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Real Number

X – 5 = 0             =>    X = 5

X2 – 4 = 0           =>      X = ∓ 2



Imaginary Number

X2 + 4 = 0 =>    X2 = -4

=>      X = ∓ 2j

or          X = ∓ 2i



Complex Number

2 + 3 j => 2: real part,  3j:  imaginary part



Complex Number

2 + 3 i => 2: real part,  3i :  imaginary part



Complex Number Arithmetic Example

a + b j  + c + d j      = ( a + c ) + ( b + d ) j 

2 + 3 j  + 4 + 5 j      = ( 2 + 4 ) + ( 3 + 5 ) j 
=  6  + 8 j



Complex Number Arithmetic Example

a + b j  - ( c + d j )   = ( a - c ) + ( b - d ) j 

(4 + 8 j ) – (2 + 3 j)  = ( 4 - 2) + ( 8 - 3 ) j 
=  2   +  5 j



Complex Number Arithmetic Example

j  * j = j 2 = -1    

i * i = i 2 = -1    



Complex Number Arithmetic Example

(a + b j ) * (c + d j )    

=  a * c + b j * c  +  a * d j + bj * (dj)

=  ( a * c  - b * d )  +  ( b *c + a * d ) j 



Complex Number Arithmetic Example

(2 + 3 j ) * (4 + 5 j )    

=  2 * 4 + 2 * (5 j)  + 3j * 4 + 3j * 5j

= ( 8 – 15 ) +  ( 10 + 12 ) j

=  - 7 + 22 j



Complex Conjugate:  q = p*
• The complex conjugate of a complex number is the number with an 

equal real part and an imaginary party equal in magnitude but 
opposite in sign.

• The complex conjugate of  p = a + b j   is:    q = a – b j .            q = p*



Complex Number Arithmetic Example

(a + b j ) * (a - b j )     

=  a * a - a * (b j)  + bj * a - b j * b j

= ( a2 – b2 x (-1) ) +   0  j

=  a2  +  b2

(4 + 5 j ) * (4 - 5 j )    
=  42  +  52 = 16 + 25 = 41



Complex Conjugate
• The complex conjugate of  P = a + b j   is:    P* = a – b j . 

• P + P* = (a + b j ) + (a – b j ) = 2 a

• P P*   = (a + bj ) (a – b j ) = a2 + b2 = | P | 2

• The magnitude of the complex number :       
| P | = square root of ( P P* ) = square root of (a2 + b2). 



Complex Number Arithmetic Example

(4 + 5 j ) * (4 - 5 j )    =  42  +  52 = 16 + 25 = 41
(2 + 3 j ) * (4 + 5 j )   =  - 7 + 22 j



cosine and sine wave



Polar Coordinates



Polar Coordinates



Polar Coordinates



Euler Formula



Euler Formula



Complex Number Arithmetic

Question:      Suppose  p = r e j𝜽𝜽,                        
determine  pn and p1/n .

Solution:

pn = (r e j𝜽𝜽)n =rn (e j𝜽𝜽)n = rn e jn𝜽𝜽

P1/n = (r e j𝜽𝜽)1/n =r1/n (e j𝜽𝜽)1/n = r1/n e j𝜽𝜽/n



Complex Number Arithmetic Example

Question:      Suppose  p = 8 e π/3 j ,                        
determine  p2 and p1/3 .

Solution:

p2 = (8 e π/3 j )2=82(e π/3 j )2 = 64 e 2π/3 j

p1/3 = (8 e π/3 j )1/3=81/3(e π/3 j )1/3 = 2 e π/9 j



Sinusoids

𝐶𝐶 sin(𝜔𝜔𝜔𝜔 +
π
2

) = 𝐶𝐶 cos 𝜔𝜔𝜔𝜔



Sinusoids



Trignometric Identity



Addition of Sinusoids



Euler’s Formula



Monotonic Exponentials

a > 0



Determinant



Determinant



Sketching an Exponentially Varying Sinusoid



Cramer’s Rule for Equation Solver



Cramer’s Rule for Equation Solver



Matrix Transpose

Switch the row elements of the original matrix
to get  the column elements of the transposed 
matrix. 



Matrix Addition



Matrix Multiplication



Identity Matrix



Matrix Inverse



Matrix Inverse



Matrix Inverse



Matrix Inverse
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