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Real Number



Imaginary Number

X2+4=0 =>



Complex Number

2+3j] =>2:realpart, 3j: imaginary part

real part imaginary part

a + b



Complex Number

2+3i =>2:real part, 3i: imaginary part

real part Imaginary part

a + bi



Complex Number Arithmetic Example

a+bj+c+dj =(a+c)+(b+d)j

2+3j +4+5] =(2+4)+(3+5)]j
=6 +3]



Complex Number Arithmetic Example

a+bj-(c+dj) =(a-c)+(b-d)j

(4+8j)—(2+3j) =(4-2)+(8-3)]
=2 + 5]



Complex Number Arithmetic Example



Complex Number Arithmetic Example

(a+bj)*(c+dj)

a*c+bj*c+a*dj +bj*(d)

(a*c-b*d) + (b*c+a*d)]




Complex Number Arithmetic Example
(2+3j)*(4+5j)
=2*4+2*(5j) +3j*4+3j*5]

=(8—-15)+ (10+12)]
= -7+22]



Complex Conjugate: q = p*

* The complex conjugate of a complex number is the number with an
equal real part and an imaginary party equal in magnitude but
opposite in sign.

* The complex conjugateof p=a+bj is: g=a-bj. q=p*
Imaginary
A P=a+b
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Complex Number Arithmetic Example

(@a+bj)*(a-bj)

a*a-a*(bj) +bj*a-bj*bj

=(a?=b?x(-1))+ O j

= aZ+ b?

(4+5j)*(4-5])
=42+ 52=16+25=41



Complex Conjugate

* The complex conjugate of P=a+bj is: P*=a-bj.
*P+P*=(a+bj)+(a—bj)=2a

*PP* =(a+bj)(a—bj)=a?+b*=|P|°

* The magnitude of the complex number :
| P | = square root of ( P P* ) = square root of (a? + b?).



Complex Number Arithmetic Example

(4+5))*(4-5j) =42+ 52=16+25=41
(2+3j)*(4+5j) =-7+22]

(2+3j)
(4-5j)

(2+3j) (4+5))
(4-5j)(4+5])

-7+22] -7 22 .
41 41 4]




cosine and sine wave
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Polar Coordinates

Imaginary
{___I_J_=a+b]
b - | a =rcosb
gi b =rsinf
Y |
o a > VYA
4 r =\/a +b
Bl | | —tan (—)




Polar Coordinates

Imaginary

A P=a+by

bl "/ |
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q=a—bj

p=rcos0+rsin )
q=p* .
=rcos O —rsin0 )

lpl=14l=r




Polar Coordinates

Imaginary

A_ _____ Ze%j 7C
B 2eJ 3 =2(cos%+sin%j)
\%i eal 1 ﬁ.
o 1 > " — 2(?"'?.])

— 1 + J3]



Euler Formula

ej@ —cos 0+ sin0 }



Euler Formula
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Complex Number Arithmetic

Question: Suppose p=relf

| determine p" and pl/n.
Solution:

pn = (r e jO)n =rh (e jO)n =r" e jn@

Pl/n = (r e j0)1/n =r1/n (e j0)1/n — rl/n e j@/n



Complex Number Arithmetic Example

Question:  Suppose p=8 e 3i,

| determine p? and p/3.
Solution:

p2= (8 e /3] )2=82(e /3] )2 =064 e 21t/3

p1/3 — (8 e n/3] )1/3:81/3(e n/3] )1/3 =Je /9]



Sinusoids

Ceoswy!
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f(t) =Ccos(wt+ @)
=Ccos(2mFt+ @)

2T
= Ccos(?t + @)

T
C sin( wt + E) = C cos( wt )



Sinusoids

Ccos{w,r—607)

(<)



Trignometric ldentity

C cos (wot + 8) = C cos 8 cos wgt — C sin @ sin wot

= a coS wot + bsin wot

in which
Phasor addition of sinusoids.

C =+vVa?+b*

-b
f = tan'l(—)
a

a = C cos 0, b= —Csin 6



Addition of Sinusoids

a cos wot + b sin wot = C cos (wot + 8)



Euler’s Formula

COS ©p = % (e?? + e77%)

1, . |
In o = I _ o—I¥
sin ¢ 5; (e e 7¥)

e?? = cos ¢ + jsin ¢

e % = cos ¢ — jsin ¢



Monotonic Exponentials

a>0

(a) (b)

Monotonic exponentials.



Determinant

et A =|A|=

‘:A‘:at)(-Lc



Determinant

a, a, a,
A = b1 bz bs
-cl CE c3

b, b b b b. b

e =a o] afec]valoe

= a1(b2c3 B bscz) - az(bics B b3C1) + as(b1cz- bzc‘)



Sketching an Exponentially Varying Sinusoid
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Cramer’s Rule for Equation Solver

2z +z2+23=3

1+ 3x2—23=17

1+ zr2+13=1

In matrix form these equations can be expressed as

201 17
1 3 -1
(11 1)

Here,

Determinant |A| =

1] [3]
2| = | T
lz3) L1
2 1 1
1 3 -1




Cramer’s Rule for Equation Solver

‘@13 @12 - G1n | | F1 n
az) az2 ‘' G2n T2 v2 (8 ')
— .30

[ Gpnl Gn2 " Ganl | x, | Yn

We denote the matrix on the left-hand side formed by the elements a;; as A. The
determinant of A is denoted by |A|. If the determinant |A| is not zero, the set of
equations (B.29) has a unique solution given by Cramer's formula

T = —— k=1,2,...,n B.31
Al (B30

where |Dg| is obtained by replacing the kth column of |A| by the column on the
right-hand side of Eq. (B.30) (with elements y1, ¥y2, - - -» Yn)-



Matrix Transpose

"2 17

2 3 1
A=13 2 then A.T -
1 2 3

1 3.

Switch the row elements of the original matrix
to get the column elements of the transposed
matrix.

A= (ﬂij}mxn
AT = (aji}ﬂxm

(AT)T = A



Matrix Addition
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Matrix Multiplication

Matrix B Matrix B

Matrix A 2 3 Matrix A 2 3
1 4 6]]*% 8] [1 4 6]-|5 g|=[64 89]

7 9 7 9

(1+2) +(4+5) + (6+7) =64

Matrix B

Matrix
[1 a 6]] [ ]

(1+3) +(4+8)+ (6+9)=89




|dentity Matrix

1 0 0
'1 0 D' 0 1 0
Iz—{10113_010 I, =10 01
U 1! ? ¥ Tl
[0 0 1 S
0 0 0
2X2 3x3 nxn

Identiy Matrix ldentiy Matrix Identiy Matrix




Matrix Inverse

The inverse of A is Al only when:

AA'L = AIA =T



Matrix Inverse

N QD
O T




Matrix Inverse

&6 —7
-2 4




Matrix Inverse

4 7 0.6 -0.7 B 4x0.6+7x—-0.2 4x—-0.7+7%x0.4
2 6||-0.2 04| |2x0.64+46%x—-0.2 2x—0.7+6x0.4

1.2-1.2 —-1.4+2.4

- [2.4—1.4 —2.8+2.8}
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