,, € L? (Bgr). Let us remark that

c loc
these bounds of X?u,, in L? may depend on m and that L, () = 0 a.e. in Ba,.

Moreover,

2,

[ Lm (772um)||L2(Bsr)

2n
= ¢ fltm Ln (%) + 3 @l (@) (X5 07%) Xitum + Xi0) X
hi=l L2(Bs,)
= C(||um||L2(SUppn) + ||Xum||L2(Suppn)) < +o00,
and hence u.,,, € H I/Vlif (Bgr). By Lemma 3.3 for all m sufficiently large we have

X2 (um) || 228,y < elltmllL2(Ba) < 2¢llullL2(p,,),

which shows that XZ2u,, is uniformly bounded in HW?22(B,); hence u €
HW?22(B,). O

In the forthcoming article [4] we establish the C'1® regularity for p-harmonic
functions in H™ when p is in a neighborhood of 2.
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