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Modular Linear Differential Equation(MLDE)

�
⌧ 2 H, f 0

=

df

d(2⇡
p
�1⌧)

= q
df

dq
, q = exp(2⇡

p
�1⌧)

�

Definition(MLDE)

f (n)(⌧) + a1(⌧)f
(n�1)(⌧) + · · ·+ an(⌧)f(⌧) = 0
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For a fixed k (2 Q), a (monic) ordinary linear di↵erentail equation
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on the complex upper-half plane H
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Let � ⇢ SL2(R) : Vol(�\H⇤
) < +1.
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is a modular linear di↵erential equation of weight k on � if
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the space of solutions is invariant under the slash action

��
k
� (8� 2 �).
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We assume ai(⌧)’s are holomorphic on H⇤
= H [ {cusps}.
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Modular Linear Differential Equation(MLDE)

Kaneko-Zagier equation
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(� = SL2(Z))
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· #k+2 � #k(f) =
k(k + 2)

144

E4f : another expression

Modular Linear Differential Equation(MLDE)

give supersingular j-polynomials.

<latexit sha1_base64="LBOyM1qOQZ4B4CwDAfqX4GOQDog="></latexit><latexit sha1_base64="LBOyM1qOQZ4B4CwDAfqX4GOQDog="></latexit><latexit sha1_base64="LBOyM1qOQZ4B4CwDAfqX4GOQDog="></latexit><latexit sha1_base64="LBOyM1qOQZ4B4CwDAfqX4GOQDog="></latexit>

Kaneko-Zagier equation

f 00(⌧)� k + 1

6
E2(⌧)f

0(⌧) +
k(k + 1)

12
E0

2(⌧)f(⌧) = 0

where Ek(⌧) = 1� ck

1X

n=1

⇣X

d |n

dk�1
⌘
qn

<latexit sha1_base64="2y/AdlU71eo4lITr0nAsKVGfLmE="></latexit><latexit sha1_base64="2y/AdlU71eo4lITr0nAsKVGfLmE="></latexit><latexit sha1_base64="2y/AdlU71eo4lITr0nAsKVGfLmE="></latexit><latexit sha1_base64="2y/AdlU71eo4lITr0nAsKVGfLmE="></latexit>

(c2 = 24, c4 = �240, c6 = 504)
<latexit sha1_base64="9Kk3Kfap04hPm9w3KD6IIH5/wPg="></latexit><latexit sha1_base64="GVDJ2yf4SoH0nbgVcNfb1xJdd8w="></latexit><latexit sha1_base64="GVDJ2yf4SoH0nbgVcNfb1xJdd8w="></latexit><latexit sha1_base64="17HUSXVXC2RozY7wsgf46o1QykA="></latexit>

(� = SL2(Z))
<latexit sha1_base64="EMvB6EjmOr7HGHmTZOVHYBr2nzw="></latexit><latexit sha1_base64="WFCjNVJvIrq6wZuO1BnHmIAT6pY="></latexit><latexit sha1_base64="WFCjNVJvIrq6wZuO1BnHmIAT6pY="></latexit><latexit sha1_base64="mYjMT42tJYlJTh5HLNXZ7nMpR8w="></latexit>

· the Serre-derivative #k(f) := f 0 � k

12
E2f : Mk(SL2(Z)) ! Mk+2(SL2(Z))
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· for k = p� 1 (p : prime), eigenfunctions of E�1
4 #k+2 � #k(f)
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g = f/⌘2k

MMS-Classification in 2D conformal field theory(VOA)

[Mathur-Mukhi-Sen (1988), Kaneko-Nagatomo-S. (2013)]

Modular Linear Differential Equation(MLDE)

g00(⌧)� 1

6
E2(⌧)g

0(⌧)� k(k + 2)

144
E4(⌧)g(⌧) = 0

<latexit sha1_base64="zMTaF0SDxB7fWU1Ystumfak4dqQ="></latexit><latexit sha1_base64="Y4UkQDyjelLy93dzPXlmpkmYeIc="></latexit><latexit sha1_base64="Y4UkQDyjelLy93dzPXlmpkmYeIc="></latexit><latexit sha1_base64="LhUe2ZrLjolgdEOLtwfLUJtD1jo="></latexit>

Kaneko-Zagier equation

f 00(⌧)� k + 1

6
E2(⌧)f

0(⌧) +
k(k + 1)

12
E0

2(⌧)f(⌧) = 0

(� = SL2(Z))
<latexit sha1_base64="EMvB6EjmOr7HGHmTZOVHYBr2nzw="></latexit><latexit sha1_base64="WFCjNVJvIrq6wZuO1BnHmIAT6pY="></latexit><latexit sha1_base64="WFCjNVJvIrq6wZuO1BnHmIAT6pY="></latexit><latexit sha1_base64="mYjMT42tJYlJTh5HLNXZ7nMpR8w="></latexit>



Modular Linear Differential Equation(MLDE)

#(n)
k (f) +eb2#(n�2)

k (f) + · · ·+ebn�1#k(f) +ebnf = 0 ,
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For � = SL2(Z), the well-known “Serre”-form of MLDEs is
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where #(n)
k = #k+2(n�1) � · · · � #k ,

ebi : a modular form of wt. 2i on �.
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·By #k

�
f |k�

�
= #k(f)|k+2�, the above eq. is a MLDE.
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·This MLDE is used to construct the basis of VVMF by Prof. Mason.
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=) We want to know a general form of MLDEs in the standard forms.
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f (n)(⌧) + a1(⌧)f
(n�1)(⌧) + · · ·+ an(⌧)f(⌧) = 0
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Aim in this talk

・Find the transformation property of coefficient of modular  
   linear differential equations written in the standard form

・Rewrite the modular linear differential equation in yet another  
   form using certain “arithmetic” differential operators  
        in both non-cocompact(                 ) and cocompact cases.

f (n)(⌧) + a1(⌧)f
(n�1)(⌧) + · · ·+ an(⌧)f(⌧) = 0

<latexit sha1_base64="j5zBS7Sd/526GjUZ7W5nPx2eTYM="></latexit><latexit sha1_base64="7pJa7IvXkkU2720VCnFm+AFtIAk="></latexit><latexit sha1_base64="7pJa7IvXkkU2720VCnFm+AFtIAk="></latexit><latexit sha1_base64="Itl0jws6Sm2ik3ELEvIep/YedLs="></latexit>

� ⇢ SL2(Z)
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Main results 
(non-cocompact case)
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a MLDE of wt.            onk (2 Q)Suppose that eq.        is(])�k
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� ⇢ SL2(Z) : non-cocomact gp.
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We assume such a � exists:
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Rankin-Cohen bracket: 

⇥(n)
k (f) = f (n) � (k + n� 1)[�, f ](2,k)(n�1).
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The higher-Serre operator: 

We introduce two di↵erential operators:
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The general form of MLDEs(non-cocompact)



The general form of MLDEs(non-cocompact)
Theorem A

Suppose (])�k is a MLDE of wt. k on � ⇢ SL2(Z) : non-cocompact gp..
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1) If we put g2(⌧) = a1(⌧) + n(k + n� 1)�(⌧),
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<latexit sha1_base64="xzAJXGqGmgJWQt8VujBrHc9Cx1g="></latexit><latexit sha1_base64="xzAJXGqGmgJWQt8VujBrHc9Cx1g="></latexit><latexit sha1_base64="xzAJXGqGmgJWQt8VujBrHc9Cx1g="></latexit><latexit sha1_base64="xzAJXGqGmgJWQt8VujBrHc9Cx1g="></latexit>

then g2m(⌧) (1  m  n) is a modular form of wt. 2m on �,

<latexit sha1_base64="Y5/h+eLRB4b9UhBAA6aQ1/Yb1mQ="></latexit><latexit sha1_base64="Y5/h+eLRB4b9UhBAA6aQ1/Yb1mQ="></latexit><latexit sha1_base64="Y5/h+eLRB4b9UhBAA6aQ1/Yb1mQ="></latexit><latexit sha1_base64="Y5/h+eLRB4b9UhBAA6aQ1/Yb1mQ="></latexit>

and (])�k can be written as
<latexit sha1_base64="fxgRK2e0eofJPCSkP8OtXpET1UI="></latexit><latexit sha1_base64="fxgRK2e0eofJPCSkP8OtXpET1UI="></latexit><latexit sha1_base64="fxgRK2e0eofJPCSkP8OtXpET1UI="></latexit><latexit sha1_base64="fxgRK2e0eofJPCSkP8OtXpET1UI="></latexit>

⇥(n)
k (f) +

nX

i=1

✓
n+ i� 1

2i� 1

◆�1

[ g2i, f ](2i,k)(n�i) = 0 .
<latexit sha1_base64="2+yLMsRcgCnHA7hkuhGVO9EnXWM="></latexit><latexit sha1_base64="eJBNzFJ6z4jesnGH2NfgEq7xgKw="></latexit><latexit sha1_base64="eJBNzFJ6z4jesnGH2NfgEq7xgKw="></latexit><latexit sha1_base64="oaVkKdwwX6Ejha49Q04kFySOSxw="></latexit>

2) Conversely, let g2m be modular forms of wt. 2m on �.

<latexit sha1_base64="nWRQNNpDTSGSJGpNE1BcKl/Mc4A="></latexit><latexit sha1_base64="nWRQNNpDTSGSJGpNE1BcKl/Mc4A="></latexit><latexit sha1_base64="nWRQNNpDTSGSJGpNE1BcKl/Mc4A="></latexit><latexit sha1_base64="nWRQNNpDTSGSJGpNE1BcKl/Mc4A="></latexit>

am(⌧) =(�1)m
✓
n

m

◆✓
k + n� 2

m� 1

◆
(k + n� 1)�(m�1)(⌧)

+
mX

j=1

(�1)m+j

✓
n+ j � 1

2j � 1

◆�1✓n+ j � 1

m+ j � 1

◆✓
k + n� j � 1

m� j

◆
g(m�j)
2j (⌧)

<latexit sha1_base64="22gdDgCL6D/5MKb+F3YJdGJTPP8="></latexit><latexit sha1_base64="22gdDgCL6D/5MKb+F3YJdGJTPP8="></latexit><latexit sha1_base64="22gdDgCL6D/5MKb+F3YJdGJTPP8="></latexit><latexit sha1_base64="22gdDgCL6D/5MKb+F3YJdGJTPP8="></latexit>

Set
<latexit sha1_base64="harUVtNRbnLZZsREB1xThggY16Q="></latexit><latexit sha1_base64="harUVtNRbnLZZsREB1xThggY16Q="></latexit><latexit sha1_base64="harUVtNRbnLZZsREB1xThggY16Q="></latexit><latexit sha1_base64="harUVtNRbnLZZsREB1xThggY16Q="></latexit>

for 1  m  n.
<latexit sha1_base64="A3ZNhJcWLAPMKpS8Kh+/1+BLk5Y="></latexit><latexit sha1_base64="A3ZNhJcWLAPMKpS8Kh+/1+BLk5Y="></latexit><latexit sha1_base64="A3ZNhJcWLAPMKpS8Kh+/1+BLk5Y="></latexit><latexit sha1_base64="A3ZNhJcWLAPMKpS8Kh+/1+BLk5Y="></latexit>

Then (])�k becomes a MLDE of wt. k on �.

<latexit sha1_base64="86/sZ09CrEJRVelV1pTeTk1j6gg="></latexit><latexit sha1_base64="86/sZ09CrEJRVelV1pTeTk1j6gg="></latexit><latexit sha1_base64="86/sZ09CrEJRVelV1pTeTk1j6gg="></latexit><latexit sha1_base64="86/sZ09CrEJRVelV1pTeTk1j6gg="></latexit>



The key to prove 
(the transformation property of coefficients)



By using followings : 

where (↵)n = ↵(↵+ 1) · · · (↵+ n� 1) if n > 0, (↵)n = 1 if n = 0.
<latexit sha1_base64="NW/feFX1Csirx6Xo6WI8CqfXIpg="></latexit><latexit sha1_base64="NW/feFX1Csirx6Xo6WI8CqfXIpg="></latexit><latexit sha1_base64="NW/feFX1Csirx6Xo6WI8CqfXIpg="></latexit><latexit sha1_base64="NW/feFX1Csirx6Xo6WI8CqfXIpg="></latexit>

f (n)(⌧) + a1(⌧)f
(n�1)(⌧) + · · ·+ an(⌧)f(⌧) = 0

<latexit sha1_base64="j5zBS7Sd/526GjUZ7W5nPx2eTYM="></latexit><latexit sha1_base64="7pJa7IvXkkU2720VCnFm+AFtIAk="></latexit><latexit sha1_base64="7pJa7IvXkkU2720VCnFm+AFtIAk="></latexit><latexit sha1_base64="Itl0jws6Sm2ik3ELEvIep/YedLs="></latexit>

(])�k
<latexit sha1_base64="hUDdvjrPYG7tks6v7bCvPB+5HJI="></latexit><latexit sha1_base64="T6ya+iZ018diLZfrc8hIbdpmDiM="></latexit><latexit sha1_base64="T6ya+iZ018diLZfrc8hIbdpmDiM="></latexit><latexit sha1_base64="us3UhJuqCxXyoN6swtkS+pwY8uw="></latexit>

a MLDE of wt.            onk (2 Q)Suppose that eq.        is(])�k
<latexit sha1_base64="hUDdvjrPYG7tks6v7bCvPB+5HJI="></latexit><latexit sha1_base64="T6ya+iZ018diLZfrc8hIbdpmDiM="></latexit><latexit sha1_base64="T6ya+iZ018diLZfrc8hIbdpmDiM="></latexit><latexit sha1_base64="us3UhJuqCxXyoN6swtkS+pwY8uw="></latexit>

� ⇢ SL2(Z) : non-cocomact gp.

<latexit sha1_base64="3aSn/fr52SHCMbow4bNaa8Hjigc="></latexit><latexit sha1_base64="3aSn/fr52SHCMbow4bNaa8Hjigc="></latexit><latexit sha1_base64="3aSn/fr52SHCMbow4bNaa8Hjigc="></latexit><latexit sha1_base64="3aSn/fr52SHCMbow4bNaa8Hjigc="></latexit>

The transformation property of coefficients 

· Substituting f |k� (� 2 �) into f in (])�k .
<latexit sha1_base64="T/fMv2Ymzh8FyBsyFhwlIfuizzo="></latexit><latexit sha1_base64="T/fMv2Ymzh8FyBsyFhwlIfuizzo="></latexit><latexit sha1_base64="T/fMv2Ymzh8FyBsyFhwlIfuizzo="></latexit><latexit sha1_base64="T/fMv2Ymzh8FyBsyFhwlIfuizzo="></latexit>

·Comparing f (n)
(�⌧) +

nX

i=1

ai(�⌧)f
(n�i)

(�⌧) = 0.
<latexit sha1_base64="CXqxNauwVqf9Q2Ve4NwaffQBLpE="></latexit><latexit sha1_base64="6atvnEqNj3G4/TwCLeHzTVVjU4U="></latexit><latexit sha1_base64="6atvnEqNj3G4/TwCLeHzTVVjU4U="></latexit><latexit sha1_base64="80JO3yBUDokTPJRtzuDUVGFfRsg="></latexit>

·
⇣
q
d

dq

⌘n⇣
f |k�(⌧)

⌘
=

nX

i=0

✓
n

i

◆
(�k�n+1)i

⇣ c

2⇡
p
�1

⌘i
(c⌧+d)�(k+2n�i)f (n�i)(�⌧)

<latexit sha1_base64="TI1aZsySH1w9tOrAzfk310GqUR4="></latexit><latexit sha1_base64="JeXedV7vd5qkTAWdw3s0oP30Uas="></latexit><latexit sha1_base64="JeXedV7vd5qkTAWdw3s0oP30Uas="></latexit><latexit sha1_base64="6v4bJhAh9CoD+gyFKKZtCEeH2gc="></latexit>



The transformation property of coefficients 

Proposition

am(�⌧) =
mX

i=0

✓
n�m+ i

i

◆⇣
� c

2⇡
p
�1

⌘i
(k+ n�m)i(c⌧ + d)2m�iam�i(⌧)

<latexit sha1_base64="Jc2WYJicAPeX40JDgei3CBI611k="></latexit><latexit sha1_base64="Mz2EjWQRa1Q2d6x8rHieZ6JfHc4="></latexit><latexit sha1_base64="Mz2EjWQRa1Q2d6x8rHieZ6JfHc4="></latexit><latexit sha1_base64="5hdTPE3psJxq3FcTsQMd7DfzyJs="></latexit>

for 1  m  n and any � 2 �.

<latexit sha1_base64="5I7/9ynqC9bYeiWyQXQzjxH9x3Q="></latexit><latexit sha1_base64="5I7/9ynqC9bYeiWyQXQzjxH9x3Q="></latexit><latexit sha1_base64="5I7/9ynqC9bYeiWyQXQzjxH9x3Q="></latexit><latexit sha1_base64="5I7/9ynqC9bYeiWyQXQzjxH9x3Q="></latexit>

For m = 1, a1(�⌧) = (c⌧ + d)2a1(⌧)� n(k + n� 1)

⇣ c

2⇡
p
�1

⌘
(c⌧ + d) .

<latexit sha1_base64="yv5V5z3QhytFb2LMwoMF73bbvAU="></latexit><latexit sha1_base64="yv5V5z3QhytFb2LMwoMF73bbvAU="></latexit><latexit sha1_base64="yv5V5z3QhytFb2LMwoMF73bbvAU="></latexit><latexit sha1_base64="yv5V5z3QhytFb2LMwoMF73bbvAU="></latexit>

More general, am(⌧) has “quasi modularity” of depth m and weight 2m.

<latexit sha1_base64="ejQXuo4XD5xtVMKmgXZ/cxR/2Kk="></latexit><latexit sha1_base64="ejQXuo4XD5xtVMKmgXZ/cxR/2Kk="></latexit><latexit sha1_base64="ejQXuo4XD5xtVMKmgXZ/cxR/2Kk="></latexit><latexit sha1_base64="ejQXuo4XD5xtVMKmgXZ/cxR/2Kk="></latexit>

For k = 0, an(⌧) of a MLDE (])�0 have the modularlity of wt. 2n.
<latexit sha1_base64="JGMgHzDCJljH9yiQ9RwdkhkzNZo="></latexit><latexit sha1_base64="JGMgHzDCJljH9yiQ9RwdkhkzNZo="></latexit><latexit sha1_base64="JGMgHzDCJljH9yiQ9RwdkhkzNZo="></latexit><latexit sha1_base64="JGMgHzDCJljH9yiQ9RwdkhkzNZo="></latexit>

Coe�cients of the MLDE (])�k satisfy the following transformation law:

<latexit sha1_base64="NaAnF7wIF+hbhFTkROzzMFnKSkA="></latexit><latexit sha1_base64="NaAnF7wIF+hbhFTkROzzMFnKSkA="></latexit><latexit sha1_base64="NaAnF7wIF+hbhFTkROzzMFnKSkA="></latexit><latexit sha1_base64="NaAnF7wIF+hbhFTkROzzMFnKSkA="></latexit>



The structure of the space of quasimodular forms

Mk(�) = QM (0)
k (�) ⇢ QM (1)

k (�) ⇢ · · · ⇢ QM (r)
k (�)

<latexit sha1_base64="PBYAHSKlrvj4nnuZukXTwZKFigQ="></latexit><latexit sha1_base64="7f5g9XUX0iDRNqbOzpZQru0SUAM="></latexit><latexit sha1_base64="7f5g9XUX0iDRNqbOzpZQru0SUAM="></latexit><latexit sha1_base64="V7QJWNNu4+G8HKfnslAFQGtQBp0="></latexit>

(r  k/2)
<latexit sha1_base64="GyfJU2XOciAyHQlBwcmDrE3r1oY="></latexit><latexit sha1_base64="2ql8J6qXMEdJPRZSejYJ8NZlIvU="></latexit><latexit sha1_base64="2ql8J6qXMEdJPRZSejYJ8NZlIvU="></latexit><latexit sha1_base64="zSZSnpg/jyYNCwsqWuKJsNk3iZ0="></latexit>

QM (r)
k (�) =

n

f : hol. on H⇤, f |k�(⌧) =
r

X

i=0

fi(⌧)
⇣ c

c⌧ + d

⌘i
(

9fi, � 2 �)

o

<latexit sha1_base64="1Y0tJx2O5ZAVTn5gJ3i+apYb0hk="></latexit><latexit sha1_base64="9yheyjNd6nVRc3sdvkMxFzDJNd4="></latexit><latexit sha1_base64="9yheyjNd6nVRc3sdvkMxFzDJNd4="></latexit><latexit sha1_base64="M8bZP/1cqqy5SZ0tKfCzhB435zI="></latexit>

Mk(�) = {f : hol. on H⇤, f |k�(⌧) = f(⌧) (� 2 �)}
<latexit sha1_base64="g3PzJpYVRZvknt4VPj0AVGAhVBs="></latexit><latexit sha1_base64="ThFoXe113V59xKVZnHibJZxhJ00="></latexit><latexit sha1_base64="ThFoXe113V59xKVZnHibJZxhJ00="></latexit><latexit sha1_base64="KhA2gZ8GQi5CMiuqEeXFy94HNmw="></latexit>

· The following is hold:

<latexit sha1_base64="mTug8dcEQ7RindCSE3RUpJwYVVM="></latexit><latexit sha1_base64="mTug8dcEQ7RindCSE3RUpJwYVVM="></latexit><latexit sha1_base64="mTug8dcEQ7RindCSE3RUpJwYVVM="></latexit><latexit sha1_base64="mTug8dcEQ7RindCSE3RUpJwYVVM="></latexit>

· The space of modular forms of weight k on �:

<latexit sha1_base64="8juYtZTXTAERDzaem9Oq7tFLGtM=">AAAConichVFNaxNBGH669aPGj6Z6EbwsZiuewru9VAqFYg+Kp6Zp2kJTwuxkkgzZ3Vl2J5Ea2h/QP+DBk4qI+DO86FXx0J8gHit48eC7mwXRor7DzDzzzPu888xMkIQ6s0QnM87sufMXLs5dqly+cvXafHXh+nZmRqlULWlCk+4GIlOhjlXLahuq3SRVIgpCtRMM1/P9nbFKM23iLXuQqP1I9GPd01JYpjrVVa8tu8Z67tZAuV kipHJNz41MdxSK1O2ZNMpy4rHS/YE98oaea+Ijr/1ARJHwVjrVGtWpCPcs8EtQQxkbpvoabXRhIDFCBIUYlnEIgYzbHnwQEub2MWEuZaSLfYVDVFg74izFGYLZIY99Xu2VbMzrvGZWqCWfEnJPWelikT7TGzql9/SWvtCPv9aaFDVyLwc8B1OtSjrzxzeb3/+rini2GPxS/dOzRQ/3Cq+avScFk99CTvXjJ09Pmyubi5M79IK+sv/ndELv+Abx+Jt81VCbz1DhD/D/fO6zYHup7lPdbyzV1u6XXzGHW7iNu/zey1jDQ2ygxee+xAd8xCfHcx45Dac5TXVmSs0N/BZO+yfhe6Ad</latexit><latexit sha1_base64="8juYtZTXTAERDzaem9Oq7tFLGtM=">AAAConichVFNaxNBGH669aPGj6Z6EbwsZiuewru9VAqFYg+Kp6Zp2kJTwuxkkgzZ3Vl2J5Ea2h/QP+DBk4qI+DO86FXx0J8gHit48eC7mwXRor7DzDzzzPu888xMkIQ6s0QnM87sufMXLs5dqly+cvXafHXh+nZmRqlULWlCk+4GIlOhjlXLahuq3SRVIgpCtRMM1/P9nbFKM23iLXuQqP1I9GPd01JYpjrVVa8tu8Z67tZAuV kipHJNz41MdxSK1O2ZNMpy4rHS/YE98oaea+Ijr/1ARJHwVjrVGtWpCPcs8EtQQxkbpvoabXRhIDFCBIUYlnEIgYzbHnwQEub2MWEuZaSLfYVDVFg74izFGYLZIY99Xu2VbMzrvGZWqCWfEnJPWelikT7TGzql9/SWvtCPv9aaFDVyLwc8B1OtSjrzxzeb3/+rini2GPxS/dOzRQ/3Cq+avScFk99CTvXjJ09Pmyubi5M79IK+sv/ndELv+Abx+Jt81VCbz1DhD/D/fO6zYHup7lPdbyzV1u6XXzGHW7iNu/zey1jDQ2ygxee+xAd8xCfHcx45Dac5TXVmSs0N/BZO+yfhe6Ad</latexit><latexit sha1_base64="8juYtZTXTAERDzaem9Oq7tFLGtM=">AAAConichVFNaxNBGH669aPGj6Z6EbwsZiuewru9VAqFYg+Kp6Zp2kJTwuxkkgzZ3Vl2J5Ea2h/QP+DBk4qI+DO86FXx0J8gHit48eC7mwXRor7DzDzzzPu888xMkIQ6s0QnM87sufMXLs5dqly+cvXafHXh+nZmRqlULWlCk+4GIlOhjlXLahuq3SRVIgpCtRMM1/P9nbFKM23iLXuQqP1I9GPd01JYpjrVVa8tu8Z67tZAuV kipHJNz41MdxSK1O2ZNMpy4rHS/YE98oaea+Ijr/1ARJHwVjrVGtWpCPcs8EtQQxkbpvoabXRhIDFCBIUYlnEIgYzbHnwQEub2MWEuZaSLfYVDVFg74izFGYLZIY99Xu2VbMzrvGZWqCWfEnJPWelikT7TGzql9/SWvtCPv9aaFDVyLwc8B1OtSjrzxzeb3/+rini2GPxS/dOzRQ/3Cq+avScFk99CTvXjJ09Pmyubi5M79IK+sv/ndELv+Abx+Jt81VCbz1DhD/D/fO6zYHup7lPdbyzV1u6XXzGHW7iNu/zey1jDQ2ygxee+xAd8xCfHcx45Dac5TXVmSs0N/BZO+yfhe6Ad</latexit><latexit sha1_base64="8juYtZTXTAERDzaem9Oq7tFLGtM=">AAAConichVFNaxNBGH669aPGj6Z6EbwsZiuewru9VAqFYg+Kp6Zp2kJTwuxkkgzZ3Vl2J5Ea2h/QP+DBk4qI+DO86FXx0J8gHit48eC7mwXRor7DzDzzzPu888xMkIQ6s0QnM87sufMXLs5dqly+cvXafHXh+nZmRqlULWlCk+4GIlOhjlXLahuq3SRVIgpCtRMM1/P9nbFKM23iLXuQqP1I9GPd01JYpjrVVa8tu8Z67tZAuV kipHJNz41MdxSK1O2ZNMpy4rHS/YE98oaea+Ijr/1ARJHwVjrVGtWpCPcs8EtQQxkbpvoabXRhIDFCBIUYlnEIgYzbHnwQEub2MWEuZaSLfYVDVFg74izFGYLZIY99Xu2VbMzrvGZWqCWfEnJPWelikT7TGzql9/SWvtCPv9aaFDVyLwc8B1OtSjrzxzeb3/+rini2GPxS/dOzRQ/3Cq+avScFk99CTvXjJ09Pmyubi5M79IK+sv/ndELv+Abx+Jt81VCbz1DhD/D/fO6zYHup7lPdbyzV1u6XXzGHW7iNu/zey1jDQ2ygxee+xAd8xCfHcx45Dac5TXVmSs0N/BZO+yfhe6Ad</latexit>

· The space of quasimodular forms of weight k and depth r on �:

<latexit sha1_base64="Qylb9b+5c8SG5sqQfgtoRRq54TQ="></latexit><latexit sha1_base64="Qylb9b+5c8SG5sqQfgtoRRq54TQ="></latexit><latexit sha1_base64="Qylb9b+5c8SG5sqQfgtoRRq54TQ="></latexit><latexit sha1_base64="Qylb9b+5c8SG5sqQfgtoRRq54TQ="></latexit>

“quasimodularity”

<latexit sha1_base64="A06OQuR4CiTfa39q8S9QtjXkTME="></latexit><latexit sha1_base64="A06OQuR4CiTfa39q8S9QtjXkTME="></latexit><latexit sha1_base64="A06OQuR4CiTfa39q8S9QtjXkTME="></latexit><latexit sha1_base64="A06OQuR4CiTfa39q8S9QtjXkTME="></latexit>

DQM (i)
k (�) ⇢ QM (i+1)

k+2 (�)
⇣
D =

d

d(2⇡
p
�1⌧)

⌘

<latexit sha1_base64="9df0NAlncDDGdeQibsJN3ReEHTw="></latexit><latexit sha1_base64="cQxXnaNE3KdUfDhinlKHLGxkPFU="></latexit><latexit sha1_base64="cQxXnaNE3KdUfDhinlKHLGxkPFU="></latexit><latexit sha1_base64="mH7DCM0Kz6ur9v8zTniGjTufERA="></latexit>



Theorem[Kaneko-Zagier(1995)]

QM ([k/2])
k (�) =

[k/2]M

i=0

Di
�
Mk�2i(�)

�
� CD( k�2

2 )(E2)
<latexit sha1_base64="MFGbfBSsZt73pyI48YaiMRMWQqo="></latexit><latexit sha1_base64="z8FMsfq6T9Mu5P9/SbbzJe9DY2E="></latexit><latexit sha1_base64="z8FMsfq6T9Mu5P9/SbbzJe9DY2E="></latexit><latexit sha1_base64="cNzDBikp7ZjzHeUnyaSQ4cAjrdM="></latexit>

Any quasimodular form has a unique representation  
                            as a sum of derivatives of MFs and QMFs. 

=) characterize am(⌧) by a sum of derivatives of ai(⌧)’s .
<latexit sha1_base64="2gIdFSLQA8sqvNdplCRKo5kGxuQ="></latexit><latexit sha1_base64="m/G38pAWtSxEbsrVbuTuBepYXj4="></latexit><latexit sha1_base64="m/G38pAWtSxEbsrVbuTuBepYXj4="></latexit><latexit sha1_base64="GKggLOOIb6DPbCZrQ56yAQTYm1Y="></latexit>

where E2(⌧) = 1� 24
1X

n=1

�1(n)q
n.

<latexit sha1_base64="RwyUsBH74aUJdJOXf/JuMi10/lA="></latexit><latexit sha1_base64="wiP+Q7fGZwQk6G0UTY9TjGGLAto="></latexit><latexit sha1_base64="wiP+Q7fGZwQk6G0UTY9TjGGLAto="></latexit><latexit sha1_base64="3obpRq1c48qNzAeaKIPRtavOQkU="></latexit>

The structure of the space of quasimodular forms

For � ⇢ SL2(Z) : non-cocompact gp. of finite index,
<latexit sha1_base64="VN7W57Me7g4tIdR+2hwJxaBYfQg="></latexit><latexit sha1_base64="SgQeuc2vp30ksEJ5tMz8IQHgi6c="></latexit><latexit sha1_base64="SgQeuc2vp30ksEJ5tMz8IQHgi6c="></latexit><latexit sha1_base64="6zLBc2N/E31zLfGiaFlftqWROxA="></latexit>



Lemma
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s

j
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2⇡
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⌘i+j
(i� 2m� s+ 1)j(c⌧ + d)2(m+s)�i�ja(s�j)

m�i (⌧)

<latexit sha1_base64="M2My9veEvyV2PHEc+DVaqXZM6jQ="></latexit><latexit sha1_base64="M2My9veEvyV2PHEc+DVaqXZM6jQ="></latexit><latexit sha1_base64="M2My9veEvyV2PHEc+DVaqXZM6jQ="></latexit><latexit sha1_base64="M2My9veEvyV2PHEc+DVaqXZM6jQ="></latexit>

(1  m  n)
<latexit sha1_base64="hRUwmO+d3G1K1ZwHmoH+qAQTf0I="></latexit><latexit sha1_base64="7o5dKrdqel1Z0niddGFNFwwC3XU="></latexit><latexit sha1_base64="7o5dKrdqel1Z0niddGFNFwwC3XU="></latexit><latexit sha1_base64="jiioFXSEUIiXtGZvk4rnh05SyLY="></latexit>

By using this lemma,
<latexit sha1_base64="NTEEIr7jopbKC7H0OG9oIU8qATo="></latexit><latexit sha1_base64="NTEEIr7jopbKC7H0OG9oIU8qATo="></latexit><latexit sha1_base64="NTEEIr7jopbKC7H0OG9oIU8qATo="></latexit><latexit sha1_base64="NTEEIr7jopbKC7H0OG9oIU8qATo="></latexit>

we show the modularity of a sum of derivatives of ai(⌧)’s.
<latexit sha1_base64="ND4vV5morOnhvJJLfDMs8uV/p+E="></latexit><latexit sha1_base64="ND4vV5morOnhvJJLfDMs8uV/p+E="></latexit><latexit sha1_base64="ND4vV5morOnhvJJLfDMs8uV/p+E="></latexit><latexit sha1_base64="ND4vV5morOnhvJJLfDMs8uV/p+E="></latexit>

For any s � 1, the derivative of coe�cients of (])�k is given by

<latexit sha1_base64="wKABysANoOFUjmHwP3nNy3CheaQ="></latexit><latexit sha1_base64="wKABysANoOFUjmHwP3nNy3CheaQ="></latexit><latexit sha1_base64="wKABysANoOFUjmHwP3nNy3CheaQ="></latexit><latexit sha1_base64="wKABysANoOFUjmHwP3nNy3CheaQ="></latexit>

*) induction on s and a previous Proposition.

<latexit sha1_base64="O8r33ZQZcZazDy1UWa5ntDsU3ZY="></latexit><latexit sha1_base64="O8r33ZQZcZazDy1UWa5ntDsU3ZY="></latexit><latexit sha1_base64="O8r33ZQZcZazDy1UWa5ntDsU3ZY="></latexit><latexit sha1_base64="O8r33ZQZcZazDy1UWa5ntDsU3ZY="></latexit>

Derivatives of coefficients



Theorem B

We have
<latexit sha1_base64="OrlWbYmJwzWpUTsr71KR09alMI8="></latexit><latexit sha1_base64="OrlWbYmJwzWpUTsr71KR09alMI8="></latexit><latexit sha1_base64="OrlWbYmJwzWpUTsr71KR09alMI8="></latexit><latexit sha1_base64="OrlWbYmJwzWpUTsr71KR09alMI8="></latexit>

*) The lemma of a(s)m�i(⌧) of a previous slide, and

<latexit sha1_base64="hGgCpNWHLawjAzqEx/uRFfaYLBU="></latexit><latexit sha1_base64="hGgCpNWHLawjAzqEx/uRFfaYLBU="></latexit><latexit sha1_base64="hGgCpNWHLawjAzqEx/uRFfaYLBU="></latexit><latexit sha1_base64="hGgCpNWHLawjAzqEx/uRFfaYLBU="></latexit>

the Chu-Vandermonde identity 2F1(�n, b; c; 1) = (c� b)n/(c)n .
<latexit sha1_base64="RNP8LnX4a2ykuI8dCoPXcCgsHYY="></latexit><latexit sha1_base64="RNP8LnX4a2ykuI8dCoPXcCgsHYY="></latexit><latexit sha1_base64="RNP8LnX4a2ykuI8dCoPXcCgsHYY="></latexit><latexit sha1_base64="RNP8LnX4a2ykuI8dCoPXcCgsHYY="></latexit>

For 2  8m  n, we put

<latexit sha1_base64="VILlILT1l784nUssQQVhdYZpDaQ="></latexit><latexit sha1_base64="VILlILT1l784nUssQQVhdYZpDaQ="></latexit><latexit sha1_base64="VILlILT1l784nUssQQVhdYZpDaQ="></latexit><latexit sha1_base64="VILlILT1l784nUssQQVhdYZpDaQ="></latexit>

g2m(⌧) =
m�1X

i=0

✓
n�m+ i

i
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k + n�m+ i� 1

i
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2m� 2

i

◆�1

a(i)m�i(⌧)
<latexit sha1_base64="9dg03Re45BgnPSlpU6KhOEvPCAA="></latexit><latexit sha1_base64="1Ue0TxH3h7S1ZZxxCAWJUSsLR+w="></latexit><latexit sha1_base64="1Ue0TxH3h7S1ZZxxCAWJUSsLR+w="></latexit><latexit sha1_base64="ifQF+IUBNXzAusJ56L+ohuCwyfA="></latexit>

g2m(�⌧) = (c⌧ + d)2mg2m(⌧) (8� 2 �).
<latexit sha1_base64="Uoe/EC+/FL4EB4O+D7nC41x++mE="></latexit><latexit sha1_base64="iBcBm/qF2Ih8NV3KgxXWN9pJnxU="></latexit><latexit sha1_base64="iBcBm/qF2Ih8NV3KgxXWN9pJnxU="></latexit><latexit sha1_base64="MJYiyTy5F8L96jV+KnkVdouSm3Y="></latexit>

Let ai(⌧)’s be coe�cients of the MLDE (])�k .
<latexit sha1_base64="P4TKsKr/vu0c/T3xs5RvGfbXiA8="></latexit><latexit sha1_base64="P4TKsKr/vu0c/T3xs5RvGfbXiA8="></latexit><latexit sha1_base64="P4TKsKr/vu0c/T3xs5RvGfbXiA8="></latexit><latexit sha1_base64="P4TKsKr/vu0c/T3xs5RvGfbXiA8="></latexit>

Modularity



Let �(⌧) be a modular form of weight ` on �.

<latexit sha1_base64="lTkAojt1jsqhXH8jo5ej4tOIKSs="></latexit><latexit sha1_base64="lTkAojt1jsqhXH8jo5ej4tOIKSs="></latexit><latexit sha1_base64="lTkAojt1jsqhXH8jo5ej4tOIKSs="></latexit><latexit sha1_base64="lTkAojt1jsqhXH8jo5ej4tOIKSs="></latexit>

�(�⌧) = (c⌧ + d)2�(⌧) +
⇣ c

2⇡
p
�1

⌘
(c⌧ + d) (8� 2 �).

<latexit sha1_base64="zQksgetafbnf/EuzulOSepdcirA="></latexit><latexit sha1_base64="pG0A6wtsGBTdRrvkr6vjeojcZqo="></latexit><latexit sha1_base64="pG0A6wtsGBTdRrvkr6vjeojcZqo="></latexit><latexit sha1_base64="LzXYMav/J5SBIz9KFxOt7cvqN8Y="></latexit>

Recall a1(�⌧) = (c⌧ + d)2a1(⌧)� n(k + n� 1)
⇣ c

2⇡
p
�1

⌘
(c⌧ + d).

<latexit sha1_base64="LEFq1IOqzDTTLG8M26LQ3elweKY="></latexit><latexit sha1_base64="LEFq1IOqzDTTLG8M26LQ3elweKY="></latexit><latexit sha1_base64="LEFq1IOqzDTTLG8M26LQ3elweKY="></latexit><latexit sha1_base64="LEFq1IOqzDTTLG8M26LQ3elweKY="></latexit>

Setting g2(⌧) := a1(⌧) + n(k + n� 1)�(⌧),
<latexit sha1_base64="e3WoLGDTR6pfGd8W8vop6QB5w5c="></latexit><latexit sha1_base64="e3WoLGDTR6pfGd8W8vop6QB5w5c="></latexit><latexit sha1_base64="e3WoLGDTR6pfGd8W8vop6QB5w5c="></latexit><latexit sha1_base64="e3WoLGDTR6pfGd8W8vop6QB5w5c="></latexit>

g2(�⌧) = (c⌧ + d)2g2(⌧) (� 2 �).
<latexit sha1_base64="0Wwt3SmzBpdInBly+3DkszvODfM="></latexit><latexit sha1_base64="i/NcAWsskexAAnjMR8mqg31C/vg="></latexit><latexit sha1_base64="i/NcAWsskexAAnjMR8mqg31C/vg="></latexit><latexit sha1_base64="mYSG12u3+LZxsr3GXnkBFQyN7kg="></latexit>

Modularity

By Theorem(Kaneko-Zagier), a hol. func. �(⌧) exists s.t.
<latexit sha1_base64="2KGaCPo5/jGc4W0waM9wdpe/wMM="></latexit><latexit sha1_base64="2KGaCPo5/jGc4W0waM9wdpe/wMM="></latexit><latexit sha1_base64="2KGaCPo5/jGc4W0waM9wdpe/wMM="></latexit><latexit sha1_base64="2KGaCPo5/jGc4W0waM9wdpe/wMM="></latexit>

For example, �

0
(⌧)/{`�(⌧)} satisfies the above transformation-law.

<latexit sha1_base64="tUQeVP35hunh5gHRyjE9Cgfp2Hg="></latexit><latexit sha1_base64="tUQeVP35hunh5gHRyjE9Cgfp2Hg="></latexit><latexit sha1_base64="tUQeVP35hunh5gHRyjE9Cgfp2Hg="></latexit><latexit sha1_base64="tUQeVP35hunh5gHRyjE9Cgfp2Hg="></latexit>

If �

0
(⌧)/{`�(⌧)} is holomorphic, we can take �(⌧) = �

0
(⌧)/{`�(⌧)}.

<latexit sha1_base64="OG1ZAea/kDXfD6bMNm5NAG8VKPA="></latexit><latexit sha1_base64="OG1ZAea/kDXfD6bMNm5NAG8VKPA="></latexit><latexit sha1_base64="OG1ZAea/kDXfD6bMNm5NAG8VKPA="></latexit><latexit sha1_base64="OG1ZAea/kDXfD6bMNm5NAG8VKPA="></latexit>



Similarly for 2  m  n, we set

<latexit sha1_base64="Hnqqq2ShC712dK/edI4iFcawrDU="></latexit><latexit sha1_base64="Hnqqq2ShC712dK/edI4iFcawrDU="></latexit><latexit sha1_base64="Hnqqq2ShC712dK/edI4iFcawrDU="></latexit><latexit sha1_base64="Hnqqq2ShC712dK/edI4iFcawrDU="></latexit>

Example

In general, the choice of �(⌧) and g2(⌧) is not unique.
<latexit sha1_base64="JH8IQLm3j9TU9Rd4Gn++Ci0XgGQ="></latexit><latexit sha1_base64="JH8IQLm3j9TU9Rd4Gn++Ci0XgGQ="></latexit><latexit sha1_base64="JH8IQLm3j9TU9Rd4Gn++Ci0XgGQ="></latexit><latexit sha1_base64="JH8IQLm3j9TU9Rd4Gn++Ci0XgGQ="></latexit>

For � = SL2(Z), we have

<latexit sha1_base64="/JhOZdUiwf8kxqeKyyO9r12g1to="></latexit><latexit sha1_base64="/JhOZdUiwf8kxqeKyyO9r12g1to="></latexit><latexit sha1_base64="/JhOZdUiwf8kxqeKyyO9r12g1to="></latexit><latexit sha1_base64="/JhOZdUiwf8kxqeKyyO9r12g1to="></latexit>

�(⌧) = ⌘(⌧)24,�(⌧) = E2(⌧)/12, g2(⌧) = 0 and g2m(⌧) 2 M2m(�).
<latexit sha1_base64="xV/jshI5Xs4rYH4w/ksuiMHcYxU="></latexit><latexit sha1_base64="kq4HtesNg3v/RUSzViWzYqw6gfc="></latexit><latexit sha1_base64="kq4HtesNg3v/RUSzViWzYqw6gfc="></latexit><latexit sha1_base64="BZp20amYPBiwWMYeAm/4BoPHZqI="></latexit>

g2m(⌧) =
m�1X

i=0

✓
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i
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k + n�m+ i� 1

i
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2m� 2

i

◆�1

a(i)m�i(⌧)
<latexit sha1_base64="9dg03Re45BgnPSlpU6KhOEvPCAA="></latexit><latexit sha1_base64="1Ue0TxH3h7S1ZZxxCAWJUSsLR+w="></latexit><latexit sha1_base64="1Ue0TxH3h7S1ZZxxCAWJUSsLR+w="></latexit><latexit sha1_base64="ifQF+IUBNXzAusJ56L+ohuCwyfA="></latexit>

Modularity

By Theorem B, we have g2m|2m�(⌧) = g2m(⌧) (1  m  n, � 2 �).

<latexit sha1_base64="QosLRDQvlTXtSPZn5oo/or3jPAo="></latexit><latexit sha1_base64="QosLRDQvlTXtSPZn5oo/or3jPAo="></latexit><latexit sha1_base64="QosLRDQvlTXtSPZn5oo/or3jPAo="></latexit><latexit sha1_base64="QosLRDQvlTXtSPZn5oo/or3jPAo="></latexit>

Thus g2m(⌧) is a modular form of weight 2m on �.

<latexit sha1_base64="YsKbUBi+X3ISmzNpOYdkadjefck="></latexit><latexit sha1_base64="YsKbUBi+X3ISmzNpOYdkadjefck="></latexit><latexit sha1_base64="YsKbUBi+X3ISmzNpOYdkadjefck="></latexit><latexit sha1_base64="YsKbUBi+X3ISmzNpOYdkadjefck="></latexit>



Modularity
Proposition

Then am(⌧)’s of a MLDE (])�k can be written as

<latexit sha1_base64="M6r0yujXBJodjTtOrZR6FWADxYo="></latexit><latexit sha1_base64="M6r0yujXBJodjTtOrZR6FWADxYo="></latexit><latexit sha1_base64="M6r0yujXBJodjTtOrZR6FWADxYo="></latexit><latexit sha1_base64="M6r0yujXBJodjTtOrZR6FWADxYo="></latexit>

am(⌧) =(�1)m
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n

m
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m� 1
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◆✓
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◆
g(m�j)
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<latexit sha1_base64="22gdDgCL6D/5MKb+F3YJdGJTPP8="></latexit><latexit sha1_base64="22gdDgCL6D/5MKb+F3YJdGJTPP8="></latexit><latexit sha1_base64="22gdDgCL6D/5MKb+F3YJdGJTPP8="></latexit><latexit sha1_base64="22gdDgCL6D/5MKb+F3YJdGJTPP8="></latexit>

*) by using the definition of �(⌧) and g2m(⌧) of a previous slide.

<latexit sha1_base64="J/EngdeX8PACaA96nSn9PPQupOg="></latexit><latexit sha1_base64="J/EngdeX8PACaA96nSn9PPQupOg="></latexit><latexit sha1_base64="J/EngdeX8PACaA96nSn9PPQupOg="></latexit><latexit sha1_base64="J/EngdeX8PACaA96nSn9PPQupOg="></latexit>

Let �(⌧) be a quasimodular form of weight 2 and depth 1 on �:

<latexit sha1_base64="rMc43ipOkE5LyEH9qO1I2V7f5rM="></latexit><latexit sha1_base64="rMc43ipOkE5LyEH9qO1I2V7f5rM="></latexit><latexit sha1_base64="rMc43ipOkE5LyEH9qO1I2V7f5rM="></latexit><latexit sha1_base64="rMc43ipOkE5LyEH9qO1I2V7f5rM="></latexit>

�(�⌧) = (c⌧ + d)2�(⌧) +
⇣ c

2⇡
p
�1

⌘
(c⌧ + d) (8� 2 �).

<latexit sha1_base64="zQksgetafbnf/EuzulOSepdcirA="></latexit><latexit sha1_base64="pG0A6wtsGBTdRrvkr6vjeojcZqo="></latexit><latexit sha1_base64="pG0A6wtsGBTdRrvkr6vjeojcZqo="></latexit><latexit sha1_base64="LzXYMav/J5SBIz9KFxOt7cvqN8Y="></latexit>

Let g2m(⌧) (1  m  n) be a modular form of weight 2m on �.

<latexit sha1_base64="3IWXpHjyd8o1rl8LTfYFErome7A="> nKpZ4=</latexit><latexit sha1_base64="3IWXpHjyd8o1rl8LTfYFErome7A="> nKpZ4=</latexit><latexit sha1_base64="3IWXpHjyd8o1rl8LTfYFErome7A="> nKpZ4=</latexit><latexit sha1_base64="3IWXpHjyd8o1rl8LTfYFErome7A="> nKpZ4=</latexit>



[ f, g ](k,`)(n) =
nX

i=0

(�1)i
✓
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n� i
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i

◆
f (i) g(n�i).

<latexit sha1_base64="W9NRqrd+txNt5dAcwHvdGzsCoKk="></latexit><latexit sha1_base64="RsFJWzLAhFxfjOn2mIMl2mODlIQ="></latexit><latexit sha1_base64="RsFJWzLAhFxfjOn2mIMl2mODlIQ="></latexit><latexit sha1_base64="GJ+Tx7zpIQd4BQoQ3ILCYn4IC/Y="></latexit>

· It is also on QM (r)
k (�)⌦QM (s)

` (�) ! QM (r+s)
k+`+2n(�)

<latexit sha1_base64="L3/KrmTvuBreSJ/kopMROo8oQH4="></latexit><latexit sha1_base64="L3/KrmTvuBreSJ/kopMROo8oQH4="></latexit><latexit sha1_base64="L3/KrmTvuBreSJ/kopMROo8oQH4="></latexit><latexit sha1_base64="L3/KrmTvuBreSJ/kopMROo8oQH4="></latexit>

·Bi-linear di↵erential operator on Mk(�)⌦M`(�) ! Mk+`+2n(�).
<latexit sha1_base64="MOqHc2+LdNJdwuc3X+IN1vbCczM="></latexit><latexit sha1_base64="MOqHc2+LdNJdwuc3X+IN1vbCczM="></latexit><latexit sha1_base64="MOqHc2+LdNJdwuc3X+IN1vbCczM="></latexit><latexit sha1_base64="MOqHc2+LdNJdwuc3X+IN1vbCczM="></latexit>

by [ f, g](k�r,`�s)
(n) (Choie-Lee[2010]).

<latexit sha1_base64="6LozvxR/JKqwx8QhzmzsaXOMBv8="></latexit><latexit sha1_base64="6LozvxR/JKqwx8QhzmzsaXOMBv8="></latexit><latexit sha1_base64="6LozvxR/JKqwx8QhzmzsaXOMBv8="></latexit><latexit sha1_base64="6LozvxR/JKqwx8QhzmzsaXOMBv8="></latexit>

Modularity

Now we recall the “Rankin-Cohen bracket”

<latexit sha1_base64="Qg5LJSOYB/O6BwBb4Oop8enJFM4="></latexit><latexit sha1_base64="Qg5LJSOYB/O6BwBb4Oop8enJFM4="></latexit><latexit sha1_base64="Qg5LJSOYB/O6BwBb4Oop8enJFM4="></latexit><latexit sha1_base64="Qg5LJSOYB/O6BwBb4Oop8enJFM4="></latexit>



⇥(n)
k (f) = f (n) � (k + n� 1)[�, f ](2,k)(n�1).

<latexit sha1_base64="BmO+PBOMIBOB3vbNqPvEwTfQFYw="></latexit><latexit sha1_base64="KUGiMmeZozp457222Bnu2AlJXFk="></latexit><latexit sha1_base64="KUGiMmeZozp457222Bnu2AlJXFk="></latexit><latexit sha1_base64="k9Z0NEYbqky3M5j0UQbiSusryJE="></latexit>

·Di↵erential operator on Mk(�) ! Mk+2n(�) .
<latexit sha1_base64="9PyDLnmXrDcVhUQJ9V0Y6mT/Q98="></latexit><latexit sha1_base64="9PyDLnmXrDcVhUQJ9V0Y6mT/Q98="></latexit><latexit sha1_base64="9PyDLnmXrDcVhUQJ9V0Y6mT/Q98="></latexit><latexit sha1_base64="9PyDLnmXrDcVhUQJ9V0Y6mT/Q98="></latexit>

·For n = 1, ⇥

(1)
k (f) = #k(f) : the Serre-operator.

<latexit sha1_base64="nPKMqUtiA/h1SXZeAZFtDANqqUY="></latexit><latexit sha1_base64="nPKMqUtiA/h1SXZeAZFtDANqqUY="></latexit><latexit sha1_base64="nPKMqUtiA/h1SXZeAZFtDANqqUY="></latexit><latexit sha1_base64="nPKMqUtiA/h1SXZeAZFtDANqqUY="></latexit>

Modularity

We also recall the “higher-Serre operator”

<latexit sha1_base64="/VTs6NGOZQSevblgWWyviU6y+SE="></latexit><latexit sha1_base64="/VTs6NGOZQSevblgWWyviU6y+SE="></latexit><latexit sha1_base64="/VTs6NGOZQSevblgWWyviU6y+SE="></latexit><latexit sha1_base64="/VTs6NGOZQSevblgWWyviU6y+SE="></latexit>

· It is also on QM (r)
k (�) ! QM (r)

k+2n(�) by ⇥

(n)
k�r(f).

<latexit sha1_base64="xw7QB/jMiQaX99aqg/WszeSmDCY="></latexit><latexit sha1_base64="xw7QB/jMiQaX99aqg/WszeSmDCY="></latexit><latexit sha1_base64="xw7QB/jMiQaX99aqg/WszeSmDCY="></latexit><latexit sha1_base64="xw7QB/jMiQaX99aqg/WszeSmDCY="></latexit>

(Kaneko-Koike[2006] for � = SL2(Z), S. [2018] for� ⇢ SL2(Z))
<latexit sha1_base64="zzysY2WD7Y4ZSTdv8jVJRfeqFZg="></latexit><latexit sha1_base64="zzysY2WD7Y4ZSTdv8jVJRfeqFZg="></latexit><latexit sha1_base64="zzysY2WD7Y4ZSTdv8jVJRfeqFZg="></latexit><latexit sha1_base64="zzysY2WD7Y4ZSTdv8jVJRfeqFZg="></latexit>



The general form of MLDEs

Algorithm

Take �(⌧) a quasimodular form of weight 2 and depth 1 on �:

<latexit sha1_base64="o4PUMHDhNHS6xYfUzW4Bknx7egk="></latexit><latexit sha1_base64="o4PUMHDhNHS6xYfUzW4Bknx7egk="></latexit><latexit sha1_base64="o4PUMHDhNHS6xYfUzW4Bknx7egk="></latexit><latexit sha1_base64="o4PUMHDhNHS6xYfUzW4Bknx7egk="></latexit>

�(�⌧) = (c⌧ + d)2�(⌧) +
⇣ c

2⇡
p
�1

⌘
(c⌧ + d) (8� 2 �).

<latexit sha1_base64="zQksgetafbnf/EuzulOSepdcirA="></latexit><latexit sha1_base64="pG0A6wtsGBTdRrvkr6vjeojcZqo="></latexit><latexit sha1_base64="pG0A6wtsGBTdRrvkr6vjeojcZqo="></latexit><latexit sha1_base64="LzXYMav/J5SBIz9KFxOt7cvqN8Y="></latexit>

and g2m(⌧) (1  m  n) modular forms of weight 2m on �.

<latexit sha1_base64="nhqlBd0x6muc1/prab0yukBi7vo="></latexit><latexit sha1_base64="nhqlBd0x6muc1/prab0yukBi7vo="></latexit><latexit sha1_base64="nhqlBd0x6muc1/prab0yukBi7vo="></latexit><latexit sha1_base64="nhqlBd0x6muc1/prab0yukBi7vo="></latexit>

⇥(n)
k (f) +

nX

i=1

✓
n+ i� 1

2i� 1

◆�1

[g2i , f ]
(2i,k)
(n�i) = 0

<latexit sha1_base64="ADpDTUSqyt2w9ORVQ47zX11LRHg="></latexit><latexit sha1_base64="8R9zH4izDRcy9MKnItEb3YtI7vE="></latexit><latexit sha1_base64="8R9zH4izDRcy9MKnItEb3YtI7vE="></latexit><latexit sha1_base64="O57Ctfybf9UR134zbrX2+Sbp3NM="></latexit>

is a MLDE of weight k on �.

<latexit sha1_base64="R/oqlpBVk/JQoLCKV6325xJ5fao="></latexit><latexit sha1_base64="R/oqlpBVk/JQoLCKV6325xJ5fao="></latexit><latexit sha1_base64="R/oqlpBVk/JQoLCKV6325xJ5fao="></latexit><latexit sha1_base64="R/oqlpBVk/JQoLCKV6325xJ5fao="></latexit>

� ⇢ SL2(Z) : non-cocomact gp.

<latexit sha1_base64="3aSn/fr52SHCMbow4bNaa8Hjigc="></latexit><latexit sha1_base64="3aSn/fr52SHCMbow4bNaa8Hjigc="></latexit><latexit sha1_base64="3aSn/fr52SHCMbow4bNaa8Hjigc="></latexit><latexit sha1_base64="3aSn/fr52SHCMbow4bNaa8Hjigc="></latexit>



The general form of MLDEs

Example 1

For � = SL2(Z) and n = 2, we have

<latexit sha1_base64="A16ZhPAQEw7J3Z88/5BaG9839xE="></latexit><latexit sha1_base64="A16ZhPAQEw7J3Z88/5BaG9839xE="></latexit><latexit sha1_base64="A16ZhPAQEw7J3Z88/5BaG9839xE="></latexit><latexit sha1_base64="A16ZhPAQEw7J3Z88/5BaG9839xE="></latexit>

�(⌧) = E2(⌧)/12, g2(⌧) = 0 and g4(⌧) = ↵E4(⌧) (↵ 2 C).
<latexit sha1_base64="iLUNLKiRGAhGJ8a/HuINFavKTfk="></latexit><latexit sha1_base64="iLUNLKiRGAhGJ8a/HuINFavKTfk="></latexit><latexit sha1_base64="iLUNLKiRGAhGJ8a/HuINFavKTfk="></latexit><latexit sha1_base64="iLUNLKiRGAhGJ8a/HuINFavKTfk="></latexit>

f 00 � k + 1

6
E2f

0 +
⇣k(k + 1)

12
E0

2 + ↵E4

⌘
f = 0 .

<latexit sha1_base64="3rNrex1/YaXR2wmO5FPHquRc4Rc="></latexit><latexit sha1_base64="q7TeGoglqiXZFoqDUcDYnp1hDyI="></latexit><latexit sha1_base64="q7TeGoglqiXZFoqDUcDYnp1hDyI="></latexit><latexit sha1_base64="Cy+zM7W3c7a9oYz0RZbyDuWjyEA="></latexit>

If this MLDE has q-series solution s.t. f = 1 +O(q),
<latexit sha1_base64="LEXB72F8IVvF1K0ehHqp4OfYbwU="></latexit><latexit sha1_base64="LEXB72F8IVvF1K0ehHqp4OfYbwU="></latexit><latexit sha1_base64="LEXB72F8IVvF1K0ehHqp4OfYbwU="></latexit><latexit sha1_base64="LEXB72F8IVvF1K0ehHqp4OfYbwU="></latexit>

we have ↵ = 0, whose MLDE is Kaneko-Zagier equation.

<latexit sha1_base64="lj0CtkJmg5XS8DenkIul420o/GA="></latexit><latexit sha1_base64="lj0CtkJmg5XS8DenkIul420o/GA="></latexit><latexit sha1_base64="lj0CtkJmg5XS8DenkIul420o/GA="></latexit><latexit sha1_base64="lj0CtkJmg5XS8DenkIul420o/GA="></latexit>

Then the MLDE (])�k has the form

<latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit>



The general form of MLDEs

Example 2

For � = SL2(Z) and n = 3, we have

<latexit sha1_base64="KlDOzjiXHe8VVcwkiLm3R/yrrPM="></latexit><latexit sha1_base64="KlDOzjiXHe8VVcwkiLm3R/yrrPM="></latexit><latexit sha1_base64="KlDOzjiXHe8VVcwkiLm3R/yrrPM="></latexit><latexit sha1_base64="KlDOzjiXHe8VVcwkiLm3R/yrrPM="></latexit>

�(⌧) = E2(⌧)/12, g2(⌧) = 0, g4(⌧) = ↵E4 and g6(⌧) = �E6 (↵,� 2 C).
<latexit sha1_base64="Qoyttvq4jV69DXRWUrdei5UfuWM="></latexit><latexit sha1_base64="Qoyttvq4jV69DXRWUrdei5UfuWM="></latexit><latexit sha1_base64="Qoyttvq4jV69DXRWUrdei5UfuWM="></latexit><latexit sha1_base64="Qoyttvq4jV69DXRWUrdei5UfuWM="></latexit>

f 000 � k + 2

4
E2f

00 +
n (k + 1)(k + 2)

4
E0

2 + ↵E4

o

f 0

�
nk(k + 1)(k + 2)

24
E00

2 +
k↵

4
E0

4 � �E6

o

f = 0 .
<latexit sha1_base64="OXWp72T5mGGyLDY5tfvHO+gV1ww="></latexit><latexit sha1_base64="OXWp72T5mGGyLDY5tfvHO+gV1ww="></latexit><latexit sha1_base64="OXWp72T5mGGyLDY5tfvHO+gV1ww="></latexit><latexit sha1_base64="OXWp72T5mGGyLDY5tfvHO+gV1ww="></latexit>

Putting ↵ = k/4 and � = 0, (])�k has solutions ✓i(⌧)2k (i = 2, 3, 0),
<latexit sha1_base64="atZ9RCL4ACt6WNHqiPPuTaGwTmc="></latexit><latexit sha1_base64="atZ9RCL4ACt6WNHqiPPuTaGwTmc="></latexit><latexit sha1_base64="atZ9RCL4ACt6WNHqiPPuTaGwTmc="></latexit><latexit sha1_base64="atZ9RCL4ACt6WNHqiPPuTaGwTmc="></latexit>

✓2(⌧) =
X

n2Z
q(n+1/2)2 , ✓3(⌧) =

X

n2Z
qn

2/2 , ✓0(⌧) =
X

n2Z
(�1)nqn

2/2 .
<latexit sha1_base64="mhbD3I8dhyPIZ0S4Oe7rQIvq4uQ="></latexit><latexit sha1_base64="mhbD3I8dhyPIZ0S4Oe7rQIvq4uQ="></latexit><latexit sha1_base64="mhbD3I8dhyPIZ0S4Oe7rQIvq4uQ="></latexit><latexit sha1_base64="mhbD3I8dhyPIZ0S4Oe7rQIvq4uQ="></latexit>

Then the MLDE (])�k has the form

<latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit>



The general form of MLDEs

Example 3
For � = �0(2) and n = 2,

<latexit sha1_base64="9RbYq3Ag7F511yiu7zTz4j5yiT8="></latexit><latexit sha1_base64="9RbYq3Ag7F511yiu7zTz4j5yiT8="></latexit><latexit sha1_base64="9RbYq3Ag7F511yiu7zTz4j5yiT8="></latexit><latexit sha1_base64="9RbYq3Ag7F511yiu7zTz4j5yiT8="></latexit>

M⇤(�0(2)) = C[H2, �2].
<latexit sha1_base64="iTE7CuFurW5eTNlYKdVpK3CT62M="></latexit><latexit sha1_base64="iTE7CuFurW5eTNlYKdVpK3CT62M="></latexit><latexit sha1_base64="iTE7CuFurW5eTNlYKdVpK3CT62M="></latexit><latexit sha1_base64="iTE7CuFurW5eTNlYKdVpK3CT62M="></latexit>

If �(⌧) = �2(⌧), then �(⌧) = {E2(⌧) + 2H2(⌧)}/12.
<latexit sha1_base64="fvHabA8WpyochpYIjeUTaYfPwXQ="></latexit><latexit sha1_base64="fvHabA8WpyochpYIjeUTaYfPwXQ="></latexit><latexit sha1_base64="fvHabA8WpyochpYIjeUTaYfPwXQ="></latexit><latexit sha1_base64="fvHabA8WpyochpYIjeUTaYfPwXQ="></latexit>

If �(⌧) = �2(⌧)(H2(⌧)2 � 64�2(⌧)), then �(⌧) = {2E2(⌧) +H2(⌧)}/24.
<latexit sha1_base64="8O4ISfvUKJrzuWr5mysUJbGKqEI="></latexit><latexit sha1_base64="8O4ISfvUKJrzuWr5mysUJbGKqEI="></latexit><latexit sha1_base64="8O4ISfvUKJrzuWr5mysUJbGKqEI="></latexit><latexit sha1_base64="8O4ISfvUKJrzuWr5mysUJbGKqEI="></latexit>

g2(⌧) = C1H2(⌧), g4(⌧) = C2H2(⌧)2 + C3�2(⌧) (Ci 2 C).
<latexit sha1_base64="QKpasxrmL5tSy/B6jxVzON6TY1w="></latexit><latexit sha1_base64="QKpasxrmL5tSy/B6jxVzON6TY1w="></latexit><latexit sha1_base64="QKpasxrmL5tSy/B6jxVzON6TY1w="></latexit><latexit sha1_base64="QKpasxrmL5tSy/B6jxVzON6TY1w="></latexit>

f 00(⌧)�
�
2(k+1)�(⌧)�g2(⌧)

�
f 0(⌧)+

⇣
k(k+1)�0(⌧)� k

2
g02(⌧)+g4(⌧)

⌘
f = 0

<latexit sha1_base64="92nFvUWqDmKTiQfVz4xFdRAZKuw="></latexit><latexit sha1_base64="+dv7wIRTZ9e1CWQSMpPXOHWf1Xo="></latexit><latexit sha1_base64="+dv7wIRTZ9e1CWQSMpPXOHWf1Xo="></latexit><latexit sha1_base64="cnTRFgKEVuh+pdTaSz0F0xlVK6s="></latexit>

Putting �(⌧) = {2E2(⌧) +H2(⌧)}/24 for Ci = 0 (i = 1, 2, 3),
<latexit sha1_base64="fduEVLueTbC300NE7hDqzyUJxco="></latexit><latexit sha1_base64="fduEVLueTbC300NE7hDqzyUJxco="></latexit><latexit sha1_base64="fduEVLueTbC300NE7hDqzyUJxco="></latexit><latexit sha1_base64="fduEVLueTbC300NE7hDqzyUJxco="></latexit>

we have Kaneko-Zagier equation for the Fricke gp. of level 2.

<latexit sha1_base64="QoPf1ryjRtk5/+5gxx1D898ZFY0="></latexit><latexit sha1_base64="QoPf1ryjRtk5/+5gxx1D898ZFY0="></latexit><latexit sha1_base64="QoPf1ryjRtk5/+5gxx1D898ZFY0="></latexit><latexit sha1_base64="QoPf1ryjRtk5/+5gxx1D898ZFY0="></latexit>

The choice of �(⌧) is not unique.
<latexit sha1_base64="Ugh4sjLSJFxQgJ7qgkhMgJN23qY="></latexit><latexit sha1_base64="Ugh4sjLSJFxQgJ7qgkhMgJN23qY="></latexit><latexit sha1_base64="Ugh4sjLSJFxQgJ7qgkhMgJN23qY="></latexit><latexit sha1_base64="Ugh4sjLSJFxQgJ7qgkhMgJN23qY="></latexit>

Then the MLDE (])�k has the form

<latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit><latexit sha1_base64="gkFNC2904hwKALW25LtKNf8VOwM="></latexit>

H2(⌧) = 2E2(2⌧)� E2(⌧), �2(⌧) = {✓2(⌧)/2}8.
<latexit sha1_base64="v45H2VJcUoIN4SpjxRddYnjWAFE="></latexit><latexit sha1_base64="o8ZddQ84WuyTRGE/6x3by+ZHp/o="></latexit><latexit sha1_base64="o8ZddQ84WuyTRGE/6x3by+ZHp/o="></latexit><latexit sha1_base64="vyvMSOKkFJ/e2h8PGQXNLpWpnIk="></latexit>

*) QM
(1)
2 (�0(2)) = CE2

M
CH2.

<latexit sha1_base64="YOx7hcEHlt0Y60AZ/2Pmz5Xc1Zc="></latexit><latexit sha1_base64="39Sm68aJeR59df0Vvc8/AfdgewM="></latexit><latexit sha1_base64="39Sm68aJeR59df0Vvc8/AfdgewM="></latexit><latexit sha1_base64="QPD18RYdT/Uv3w0lAaxuIoljnbg="></latexit>



Main results 
(cocompact case)



The ring structure of (cocompact)quasimodular forms

Theorem[N. O. Azaiez(2005)]

・Any quasimodular forms has a representation  
                            as a sum of derivatives of MFs. 
・There are no hol. quasimodular forms of wt.2 and depth1.

� : cocomapct group (which has no cusps.)

<latexit sha1_base64="ulmDBuPOlAcLXwpSzafbADzlTb4="></latexit><latexit sha1_base64="ulmDBuPOlAcLXwpSzafbADzlTb4="></latexit><latexit sha1_base64="ulmDBuPOlAcLXwpSzafbADzlTb4="></latexit><latexit sha1_base64="ulmDBuPOlAcLXwpSzafbADzlTb4="></latexit>

QM ([k/2])
k (�) =

[k/2]M

i=0

Di
�
Mk�2i(�)

�
,

<latexit sha1_base64="/ZwjUNpNNEhWlT7cr6sQ5zk0PqI="></latexit><latexit sha1_base64="FuhggV79uuDXXkUc7EIbK87mUK8="></latexit><latexit sha1_base64="FuhggV79uuDXXkUc7EIbK87mUK8="></latexit><latexit sha1_base64="gMpQIj0NUPcuBlL/F5Tt/dqcTRA="></latexit>

In particular, QM (1)
2 (�) = M2(�).

<latexit sha1_base64="Y2ZX9oNKCFFxP3w/u40yuwrAip4="></latexit><latexit sha1_base64="t7i2KX9JvIAuVpFq5X7gn3BBMHg="></latexit><latexit sha1_base64="t7i2KX9JvIAuVpFq5X7gn3BBMHg="></latexit><latexit sha1_base64="+Lb5Siot/r2Ph5CEwSgfOHJz6Zg="></latexit>

The a1(⌧) of the MLDE (])�k is a meromorphic QMF of wt.2 and depth1.

<latexit sha1_base64="GI2Cd40RtdvSR3+701k5l2gV7Dg="></latexit><latexit sha1_base64="GI2Cd40RtdvSR3+701k5l2gV7Dg="></latexit><latexit sha1_base64="GI2Cd40RtdvSR3+701k5l2gV7Dg="></latexit><latexit sha1_base64="GI2Cd40RtdvSR3+701k5l2gV7Dg="></latexit>



The ring structure of (cocompact)quasimodular forms

Theorem[N. O. Azaiez(2005)]

・Any quasimodular forms has a representation  
                            as a sum of derivatives of MFs. 
・There are no hol. quasimodular forms of wt.2 and depth1.

� : cocomapct group (which has no cusps.)

<latexit sha1_base64="ulmDBuPOlAcLXwpSzafbADzlTb4="></latexit><latexit sha1_base64="ulmDBuPOlAcLXwpSzafbADzlTb4="></latexit><latexit sha1_base64="ulmDBuPOlAcLXwpSzafbADzlTb4="></latexit><latexit sha1_base64="ulmDBuPOlAcLXwpSzafbADzlTb4="></latexit>

QM ([k/2])
k (�) =

[k/2]M

i=0

Di
�
Mk�2i(�)

�
,

<latexit sha1_base64="/ZwjUNpNNEhWlT7cr6sQ5zk0PqI="></latexit><latexit sha1_base64="FuhggV79uuDXXkUc7EIbK87mUK8="></latexit><latexit sha1_base64="FuhggV79uuDXXkUc7EIbK87mUK8="></latexit><latexit sha1_base64="gMpQIj0NUPcuBlL/F5Tt/dqcTRA="></latexit>

=) We have to multiply a MF K(⌧) of wt. ⇠ to am(⌧)’s
<latexit sha1_base64="T3FXpg6FF9VzgXbi7094pp5cUio=">AAACvHichVFNaxRBEK2MH4mrMateAl4ad6LxstTkoniQoBAEFfLhZgOZsPTM9u422zM99vRMXBfzA/wDHjwpiIi/wZMX/4CHnD2JeorgxYM1swNiglrDdL9+Va/6dXeQKJlaxP0p59jxEyenZ07VTp+ZPTtXP3d+M9WZCUUr1EqbrYCnQslYtKy0SmwlRvAoUKIdDG8X+XYuTCp1/MCOErET8X4sezLklqhOve3693TcN7I/sN wYves/zHjXZW3BBjwXzGoWZcrKRI0YZ/dX9ty7i77l2VWX6R7btc09138k3aLO5Z2oyl1JO/UGNrEMdhR4FWhAFau6/hp86IKGEDKIQEAMlrACDil92+ABQkLcDoyJM4RkmRfwBGqkzahKUAUndkhjn1bbFRvTuuiZluqQdlH0G1IyWMCP+AYP8AO+xc/486+9xmWPwsuI5mCiFUln7un8xo//qiKaLQx+q/7p2UIPrpdeJXlPSqY4RTjR54+fHWzcWF8YX8aX+IX8v8B9fE8niPPv4as1sf4cavQA3uHrPgo2l5oeNr21pcbyreopZuAiXIJFuu9rsAx3YBVatO87+ARf4Ztz0+k6QyealDpTleYC/BFO/gsC96lp</latexit><latexit sha1_base64="T3FXpg6FF9VzgXbi7094pp5cUio=">AAACvHichVFNaxRBEK2MH4mrMateAl4ad6LxstTkoniQoBAEFfLhZgOZsPTM9u422zM99vRMXBfzA/wDHjwpiIi/wZMX/4CHnD2JeorgxYM1swNiglrDdL9+Va/6dXeQKJlaxP0p59jxEyenZ07VTp+ZPTtXP3d+M9WZCUUr1EqbrYCnQslYtKy0SmwlRvAoUKIdDG8X+XYuTCp1/MCOErET8X4sezLklqhOve3693TcN7I/sN wYves/zHjXZW3BBjwXzGoWZcrKRI0YZ/dX9ty7i77l2VWX6R7btc09138k3aLO5Z2oyl1JO/UGNrEMdhR4FWhAFau6/hp86IKGEDKIQEAMlrACDil92+ABQkLcDoyJM4RkmRfwBGqkzahKUAUndkhjn1bbFRvTuuiZluqQdlH0G1IyWMCP+AYP8AO+xc/486+9xmWPwsuI5mCiFUln7un8xo//qiKaLQx+q/7p2UIPrpdeJXlPSqY4RTjR54+fHWzcWF8YX8aX+IX8v8B9fE8niPPv4as1sf4cavQA3uHrPgo2l5oeNr21pcbyreopZuAiXIJFuu9rsAx3YBVatO87+ARf4Ztz0+k6QyealDpTleYC/BFO/gsC96lp</latexit><latexit sha1_base64="T3FXpg6FF9VzgXbi7094pp5cUio=">AAACvHichVFNaxRBEK2MH4mrMateAl4ad6LxstTkoniQoBAEFfLhZgOZsPTM9u422zM99vRMXBfzA/wDHjwpiIi/wZMX/4CHnD2JeorgxYM1swNiglrDdL9+Va/6dXeQKJlaxP0p59jxEyenZ07VTp+ZPTtXP3d+M9WZCUUr1EqbrYCnQslYtKy0SmwlRvAoUKIdDG8X+XYuTCp1/MCOErET8X4sezLklqhOve3693TcN7I/sN wYves/zHjXZW3BBjwXzGoWZcrKRI0YZ/dX9ty7i77l2VWX6R7btc09138k3aLO5Z2oyl1JO/UGNrEMdhR4FWhAFau6/hp86IKGEDKIQEAMlrACDil92+ABQkLcDoyJM4RkmRfwBGqkzahKUAUndkhjn1bbFRvTuuiZluqQdlH0G1IyWMCP+AYP8AO+xc/486+9xmWPwsuI5mCiFUln7un8xo//qiKaLQx+q/7p2UIPrpdeJXlPSqY4RTjR54+fHWzcWF8YX8aX+IX8v8B9fE8niPPv4as1sf4cavQA3uHrPgo2l5oeNr21pcbyreopZuAiXIJFuu9rsAx3YBVatO87+ARf4Ztz0+k6QyealDpTleYC/BFO/gsC96lp</latexit><latexit sha1_base64="T3FXpg6FF9VzgXbi7094pp5cUio=">AAACvHichVFNaxRBEK2MH4mrMateAl4ad6LxstTkoniQoBAEFfLhZgOZsPTM9u422zM99vRMXBfzA/wDHjwpiIi/wZMX/4CHnD2JeorgxYM1swNiglrDdL9+Va/6dXeQKJlaxP0p59jxEyenZ07VTp+ZPTtXP3d+M9WZCUUr1EqbrYCnQslYtKy0SmwlRvAoUKIdDG8X+XYuTCp1/MCOErET8X4sezLklqhOve3693TcN7I/sN wYves/zHjXZW3BBjwXzGoWZcrKRI0YZ/dX9ty7i77l2VWX6R7btc09138k3aLO5Z2oyl1JO/UGNrEMdhR4FWhAFau6/hp86IKGEDKIQEAMlrACDil92+ABQkLcDoyJM4RkmRfwBGqkzahKUAUndkhjn1bbFRvTuuiZluqQdlH0G1IyWMCP+AYP8AO+xc/486+9xmWPwsuI5mCiFUln7un8xo//qiKaLQx+q/7p2UIPrpdeJXlPSqY4RTjR54+fHWzcWF8YX8aX+IX8v8B9fE8niPPv4as1sf4cavQA3uHrPgo2l5oeNr21pcbyreopZuAiXIJFuu9rsAx3YBVatO87+ARf4Ztz0+k6QyealDpTleYC/BFO/gsC96lp</latexit>

In particular, QM (1)
2 (�) = M2(�).

<latexit sha1_base64="Y2ZX9oNKCFFxP3w/u40yuwrAip4="></latexit><latexit sha1_base64="t7i2KX9JvIAuVpFq5X7gn3BBMHg="></latexit><latexit sha1_base64="t7i2KX9JvIAuVpFq5X7gn3BBMHg="></latexit><latexit sha1_base64="+Lb5Siot/r2Ph5CEwSgfOHJz6Zg="></latexit>

s.t. K(⌧)a1(⌧) is holomorphic.

<latexit sha1_base64="sK+6LGGE0Pb4ynhxgwRgj6quOss="></latexit><latexit sha1_base64="sK+6LGGE0Pb4ynhxgwRgj6quOss="></latexit><latexit sha1_base64="sK+6LGGE0Pb4ynhxgwRgj6quOss="></latexit><latexit sha1_base64="sK+6LGGE0Pb4ynhxgwRgj6quOss="></latexit>



We now set a (non-monic)MLDE ([)�k :
<latexit sha1_base64="RnxUy2ORyzFjWmUs/bM+frCE4ZQ="></latexit><latexit sha1_base64="RnxUy2ORyzFjWmUs/bM+frCE4ZQ="></latexit><latexit sha1_base64="RnxUy2ORyzFjWmUs/bM+frCE4ZQ="></latexit><latexit sha1_base64="RnxUy2ORyzFjWmUs/bM+frCE4ZQ="></latexit>

b0(⌧)f
(n)(⌧) + b1(⌧)f

(n�1)(⌧) + · · ·+ bn(⌧)f(⌧) = 0 ([)�k .
<latexit sha1_base64="YUAg3KziNKiRzM5gTOLgGmbn9+g="></latexit><latexit sha1_base64="I3KI5mdXhNRpMyWY37/touV5h3g="></latexit><latexit sha1_base64="I3KI5mdXhNRpMyWY37/touV5h3g="></latexit><latexit sha1_base64="P0rr2AFk4vV3SUN2m9tSIUmerGw="></latexit>

Proposition

bm(�⌧) =
mX

i=0

✓
n�m+ i

i

◆⇣
� c

2⇡
p
�1

⌘i
(k + n�m)i(c⌧ + d)⇠+2m�ibm�i(⌧)

<latexit sha1_base64="6XXxfqqgqkYKfSNOfKRIZg6OMGc="></latexit><latexit sha1_base64="tJ/OhDrI9A8zsdbyzyUd8PqLBzM="></latexit><latexit sha1_base64="tJ/OhDrI9A8zsdbyzyUd8PqLBzM="></latexit><latexit sha1_base64="X8O0i6NjdLoV8PcWKNpRhTElzMk="></latexit>

The MLDEs for cocompact case

�
b0(⌧) = K(⌧), bi(⌧) = K(⌧)ai(⌧)

�
<latexit sha1_base64="KohftZ0F5D1YvVhQCGdB5hwLMso="></latexit><latexit sha1_base64="fqhA1R4hE3J56V99Oxu4wSZ+5U0="></latexit><latexit sha1_base64="fqhA1R4hE3J56V99Oxu4wSZ+5U0="></latexit><latexit sha1_base64="nU4E+zW0RHMet9+h5y0GCv/PCbU="></latexit>

Coe�cients of the MLDE ([)�k satisfy the following transformation law:

<latexit sha1_base64="2nBUQ36C9gR2M8fM5FDbndE5pnE="></latexit><latexit sha1_base64="2nBUQ36C9gR2M8fM5FDbndE5pnE="></latexit><latexit sha1_base64="2nBUQ36C9gR2M8fM5FDbndE5pnE="></latexit><latexit sha1_base64="2nBUQ36C9gR2M8fM5FDbndE5pnE="></latexit>

By similar discussions to the MLDE (])�k , we have :

<latexit sha1_base64="fO1agwHmNXOPiu5gOStqCinTL9k="></latexit><latexit sha1_base64="fO1agwHmNXOPiu5gOStqCinTL9k="></latexit><latexit sha1_base64="fO1agwHmNXOPiu5gOStqCinTL9k="></latexit><latexit sha1_base64="fO1agwHmNXOPiu5gOStqCinTL9k="></latexit>

for 1  m  n and any � 2 �.

<latexit sha1_base64="5I7/9ynqC9bYeiWyQXQzjxH9x3Q="></latexit><latexit sha1_base64="5I7/9ynqC9bYeiWyQXQzjxH9x3Q="></latexit><latexit sha1_base64="5I7/9ynqC9bYeiWyQXQzjxH9x3Q="></latexit><latexit sha1_base64="5I7/9ynqC9bYeiWyQXQzjxH9x3Q="></latexit>



The general form of MLDEs(non-cocompact)
Theorem A’

for 2  m  n,
<latexit sha1_base64="xzAJXGqGmgJWQt8VujBrHc9Cx1g="></latexit><latexit sha1_base64="xzAJXGqGmgJWQt8VujBrHc9Cx1g="></latexit><latexit sha1_base64="xzAJXGqGmgJWQt8VujBrHc9Cx1g="></latexit><latexit sha1_base64="xzAJXGqGmgJWQt8VujBrHc9Cx1g="></latexit>

Set
<latexit sha1_base64="harUVtNRbnLZZsREB1xThggY16Q="></latexit><latexit sha1_base64="harUVtNRbnLZZsREB1xThggY16Q="></latexit><latexit sha1_base64="harUVtNRbnLZZsREB1xThggY16Q="></latexit><latexit sha1_base64="harUVtNRbnLZZsREB1xThggY16Q="></latexit>

for 1  m  n.
<latexit sha1_base64="A3ZNhJcWLAPMKpS8Kh+/1+BLk5Y="></latexit><latexit sha1_base64="A3ZNhJcWLAPMKpS8Kh+/1+BLk5Y="></latexit><latexit sha1_base64="A3ZNhJcWLAPMKpS8Kh+/1+BLk5Y="></latexit><latexit sha1_base64="A3ZNhJcWLAPMKpS8Kh+/1+BLk5Y="></latexit>

Suppose ([)�k is a MLDE of wt. k on � ⇢ SL2(R) : cocompact gp..

<latexit sha1_base64="ShUzWhX5BCz1f1OygzX6DANjjnM="></latexit><latexit sha1_base64="ShUzWhX5BCz1f1OygzX6DANjjnM="></latexit><latexit sha1_base64="ShUzWhX5BCz1f1OygzX6DANjjnM="></latexit><latexit sha1_base64="ShUzWhX5BCz1f1OygzX6DANjjnM="></latexit>

1) If we put
<latexit sha1_base64="lRUW76MpNak2Lj5EBO/LDhAs8hM="></latexit><latexit sha1_base64="lRUW76MpNak2Lj5EBO/LDhAs8hM="></latexit><latexit sha1_base64="lRUW76MpNak2Lj5EBO/LDhAs8hM="></latexit><latexit sha1_base64="lRUW76MpNak2Lj5EBO/LDhAs8hM="></latexit>

p2m(⌧) =
mX

i=0

✓
n�m+ i

i

◆✓
k + n�m+ i� 1

i

◆✓
⇠ + 2m� 2

i

◆�1

b(i)m�i(⌧),
<latexit sha1_base64="iqpUGbTC7jua9ztiEKcnlbw9Lx0="></latexit><latexit sha1_base64="lyLbn1Mf0zOOUPNg19n1iRYuOAI="></latexit><latexit sha1_base64="lyLbn1Mf0zOOUPNg19n1iRYuOAI="></latexit><latexit sha1_base64="1B2ikKxsI0dDVelDss8fq58r9ME="></latexit>

then p2m(⌧) (1  m  n) is a modular form of wt. 2m+ ⇠ on �,

<latexit sha1_base64="za00q8Qdz1cr5mzT1Sos+Ih9rzs="></latexit><latexit sha1_base64="za00q8Qdz1cr5mzT1Sos+Ih9rzs="></latexit><latexit sha1_base64="za00q8Qdz1cr5mzT1Sos+Ih9rzs="></latexit><latexit sha1_base64="za00q8Qdz1cr5mzT1Sos+Ih9rzs="></latexit>

and ([)�k can be written as
<latexit sha1_base64="zmcpkO9JWN0ExHErqlqWt8Im1iE="></latexit><latexit sha1_base64="zmcpkO9JWN0ExHErqlqWt8Im1iE="></latexit><latexit sha1_base64="zmcpkO9JWN0ExHErqlqWt8Im1iE="></latexit><latexit sha1_base64="zmcpkO9JWN0ExHErqlqWt8Im1iE="></latexit>

nX

i=0

✓
n+ ⇠ � i� 1

n� i

◆
[ p2i , f ](2i+⇠,k)

(n�i) = 0 .
<latexit sha1_base64="FuhKQrtWS1w+u83xZUEN5cydl9g="></latexit><latexit sha1_base64="W4lqSBvr3VvoaE+0a7fX4PP0w1A="></latexit><latexit sha1_base64="W4lqSBvr3VvoaE+0a7fX4PP0w1A="></latexit><latexit sha1_base64="iEJnsVBERbcAoeVGWRHL75UMdLc="></latexit>

bm(⌧) =
mX

j=0

(�1)m+j

✓
n� j

m� j

◆✓
k + n� j � 1

m� j

◆✓
⇠ +m� 1 + j

m� j

◆�1

p(m�j)
2j (⌧)

<latexit sha1_base64="ispjn8EggsxkZbeMusPSOUJzRDc="></latexit><latexit sha1_base64="1i+H8eP8chA878VmexR4zXw3KNQ="></latexit><latexit sha1_base64="1i+H8eP8chA878VmexR4zXw3KNQ="></latexit><latexit sha1_base64="3ukU/SRMh5Qes0MK4t2qV1FgYJU="></latexit>

Then ([)�k becomes a MLDE of wt. k on �.

<latexit sha1_base64="G4eawjYsv2TLRLHv2NILDdDla2Y="></latexit><latexit sha1_base64="G4eawjYsv2TLRLHv2NILDdDla2Y="></latexit><latexit sha1_base64="G4eawjYsv2TLRLHv2NILDdDla2Y="></latexit><latexit sha1_base64="G4eawjYsv2TLRLHv2NILDdDla2Y="></latexit>

2) Conversely, let p2m be a modular form of wt. 2m+ ⇠ on �.

<latexit sha1_base64="rWY0y57jF0+sOHmonNBoW+cVY3k="></latexit><latexit sha1_base64="rWY0y57jF0+sOHmonNBoW+cVY3k="></latexit><latexit sha1_base64="rWY0y57jF0+sOHmonNBoW+cVY3k="></latexit><latexit sha1_base64="rWY0y57jF0+sOHmonNBoW+cVY3k="></latexit>



The general form of MLDEs

Algorithm

is a MLDE of weight k on �.

<latexit sha1_base64="R/oqlpBVk/JQoLCKV6325xJ5fao="></latexit><latexit sha1_base64="R/oqlpBVk/JQoLCKV6325xJ5fao="></latexit><latexit sha1_base64="R/oqlpBVk/JQoLCKV6325xJ5fao="></latexit><latexit sha1_base64="R/oqlpBVk/JQoLCKV6325xJ5fao="></latexit>

� : cocompact gp.

<latexit sha1_base64="dDDItNAK5E5vdFOSv7Ho8p9iSGM="></latexit><latexit sha1_base64="dDDItNAK5E5vdFOSv7Ho8p9iSGM="></latexit><latexit sha1_base64="dDDItNAK5E5vdFOSv7Ho8p9iSGM="></latexit><latexit sha1_base64="dDDItNAK5E5vdFOSv7Ho8p9iSGM="></latexit>

Take p2m(⌧) (1  m  n) modular forms of weight 2m+ ⇠ (⇠ > 0) on �.

<latexit sha1_base64="/OL4tKEekcfxpbFUHbfW4xrAVBw="></latexit><latexit sha1_base64="/OL4tKEekcfxpbFUHbfW4xrAVBw="></latexit><latexit sha1_base64="/OL4tKEekcfxpbFUHbfW4xrAVBw="></latexit><latexit sha1_base64="/OL4tKEekcfxpbFUHbfW4xrAVBw="></latexit>

nX

i=0

✓
n+ ⇠ � i� 1

n� i

◆
[ p2i , f ](2i+⇠,k)

(n�i) = 0 .
<latexit sha1_base64="FuhKQrtWS1w+u83xZUEN5cydl9g="></latexit><latexit sha1_base64="W4lqSBvr3VvoaE+0a7fX4PP0w1A="></latexit><latexit sha1_base64="W4lqSBvr3VvoaE+0a7fX4PP0w1A="></latexit><latexit sha1_base64="iEJnsVBERbcAoeVGWRHL75UMdLc="></latexit>



Summary(non-cocompact case)

· ai(⌧)’s of a MLDE (])�k have the quasimodularlity of wt. 2i and depth i.
<latexit sha1_base64="vGVNFXkQ78a6xO/3aTPxlFpUgIE="></latexit><latexit sha1_base64="vGVNFXkQ78a6xO/3aTPxlFpUgIE="></latexit><latexit sha1_base64="vGVNFXkQ78a6xO/3aTPxlFpUgIE="></latexit><latexit sha1_base64="vGVNFXkQ78a6xO/3aTPxlFpUgIE="></latexit>

· For k = 0, an(⌧) of a MLDE (])�0 have the modularlity of wt. 2i.
<latexit sha1_base64="9YP0mCITBiqDUfvihXTkqwqZyBk="></latexit><latexit sha1_base64="9YP0mCITBiqDUfvihXTkqwqZyBk="></latexit><latexit sha1_base64="9YP0mCITBiqDUfvihXTkqwqZyBk="></latexit><latexit sha1_base64="9YP0mCITBiqDUfvihXTkqwqZyBk="></latexit>

· For �(⌧) and g2m(⌧) (1  m  n) s.t.
<latexit sha1_base64="m6rQsvTbLp8DR1xMZe6ZPCXz5G8="></latexit><latexit sha1_base64="m6rQsvTbLp8DR1xMZe6ZPCXz5G8="></latexit><latexit sha1_base64="m6rQsvTbLp8DR1xMZe6ZPCXz5G8="></latexit><latexit sha1_base64="m6rQsvTbLp8DR1xMZe6ZPCXz5G8="></latexit>

g2(⌧) := a1(⌧) + n(k + n� 1)�(⌧),
<latexit sha1_base64="sQQ6ghZP/Ej53umelKEz3K4tc54="></latexit><latexit sha1_base64="d9Ozhr7tXsAmh19l7iIAB9oaHXs="></latexit><latexit sha1_base64="d9Ozhr7tXsAmh19l7iIAB9oaHXs="></latexit><latexit sha1_base64="FhcXme1UH3+jYvrCk4B037ZZK4w="></latexit>

�(�⌧) = (c⌧ + d)2 +
⇣ c

2⇡
p
�1

⌘
(c⌧ + d),

<latexit sha1_base64="KYfsrqMgOOURv7ganSeYaGsaG2U="></latexit><latexit sha1_base64="S79tQCIF1dzKzCfzHSc77aA0XUU="></latexit><latexit sha1_base64="S79tQCIF1dzKzCfzHSc77aA0XUU="></latexit><latexit sha1_base64="duY1z9WHEqvLyQBW3CgT6LYYqAE="></latexit>

g2m(⌧) :=
mX

i=0

✓
n�m+ i

i

◆✓
k + n�m+ i� 1

i

◆✓
2m� 2

i

◆�1

a(i)m�i(⌧)
<latexit sha1_base64="Sb2Ye9AiTRMH1f03fpmzH2SKhms="></latexit><latexit sha1_base64="EnR5XyLuNh/q71FpuYqH7nmiZBY="></latexit><latexit sha1_base64="EnR5XyLuNh/q71FpuYqH7nmiZBY="></latexit><latexit sha1_base64="kRsUdBuU8pnRz+s3GFa8gxz0xww="></latexit>

(2  m  n).
<latexit sha1_base64="sN8/GKiwD3xAqWVifKZkvhiX0jI="></latexit><latexit sha1_base64="1YzZfHTkU4FCDzsw6ZOH++IFscY="></latexit><latexit sha1_base64="1YzZfHTkU4FCDzsw6ZOH++IFscY="></latexit><latexit sha1_base64="1Fudr9k8I/VrCog0/tPv/GwFFY4="></latexit>

⇥(n)
k (f) +

nX

i=1

✓
n+ i� 1

2i� 1

◆�1

[ g2i, f ](2i,k)(n�i) = 0 .
<latexit sha1_base64="2+yLMsRcgCnHA7hkuhGVO9EnXWM="></latexit><latexit sha1_base64="eJBNzFJ6z4jesnGH2NfgEq7xgKw="></latexit><latexit sha1_base64="eJBNzFJ6z4jesnGH2NfgEq7xgKw="></latexit><latexit sha1_base64="oaVkKdwwX6Ejha49Q04kFySOSxw="></latexit>

we have
<latexit sha1_base64="+5wZVOORHKwhrnGv/SzgJTsR+7M="></latexit><latexit sha1_base64="+5wZVOORHKwhrnGv/SzgJTsR+7M="></latexit><latexit sha1_base64="+5wZVOORHKwhrnGv/SzgJTsR+7M="></latexit><latexit sha1_base64="+5wZVOORHKwhrnGv/SzgJTsR+7M="></latexit>

f (n)(⌧) + a1(⌧)f
(n�1)(⌧) + · · ·+ an(⌧)f(⌧) = 0

<latexit sha1_base64="j5zBS7Sd/526GjUZ7W5nPx2eTYM="></latexit><latexit sha1_base64="7pJa7IvXkkU2720VCnFm+AFtIAk="></latexit><latexit sha1_base64="7pJa7IvXkkU2720VCnFm+AFtIAk="></latexit><latexit sha1_base64="Itl0jws6Sm2ik3ELEvIep/YedLs="></latexit>

(])�k
<latexit sha1_base64="hUDdvjrPYG7tks6v7bCvPB+5HJI="></latexit><latexit sha1_base64="T6ya+iZ018diLZfrc8hIbdpmDiM="></latexit><latexit sha1_base64="T6ya+iZ018diLZfrc8hIbdpmDiM="></latexit><latexit sha1_base64="us3UhJuqCxXyoN6swtkS+pwY8uw="></latexit>



Summary(cocompact case)

we have
<latexit sha1_base64="+5wZVOORHKwhrnGv/SzgJTsR+7M="></latexit><latexit sha1_base64="+5wZVOORHKwhrnGv/SzgJTsR+7M="></latexit><latexit sha1_base64="+5wZVOORHKwhrnGv/SzgJTsR+7M="></latexit><latexit sha1_base64="+5wZVOORHKwhrnGv/SzgJTsR+7M="></latexit>

b0(⌧)f
(n)(⌧) + b1(⌧)f

(n�1)(⌧) + · · ·+ bn(⌧)f(⌧) = 0 ([)�k .
<latexit sha1_base64="YUAg3KziNKiRzM5gTOLgGmbn9+g="></latexit><latexit sha1_base64="I3KI5mdXhNRpMyWY37/touV5h3g="></latexit><latexit sha1_base64="I3KI5mdXhNRpMyWY37/touV5h3g="></latexit><latexit sha1_base64="P0rr2AFk4vV3SUN2m9tSIUmerGw="></latexit>

· bi(⌧)’s of a MLDE ([)�k have the quasimodualrlity of wt. 2i+⇠ and depth i.
<latexit sha1_base64="si2F27D/CuHuJHocXIAYG9xaHW4="></latexit><latexit sha1_base64="si2F27D/CuHuJHocXIAYG9xaHW4="></latexit><latexit sha1_base64="si2F27D/CuHuJHocXIAYG9xaHW4="></latexit><latexit sha1_base64="si2F27D/CuHuJHocXIAYG9xaHW4="></latexit>

· For k = 0, bn(⌧) of a MLDE ([)�0 have the modularity of wt. 2i+ ⇠.
<latexit sha1_base64="t0cW/YXgT3VRHf099LxDMH+QswA="></latexit><latexit sha1_base64="t0cW/YXgT3VRHf099LxDMH+QswA="></latexit><latexit sha1_base64="t0cW/YXgT3VRHf099LxDMH+QswA="></latexit><latexit sha1_base64="t0cW/YXgT3VRHf099LxDMH+QswA="></latexit>

p2m(⌧) =
mX

i=0

✓
n�m+ i

i

◆✓
k + n�m+ i� 1

i

◆✓
⇠ + 2m� 2

i

◆�1

b(i)m�i(⌧).
<latexit sha1_base64="5jWpTMQJ/5h2KKRxnXvxBxiuYcI="></latexit><latexit sha1_base64="C4KKu+nThFTC29wjZrZeGG1LNws="></latexit><latexit sha1_base64="C4KKu+nThFTC29wjZrZeGG1LNws="></latexit><latexit sha1_base64="v391yuH7K9biQYFg0eZO7seyaV4="></latexit>

nX

i=0

✓
n+ ⇠ � i� 1

n� i

◆
[ p2i , f ](2i+⇠,k)

(n�i) = 0 .
<latexit sha1_base64="FuhKQrtWS1w+u83xZUEN5cydl9g="></latexit><latexit sha1_base64="W4lqSBvr3VvoaE+0a7fX4PP0w1A="></latexit><latexit sha1_base64="W4lqSBvr3VvoaE+0a7fX4PP0w1A="></latexit><latexit sha1_base64="iEJnsVBERbcAoeVGWRHL75UMdLc="></latexit>

·We take p2m(⌧)’s (1  m  n) s.t.
<latexit sha1_base64="QSjhNC0lcilEmhNzmpT6vd5yCCc="></latexit><latexit sha1_base64="QSjhNC0lcilEmhNzmpT6vd5yCCc="></latexit><latexit sha1_base64="QSjhNC0lcilEmhNzmpT6vd5yCCc="></latexit><latexit sha1_base64="QSjhNC0lcilEmhNzmpT6vd5yCCc="></latexit>



Thank you for your attention.
Happy birthday    Professor Mason !!



Lemma

(1  m  n)
<latexit sha1_base64="hRUwmO+d3G1K1ZwHmoH+qAQTf0I="></latexit><latexit sha1_base64="7o5dKrdqel1Z0niddGFNFwwC3XU="></latexit><latexit sha1_base64="7o5dKrdqel1Z0niddGFNFwwC3XU="></latexit><latexit sha1_base64="jiioFXSEUIiXtGZvk4rnh05SyLY="></latexit>

*) induction on s.
<latexit sha1_base64="oddcQbrpAdJWqRCJw62488CKOko="></latexit><latexit sha1_base64="EYdw124iQNFaBpIUYllu3t7o1fU="></latexit><latexit sha1_base64="EYdw124iQNFaBpIUYllu3t7o1fU="></latexit><latexit sha1_base64="TDqWDd4rV1/o6JF1Hr8bDsaT6Js="></latexit>

By using this lemma,
<latexit sha1_base64="NTEEIr7jopbKC7H0OG9oIU8qATo="></latexit><latexit sha1_base64="NTEEIr7jopbKC7H0OG9oIU8qATo="></latexit><latexit sha1_base64="NTEEIr7jopbKC7H0OG9oIU8qATo="></latexit><latexit sha1_base64="NTEEIr7jopbKC7H0OG9oIU8qATo="></latexit>

b(s)m (�⌧) =
mX

i=0

✓
n�m+ i

i

◆
(k + n�m)i

⇥
sX

j=0

✓
s

j

◆⇣
� c

2⇡
p
�1

⌘i+j
(i� ⇠ � 2m� s+ 1)j(c⌧ + d)⇠+2(m+s)�i�jb(s�j)

m�i (⌧) .

<latexit sha1_base64="MNH1Bicgj0iu/g/+h0o6Yr0fLTk="></latexit><latexit sha1_base64="MNH1Bicgj0iu/g/+h0o6Yr0fLTk="></latexit><latexit sha1_base64="MNH1Bicgj0iu/g/+h0o6Yr0fLTk="></latexit><latexit sha1_base64="MNH1Bicgj0iu/g/+h0o6Yr0fLTk="></latexit>

we show the modularity of a sum of derivatives of bi(⌧)’s.
<latexit sha1_base64="SOvuTnH3zO0/fdQ3JIfPX7YwFkc="></latexit><latexit sha1_base64="SOvuTnH3zO0/fdQ3JIfPX7YwFkc="></latexit><latexit sha1_base64="SOvuTnH3zO0/fdQ3JIfPX7YwFkc="></latexit><latexit sha1_base64="SOvuTnH3zO0/fdQ3JIfPX7YwFkc="></latexit>

Appendix(The MLDEs for cocompact case)

For any s � 1, the derivative of coe�cients of the MLDE ([)�k is given by

<latexit sha1_base64="xLEVA0Qah1K+fSxWIbv0MSGNrV4="></latexit><latexit sha1_base64="xLEVA0Qah1K+fSxWIbv0MSGNrV4="></latexit><latexit sha1_base64="xLEVA0Qah1K+fSxWIbv0MSGNrV4="></latexit><latexit sha1_base64="xLEVA0Qah1K+fSxWIbv0MSGNrV4="></latexit>



Theorem B’

We have
<latexit sha1_base64="OrlWbYmJwzWpUTsr71KR09alMI8="></latexit><latexit sha1_base64="OrlWbYmJwzWpUTsr71KR09alMI8="></latexit><latexit sha1_base64="OrlWbYmJwzWpUTsr71KR09alMI8="></latexit><latexit sha1_base64="OrlWbYmJwzWpUTsr71KR09alMI8="></latexit>

p2m(⌧) =
mX

i=0

✓
n�m+ i

i

◆✓
k + n�m+ i� 1

i

◆✓
⇠ + 2m� 2

i

◆�1

b(i)m�i(⌧).
<latexit sha1_base64="5jWpTMQJ/5h2KKRxnXvxBxiuYcI=">AAAC0XichVFLaxRBEP5mfMX1kY1eBC+LIbJh2aVmL0ogEPSgxyTrJoFMdpwZO7HZ6ZlhHotrMyAe9Qd48KQgov4ML54FD/kJ4jGCHjxYM7viI6jVdHfVV/VVf93txYFMM6J9wzxy9NjxEzMna6dOnzk7W587t5FGeeKLvh8FUbLluakIZCj6mcwCsRUnwlVeIDa94fUyvzkSSSqj8FY2jsWOcvdCuSt9N2PIqQexo7uqaNqZmy 8u22muHC2XqRhoVdieDCOlw7ZqyULLH/GwVSFt6xfMvidbXdXultBAc8ob6KZcLByt2nLavVNz6vPUocoahx1r6syv3Gi8vg1gNaq/hI07iOAjh4JAiIz9AC5SHtuwQIgZ24FmLGFPVnmBAjXm5lwluMJldMjrHkfbUzTkuOyZVmyfTwl4JsxsYIE+0Cs6oHf0hj7St7/20lWPUsuYd2/CFbEz++hC78t/WYr3DHd/sv6pOcMurlZaJWuPK6S8hT/hj+4/OegtrS/oy/ScPrH+Z7RPb/kG4eiz/2JNrD9F+QHWn8992NnodizqWGv8E9cwsRlcxCU0+b2vYAU3sYo+n/seXw3DMM2eOTYfmA8npaYx5ZzHb2Y+/g5Kh7Rp</latexit><latexit sha1_base64="C4KKu+nThFTC29wjZrZeGG1LNws=">AAAC0XichVHPT9RAFH6tv3BRWeViwmUjgSzZ7OZ1LxoTEqIHPQLLAgllm7bOrpPttE073biOTYhH/QM8eMLEGOXP4MLZhAN/AuEICR488NpdAkjAN5mZ9773vjffzDihx2OJuKfpN27eun1n5G5h9N79B2PFh4+W4yCJXNZ0Ay+IVh07Zh73WVNy6bHVMGK2cDy24nRfZvmVHotiHvhLsh+ydWF3fN7mri0JsopeaKm6SMumtJ OZWTNOhKX4LKYtJVLT4X4glF8VFZ4qfhp3KzlSNc5h5jteqYtqPYNailJOS5X5TGopUeXD7rWCVZzEGuZWuuwYQ2dy7lXpl2l96MwHxR9gwhsIwIUEBDDwQZLvgQ0xjTUwACEkbB0UYRF5PM8zSKFA3ISqGFXYhHZp7VC0NkR9irOecc526RSPZkTMEkzhLv7EQ9zBLdzHv1f2UnmPTEufdmfAZaE19ulx4/i/LEG7hLdnrGs1S2jDs1wrJ+1hjmS3cAf83vsvh43ni1NqGr/hAenfxD3cphv4vSP3+wJb/ArZBxj/PvdlZ7leM7BmLNBPvICBjcAEPIEyvfdTmIPXMA9NOvc3/NE0Tdcbel/f0D8OSnVtyBmHC6Z/PgGNcbWn</latexit><latexit sha1_base64="C4KKu+nThFTC29wjZrZeGG1LNws=">AAAC0XichVHPT9RAFH6tv3BRWeViwmUjgSzZ7OZ1LxoTEqIHPQLLAgllm7bOrpPttE073biOTYhH/QM8eMLEGOXP4MLZhAN/AuEICR488NpdAkjAN5mZ9773vjffzDihx2OJuKfpN27eun1n5G5h9N79B2PFh4+W4yCJXNZ0Ay+IVh07Zh73WVNy6bHVMGK2cDy24nRfZvmVHotiHvhLsh+ydWF3fN7mri0JsopeaKm6SMumtJ OZWTNOhKX4LKYtJVLT4X4glF8VFZ4qfhp3KzlSNc5h5jteqYtqPYNailJOS5X5TGopUeXD7rWCVZzEGuZWuuwYQ2dy7lXpl2l96MwHxR9gwhsIwIUEBDDwQZLvgQ0xjTUwACEkbB0UYRF5PM8zSKFA3ISqGFXYhHZp7VC0NkR9irOecc526RSPZkTMEkzhLv7EQ9zBLdzHv1f2UnmPTEufdmfAZaE19ulx4/i/LEG7hLdnrGs1S2jDs1wrJ+1hjmS3cAf83vsvh43ni1NqGr/hAenfxD3cphv4vSP3+wJb/ArZBxj/PvdlZ7leM7BmLNBPvICBjcAEPIEyvfdTmIPXMA9NOvc3/NE0Tdcbel/f0D8OSnVtyBmHC6Z/PgGNcbWn</latexit><latexit sha1_base64="v391yuH7K9biQYFg0eZO7seyaV4=">AAAC0XichVHPS9xAFH5Jf9ntD7f1UuhFulhWll1e9tIiCKIXj+p2VTBuSNJxHTaThGSyuB0CxaP+AR48KUgp/TN68Sz04J9QPCrUg4e+ZCO2lbZvmJn3vve+N9/MOKHHY4l4qul37t67/2DkYenR4ydPR8vPni/HQRK5rO0GXhCtOnbMPO6ztuTSY6thxGzheGzF6c1l+ZU+i2Ie+O/kIGTrwu76fIO7tiTIKnuhpZoirZrSTi anzTgRluLTmHaUSE2H+4FQfl3UeKr4ddyr5Ujd+AUzt3itKerNDOooSjkdVeWTqaVEnRfdGyWrXMEG5jZ+2zEKpwKFLQTlT2DCewjAhQQEMPBBku+BDTGNNTAAISRsHRRhEXk8zzNIoUTchKoYVdiE9mjtUrRWoD7FWc84Z7t0ikczIuY4TOA3/IzneIxf8Dte/bWXyntkWga0O0MuC63RnRetH/9lCdolbN6w/qlZwga8zbVy0h7mSHYLd8jvf9g7b00tTajXeIhnpP8AT/Er3cDvX7hHi2xpH7IPMP587tvOcrNhYMNYxMrMbPEVI/ASXkGV3vsNzMA8LECbzj2BS03TdL2lD/SP+vawVNcKzhj8ZvruTzAHsrg=</latexit>

Proposition

Let p2m(⌧) (1  m  n) be a modular form of weight 2m+ ⇠ on �.

<latexit sha1_base64="UQxyocssVtxCX2E+YRW31azaOVg="></latexit><latexit sha1_base64="UQxyocssVtxCX2E+YRW31azaOVg="></latexit><latexit sha1_base64="UQxyocssVtxCX2E+YRW31azaOVg="></latexit><latexit sha1_base64="UQxyocssVtxCX2E+YRW31azaOVg="></latexit>

bm(⌧) =
mX

j=0

(�1)m+j

✓
n� j

m� j

◆✓
k + n� j � 1

m� j

◆✓
⇠ +m� 1 + j

m� j

◆�1

p(m�j)
2j (⌧) .

<latexit sha1_base64="mX1mcVxp+8Zls3i/4k0dOk1KKJM="></latexit><latexit sha1_base64="WcpLzvxY0iCl92AmPCH9CYNG8TE="></latexit><latexit sha1_base64="WcpLzvxY0iCl92AmPCH9CYNG8TE="></latexit><latexit sha1_base64="h55pKJxkSEweP3iiu43snAb/ffA="></latexit>

p2m(�⌧) = (c⌧ + d)2m+⇠p2m(⌧) (8� 2 �).
<latexit sha1_base64="mvu77D+DvnuDWqNTNe/7VpFrTAw="></latexit><latexit sha1_base64="rf3pO68ipT7IVe3BGRqChurL9qY="></latexit><latexit sha1_base64="rf3pO68ipT7IVe3BGRqChurL9qY="></latexit><latexit sha1_base64="NPQ6oDlNw0Mwmr3puAX3HPMDYpE="></latexit>

For 1  8m  n, we put

<latexit sha1_base64="fGOCcwxDRoZ92uhRfigcEX8cBsQ="></latexit><latexit sha1_base64="fGOCcwxDRoZ92uhRfigcEX8cBsQ="></latexit><latexit sha1_base64="fGOCcwxDRoZ92uhRfigcEX8cBsQ="></latexit><latexit sha1_base64="fGOCcwxDRoZ92uhRfigcEX8cBsQ="></latexit>

Let bi(⌧)’s be coe�cients of the MLDE ([)�k .
<latexit sha1_base64="jVB5hb6G7z9xVfS5+oIyAddjnc8="></latexit><latexit sha1_base64="jVB5hb6G7z9xVfS5+oIyAddjnc8="></latexit><latexit sha1_base64="jVB5hb6G7z9xVfS5+oIyAddjnc8="></latexit><latexit sha1_base64="jVB5hb6G7z9xVfS5+oIyAddjnc8="></latexit>

Then bm(⌧)’s of the MLDE ([)�k can be written as

<latexit sha1_base64="pdw9ptzsPtE/tClsDvi/vqRyD4g="></latexit><latexit sha1_base64="pdw9ptzsPtE/tClsDvi/vqRyD4g="></latexit><latexit sha1_base64="pdw9ptzsPtE/tClsDvi/vqRyD4g="></latexit><latexit sha1_base64="pdw9ptzsPtE/tClsDvi/vqRyD4g="></latexit>

Appendix(The MLDEs for cocompact case)


