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Abstract

For an inverse sequence on [0, 1] with interval-valued functions, we establish
necessary conditions on the bonding functions for chainability of the inverse
limit space. We also characterize chainability of the inverse limit in this
setting in terms of properties of the bonding functions f; and the induced
functions F,:[0,1] — G'(f1,..., fn_1). The properties, in both cases, are
related to how triods arise in the partial graphs associated with the inverse
sequence when each graph G(f;) is chainable.

Keywords: inverse limit, chainable, interval-valued function, triod, cohesive

2000 MSC: 54F15, 54F17, 54F50, 54F65

1. Introduction

In the setting of inverse limits on [0, 1] with interval-valued functions,
we determine conditions on the bonding functions that are necessary for
chainability of the inverse limit space. Sufficient conditions for chainability
in this setting, related to C-sets in the graphs of the bonding functions, were
established by W.T. Ingram and the author in [5]. We also provide sufficient
conditions on the bonding functions for chainability of the inverse limit. Our
conditions are related to the C-set notion, but are not as restrictive as those in
[5]. Furthermore, we establish related conditions, on the bonding functions f;
and on the induced continuum-valued functions F,: [0, 1] — G'(f1, ..., fa-1),
that characterize chainability of the inverse limit. In our setting, it has been
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shown that if the inverse limit X is tree-like, or equivalently one dimensional,
then X is chainable if and only if it is atriodic if and only if all partial graphs
(Mahavier products) in the inverse sequence are chainable [9, Corollary 2].
Hence, the conditions mentioned above are ones that determine how triods
are formed in the partial graphs when the graphs of the individual bonding
functions are chainable. It follows from Theorem 1 in [9] that if a partial
graph in our setting contains a triod, then it contains either a one-sided or
two-sided triod. So, these special triods are defined, relative to our setting,
in section 3. They play a critical role in establishing the results in this paper.

In Section 6, we provide examples that illustrate how our results eas-
ily determine chainability or non-chainability of inverse limits on [0, 1] with
interval-valued functions.

2. Basic definitions

A compactum is a compact metric space. A continuum is a connected
compactum. A mapping is a continuous function. A continuum X is chain-
able if for each € > 0, X admits a finite e-chain of open sets covering X. A
continuum X is arclike if for each € > 0, X admits an e-mapping onto [0, 1].
It is well-known that for a continuum X, the following are equivalent.

(1) X is chainable.
(7i) X is arclike.

(14i) X is representable as an inverse limit of an inverse sequence on [0, 1]
with mappings for bonding functions.

See the end of Section 2 in [2] for specific definitions and discussion of these
equivalences.

Let X and Y be compacta. We refer to functions f: X — 2¥ as set-valued
functions from X to Y and we write f: X — Y is a set-valued function. Note
that throughout, we are assuming that, for x € X, the value f(x) of a set-
valued function is a closed set. The graph of f, which we denote by G(f), is
the set in X X Y consisting of all points (z,y) with y € f(z).

A set-valued function f: X — Y is upper semi-continuous at the point
x € X if for each open set V in Y containing the closed set f(x), there is
an open set U in X such that z € U, and f(p) C V for each p € U. If
f: X — Y is upper semi-continuous at each point of X, then f is said to be



upper semi-continuous. All set-valued functions considered in this paper will
be upper semi-continuous.

The set-valued function f: X — Y is surjective if for each y € Y, there
exists z € X such that y € f(x). A set-valued function f: X — Y is
continuum-valued if for each x € X, the set f(z) is a subcontinuum of Y.
If + € X and f(z) is degenerate, we will sometimes treat f(z) as a point
of Y. For f: X — Y a set-valued function, and A C X, we let f|4 be the
set-valued function whose domain is A, and f|a(x) = f(z) for z € A.

For ¢« > 1, let X; be a compactum, and let X; Ji X1 be a surjective,
set-valued function. Throughout, we let {X;, f;} denote an inverse sequence,
and its inverse limit is given by

{gﬂ{X“ fz} = {l’ = (l’l,iCQ, .. ) € ]‘_[)(Z ’ x; € fi(SCiJrl) for 4 Z 1}

i>1
For 1 < j < n, we define the set below.

n+1
G =G'(fy, . fo) ={z € [[ Xi | @i € filwiny) for j <i < n}.

i=j

We refer to these sets as partial graphs in the inverse sequence. For
consistency of notation, we let G} = X;. We point out that some authors use
the notation *;ep1,I'(f;) for the sets Gi™, and call them Mahavier products.

For each n > 1, let G} I X,y1 be the set-valued function such that
(z1,...,1,) is in Fj,(z,41) if and only if (21,29, ..., Tp, Tpy1) is in GFHL We
refer to F), as an induced function in the inverse sequence. We note that
the domain of F, is the (n + 1) factor space in the inverse sequence, and
the range of F), lies in []_; X;. So, all notation related to the graphs of the
bonding functions f; and the induced functions F},, in an inverse sequence,
will be relative to the ordering in the inverse sequence. Hence, under this
convention, G(F,) = G}*'. V. Nall introduced the function F, in [11], and
showed that Fj, is upper semi-continuous. If f; is continuum-valued for each
1 < < n, it was shown in [7] that F}, is continuum-valued.

For infinite inverse sequences considered in this paper, we assume through-
out that, for each ¢ > 1, X; = [0, 1], and [0, 1] Jo 0,1] is interval-valued.
Again, we assume the domain and range of each f; are, respectively, the
(i + 1)™ factor space and the i*! factor space. For such inverse sequences, it



follows from [4, Theorems 4.1, 4.3, & 4.7] that the inverse limit is a contin-
uum, and, for each n > 1, G(f,,) and G} are continua.

An interval is a subcontinuum of [0,1]. For a,b € [0,1], we let [a,b]
denote the minimal interval containing a and b. Unless specified, there is no
assumption that a < b.

A continuum is decomposable if it is the union of two proper subcontinua.
A nondegenerate continuum is indecomposable if it is not decomposable. If
each subcontinuum of X is decomposable, then X is hereditarily decompos-
able. A continuum is hereditarily unicoherent if the intersection of each pair of
its subcontinua is connected. A continuum is a A-dendroid if it is hereditarily
unicoherent and hereditarily decomposable.

A continuum X is a triod if there exists a subcontinuum Z of X such that
X \ Z is the union of three nonempty sets, each two of which are disjoint.
A unicoherent continuum 7' is a triod if there exist three subcontinua Ji,
Jy, and J3 of T such that T = J, U J, U Js, J1 N Jy N Js # 0, and for each
i€ {1,2,3}, J; \ (J; U Jg) # 0 for {i,j,k} = {1,2,3}, see [10, Theorem
11.26]. Throughout, when we need to establish that a continuum 7 is a
triod, we will have assumed conditions that give us that 7' is unicoherent.
So, in these cases, we show that 7" is a union of three subcontinua satisfying
the properties above. Furthermore, if we write 7' = J; U Jo U J3 is a triod,
we mean that T is unicoherent, and the J;’s satisfy the conditions above. A
continuum is atriodic if it contains no triod.

Given a set-valued function f: X — Y between compacta, let ¢;: G(f) —
X and c: G(f) — Y denote coordinate projection. If X is a compactum,
and A C X, we let cl(A) and int(A) denote, respectively, the closure and the
interior of A in X. We denote the covering dimension of X by dim(X).

3. Definitions related to continuum-valued functions f:[0,1] — Y

Let Y be a continuum, and f: [0, 1] — Y be a surjective continuum-valued
function such that G(f) is hereditarily unicoherent. For such functions f, we
define the terminology that follows in this section. For ¢t € [0, 1], we refer to
the sets {t} x f(t) as fibers of f in G(f).

Definition 1. We say that G(f) contains a one-sided triod (at r) if there
exists a nondegenerate interval [r, s], two subcontinua A and B of {r} x f(r),
and a subcontinuum K of G(f) such that ¢;(K) = [r,s] and T = AUBUK
is a triod.



Definition 2. We say that G(f) contains a two-sided triod (at t) if there
exist an interval [u,v] C [0,1] with v < ¢ < v, and subcontinua A and B of
G(f) such that ¢;(A) = [u,t], &;(B) = [t,v], and T'= AU BU ({t} x f(1)) is
a triod.

Both the graphs of continuum-valued functions f:[0,1] — Y, and the
partial graphs G7™! in inverse sequences on [0, 1] with interval-valued func-
tions admit continuum folder structures. Details of this remark can be found
in the first few pages of section 4 in [9]. For graphs of continuum-valued func-
tions, this means that the fibers {t} x f(¢) form an upper semi-continuous
decomposition of G(f) where the quotient space is [0,1]. Theorem 1 in [9],
stated for graphs of continuum-valued functions f, says that if the fibers of f
are atriodic and G(f) contains a triod, then G(f) contains either a one-sided
or two-sided triod. Theorem 1 in [9] will be useful for determining if graphs
of continuum-valued functions are atriodic.

Definition 3. For ¢t € [0,1], f is left cohesive at t provided either ¢ = 0, or
{t} x f(t) C cl(G(f|p,))- Similarly, f is right cohesive at t if either t = 1, or
{t} x f(t) € l(G(f|w,))- We say that f is cohesive at t if it is left cohesive
and right cohesive at t. We say that G(f) is cohesive if f is cohesive at each
te0,1].

If I = [r,t] is a nondegenerate subinterval of [0, 1], we often say that f is
cohesive on the I side of t rather than saying f is left or right cohesive at .

Definition 4. For t € [0,1], f is fully left (right) cohesive at t if for each
y € f(t), there exists an increasing (decreasing) sequence {t;};>; converging
to t such that, for each i > 1, y € f(t;).

Clearly, if f is fully left (right) cohesive at ¢, then f is left (right) cohesive
at t. The function ¢ in Figure 3 of section 6 is fully left cohesive at %, but
not fully right cohesive at %

A subset H of a continuum X is a C-set in X provided that whenever
K is a subcontinuum of X that meets both H and X \ H, we have that
H C K. We note that some authors have analogously defined the phrase H
is terminal in X. As with the definition of left and right cohesiveness, we
define the notions of left side and right side C-sets for fibers of f.

Definition 5. A fiber {t} x f(t) is a left side C-set in G(f) provided either
t = 0, or whenever K is a subcontinuum of G( f|j,) that meets both {¢} x f(t)
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and G(fljo,1)), we have that {t} x f(t) C K. A fiber {t} x f(t) is a right side
C-set in G(f) is defined similarly. If each fiber in G(f) is a C-set, we say
that f is C-set-valued.

We observe the following equivalence of a left (right) cohesive fiber and a
left (right) side C-set fiber in certain graphs of continuum-valued functions.

Observation 1. Suppose G(f) is hereditarily unicoherent and contains no
two-sided triod. Lett € [0,1]. Then f is left (right) cohesive at t if and only
if {t} x f(t) is a left (right) side C-set in G(f).

Proof. We prove the equivalence for the left side case.

=: Let H be a subcontinuum of G(f|o,4) such that ¢;(H) = [r, t] for some
r < t. Suppose, for some s with r < s < t, {s} x f(s) ¢ H. Then clearly
(HNG(flrg) U(HNG(f|sg)) U ({s} x f(s)) is a two-sided triod in G(f),
contradicting the hypothesis. So, G(fln) C H, and also cl(G(f|wy)) C
H. Since f is left cohesive at t, {t} x f(t) C cl(G(f|wp)). We have that
{t} x f(t) C H. Thus, {t} x f(t) is a left side C-set in G(f).

«: Since cl(G(flj,)) is a subcontinuum of G( f|o,q) that meets {0} x f(0)
and {t} x f(t), we have that {t} x f(t) C cl(G(fljo,))- So, f is left cohesive
at t. [

In addition to being used in the proofs of several of our results, Ob-
servation 1 allows a reader not familiar with the left (right) cohesive fiber
concept to think, instead, of left (right) C-set fibers whenever the graph
of a continuum-valued function is hereditarily unicoherent and contains no
two-sided triod. This is always the case in the proofs of our results.

4. Necessary conditions for chainability of inverse limits

In this section, we provide necessary conditions, for chainability of an
inverse limit X = lim{[0, 1], f;} with surjective interval-valued bonding func-
—

tions, that only involve properties of the bonding functins.

Lemma 1. If X is a triod, f: X — Y s a continuum-valued function, and
G(f) is unicoherent, then G(f) is a triod.

Proof. Since f is continuum-valued, ¢1: G(f) — X is a monotone mapping.
By [6, Table IV], X is unicoherent. So, we let X = J; U Jy U J3 as in the
definition of a unicoherent triod. Let p € JiNJoNJ;s, z € Jy \ (J2 U J3),
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Y € Jg \ (Jl U Jg), and z € J3 \ (J1 U Jg) For i« = 1,2,3, let L, = G(fL]z)
Since f is continuum-valued, L; is a continuum for ¢ = 1,2,3. Clearly,
G(f) = L1 U Ly U L3. To see that G(f) is a triod, let p’ € f(p), 2’ € f(z),
y € f(y), and 2/ € f(2). It is immediate that (p,p’) € L; N Ly N L,
(ZL’,I/> € L \ (L2 U Lg), (y,y/) € Loy \ (Ll U L3), and (Z,Z/) € Ly \ (Ll U Lg)
Hence, G(f) is a triod. O

A set-valued function f:[0,1] — [0,1] has a flat spot at p if p € [0, 1] and
there exists a nondegenerate interval I C [0, 1] such that I x {p} C G(f).
Let X = lim{]0, 1], f;} with surjective, set-valued bonding functions. For

—

1 < j <1, a flat spot at z; for f; composes to a nondegenerate value of f; in
the composition f; o fj410...0 f; if fj(z;) is nondegenerate for j =i — 1,
or if there exists a point z;41 in fj41 0...0 fi_1(x;) such that f;(z;41) is
nondegenerate for j <7 — 1.

Lemma 2. Let X = lim{[0, 1], f;} where each f; is a surjective, interval-
H

valued function. Suppose, for each ¢ > 1, dim(G(f;)) = 1, and no flat
spot of f; composes to a non-degenerate value of f; for 1 < j < i. If, for
some n > 2, G’f“ is chainable, then for 1 <1 < n, G?H 1s chainable and
hereditarily decomposable.

Proof. Let n > 2, and suppose that G7*' is chainable. Let 1 < i < n. It

follows from [8, Corollary 4] that G is a A-dendroid. Let G¢! «<=— G7*! be
the set-valued function defined by (z1,...,2;-1) € F(z;,...,2y41) if and only
if (21,...,24...,75p1) € GTT. This function is defined in [7, 4™ paragraph,
page 218], and it is shown to be continuum-valued in Theorem 5 of [7]. Since
G(F) = G is chainable, it is hereditarily unicoherent and atriodic.
Suppose GI''! contains a triod T. Then G(F|r) C G(F), and hence,
G(F|r) is unicoherent. By Lemma 1, G(F|r) is a triod in G(F'), which is a
contradiction. So, G7*! is an atriodic A-dendroid, and by [1, Theorem 11],
G is chainable. The proof is complete. ]

The definitions below provide terminology for concepts that are essential
in proofs of results in this section.

Definition 6. Let f:[0,1] — [0,1] be a surjective interval-valued function.
We say [ has a down (up) fold at the point (s,t) € G(f) if there exist



u < v with s € [u,v], and interval-valued functions f’:[u,s] — [0,¢] and
f's,v] = [0,¢] (f':[u,s] — [t, 1] and f":[s,v] — [t.1]) such that

(1) GUFHVGET) CG(f),
(2) (s,1) € G(f)NG(f"), and
)

3) GUING") #0# G \G(Sf).
We refer to G(f') UG(f") as a fold of f at (s,t).

We note that if s € {u,v}, one of f" or f” will have {s} as its domain,
in which case, by (3), its value at s is nondegenerate. In this case, we call
G(f"YUG(f") a one-sided fold at (s,t). If u < s < v, we call G(f")UG(f")
a two-sided fold at (s,t). The graph of fy in Example 1 of section 6 has a
one-sided down fold at (3,1) and a one-sided up fold at (3, 0).

Definition 7. Let f:[0,1] — [0, 1] be a surjective, interval-valued function.
Suppose f(t) is a nondegenerate interval for some ¢ € [0, 1]. If f is left (right)
cohesive at ¢, and there exists r < t (r > t) such that f([r,t]) = f(t), we
say that G(f) has a restricted left (right) cohesive subgraph at {t} x f(t).
Specifically, we say G(f|iq) s a restricted left (right) cohesive subgraph of

G(f) at {t} < f(1).

The graph of the function /5, in Figure 3 of section 6, has a restricted
right cohesive subgraph at %; specifically note that 62(%) = 62([%, 1]).

Let {[0, 1], f;} be an inverse sequence with surjective, interval-valued func-
tions.

Definition 8. For 1 < j+ 1 < n and (tj41,....t,) € G'(fj+1,---, fa—1), 8
side-to-side sequence from t, to t;1; is a sequence of nondegenerate intervals
Iitq, ..., I, such that

(i) for j <i <m,eithert; € I, C[0,t;] or t; € I; C [t;, 1], and
(ii) for j <i <n, fi(liy1) = L.
The points ¢;41,...,t, are called side points of the intervals I, 1,..., .

Definition 9. For 1 < j+ 1 <mn, a fold A of f, at (t,,t,+1) composes to a
side of tj11 € [0,1] where f; is not cohesive at t; 1 provided that either



(i) j+1=mn,and f,_1 is not left (right) cohesive at t,, when A is a down
(up) fold, or

(ii) j+ 1 < n, and there is a side-to-side sequence from ¢, to t;1, where
c2(A) = I,,, and f; is not cohesive on the I;; side of ¢;1;.

Examples of the notions in Definitions 8 and 9 can be found in the third
paragraph of item 2 in Example 1 of section 6.

Definition 10. For 1 < j+ 1 < n, a restricted left (right) cohesive subgraph

G(falprnisitni]) of G(fa) at fo(tng1) X {tns1} composes to an interval Ij 4 =
(7541, tj+1] where f; is not cohesive on the ;1 side of each of rj11 and t;44
provided that for I,, = f,,(tn+1) = [rn, tn] either

(i) 74+ 1 =n, and f,_; is not cohesive on the I, side of each of r,, and t,,
or

(i) j+1 < n, there exist (741, ...,70), (tjx1, - tn) € G'(fiz1,- - fao1),
and a sequence of nondegenerate intervals I;i1,..., I, such that, for
Jj<i<mn, I =rit] = fi(lis1), and f; is not cohesive on the I, side
of each of 741 and t;4.

It may be helpful to a reader to refer to the discussion related to Examples
1 and 3 in section 6 while reading, respectively, the proofs of Cases 1 and 2
in Theorem 1.

Theorem 1. Let X = lim{[0, 1], f;}, where for each i > 1, f; is a surjective,
(_
interval-valued function. Properties (1), (2), (3), and (4) below are necessary
conditions for chainability of X.
(1) G(f;) is chainable for each i > 1.

(2) If 1 < j < n, no flat spot of f, composes to a nondegenerate value of
Ji-
(3) If 1 <j+1<mn, no fold A of f,, composes to a side of t; 11 where f; is

not cohesive at t.

(4) If1 < 741 < mn, no restricted cohesive subgraph of G(f,) at fu(tni1) X
{tns1} composes to an interval I;11 = [rji1,t,41] where f; is not cohe-
sive on the 11 side of each of rj41 and t; 4.



Proof. Assume X is chainable. Property (1) follows from [9, Theorem 3]. It
also follows from [9, Theorem 3] that each partial graph G is chainable.
Property (2) follows from [8, Corollary 3|. So, by Lemma 2, for 1 <i < n,
GI*1 is chainable. The proofs that properties (3) and (4) follow from the
chainability of X are not as immediate. We consider the proofs separately
in Cases 1 and 2 below.

Case 1. Assume (3) is not the case. We construct a triod in G’;“, giving
us a contradition. Assume there exist n > 2, and t,, € f,,(¢,+1) where f,, has
a fold V' at (t,,t,4+1) that composes, for some j + 1 < n, to a side of t;4
where f; is not cohesive at ¢;;1. In particular, we assume, without loss of
generality, that j+1 < n, V is an up fold of f,,, and there exists a side-to-side
sequence from t,, to t;.1, where f; is not right cohesive at ¢,4,. The case for
7+ 1 =n is similar, but easier.

By definition of an up fold, there exist a nondegenerate interval [, 11, V1]

/

with ¢,11 € [Uupy1,Una1], and interval-valued functions [t,, 1] Jn [Unt1, tnid]

and [t, 1] < [tusr, vnst]. S0, V = G(f2) UG("), and (t, turs) € G(f1) N
G(fr). Let (tj41,...,t,) and Ij1q,..., I, be given as in Definition 8. We
also have from Definitions 6, 8, and 9 that t, € (V) = I, C [tn,]1]
and I;41 C [tj41,1]. Since f; is not right cohesive at t;.;, we have that
fj(tj-i-l) X {tj+1} Z CI(G(fj’(th,l]))‘ Let K = CI(G(fj|Ij+1\{tj+1}>)' Let
w; € fi(tjr1) with (w;,tj41) € K, and let (t,t;41) € K. So, K is a sub-

continuum of G(f;), and ¢;(K) = ;1. Finally, let [0, 1] o I; 11 be the
interval-valued function whose graph is K.

By (3) of Definition 6, we may pick points (a,,a,+1) € G(f,) \ G(f)),
and (bn,bn11) € G(f)) \ G(f),) with apy1 # byi1. Additionally, we note
that these two points can be chosen so that a, # t, and b, # t,. To see
this, suppose for each s € [upi1,tnt1], fi(s) = {tn}. Then u,4q # t,1q, for
otherwise G(f),) = {(tn,tns1)}, violating property (3) of Definition 6. So,
{tn} X [uns1,tns1] is a flat spot for f/, and f;(¢;11) is nondegenerate since
(wj,tj11) and (t;,%,41) are two points of f;(¢;41). This violates property (2)
of this theorem, which was established in the first paragraph of the proof.
A similar argument applies to the interval [t,,1,v,+1]. Hence, we can pick
(apn,any1) and (by, b,e1) as claimed. We assume, without loss of generality,
that co(G(f))) = I, and co(G(f))) = I}, C I,,. For each j +1 <i < n, let
1= ()

FOI‘j S 7 S TL—2, let .]EZ'_H = fi—l—l

Lo, and let fiyr = fipalr,,. Let
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Ju=G'(f fiv - ot J0)y Jo = G(fili, s fivrs -5 o, f7), and Js =
Fitis1) % (tjs1, -yt tngr). Fori=1,2,3, J; C G;‘H, and J; is a continuum
since all functions involved in the defintions are interval-valued functions.
We show that J; U Jy U J3 is a triod in G;‘“. Recalling the points
(tj,tit1) € K, (tn,tny1) € G(fn), and (tj11,...,t,) given in the defini-
tion of a side-to-side sequence, let p = (¢;,%j41,...,tn, tnt1). We note that
p € JiNJy N Js. Recalling the points (an, ant1) € G(f;,) and (by, bny1) €
G(f)), we pick points (a;,...,an) € G'(fj, fi+1,---, fa—1) and (bj,...,b,) €
G’(fj|ljr_+1, fit1s--s fa1). Let a = (aj,...,an, anq1), b = (bj, ..., by, byg1),
and w = (wj,tj41,...,tn, tut1). It is easy to see from the choices of points
and defintions that a € J;\ (JoUJ3), b € o\ (J1UJ3), and w € J3\ (J1 U J3).
It follows that J; U Jy U J3 is a triod in G}”l. This is a contradiction since,

as noted in the first paragraph of this proof, G;‘H is chainable.

Case 2. Assume (4) is not the case. We construct a triod in G} Assume
there exist n > 2, and a nondegenerate interval [,,11 = [rp11, t,y1] such that
G(fnl1.,.) 1s a restricted left cohesive subgraph of G(f,) that composes to
an interval [y = [rj41,tj41] with j +1 < n, where f; is not cohesive on the

I; 11 side of each of r;j; and tj11. We assume j+ 1 < n, and (rj41,...,75),
tii1,...,1,), and the sequence of intervals I, 1,..., I, are given as in Defi-
J+ J+ g

nition 10.

Let [0, 1] i I;+1 be the continuum-valued function whose graph is
(G (filarjaty00)))- By fissumption in this case, f;(rj11)x{rjs1} & G(fj) and
fitit1) x {tjs1} & G(f;). So, we pick points v; € fi(rjs1) and w; € f(tj11)
so that neither (vj,7;41) nor (wj,t;41) is in G(f;). Also, let (r;,7,41) and
(tj,tj+1) be points of G(fj). For j+1<i<n,let f; = fi|[;;1. Recall, from
Definitions 7 and 10, that f,(t,s1) = In = fu(Lns1)-

Define J; = G’(fj, cl fn), and let (x;..., %, hs1) € Ji.

Given (tj41,. .- tn, tng1) and (rjin, ..., 7oy tpgr) in G’(fj+1, ce fn), define

Jo = (fj(rj—i-l) X (Tj-i-lv s ’rmtn—i-l)) U (G/(f]’ SRR fn—l) X {tn-l-l})v and

Jy = (fj(tj—H) X (tj+17 - 7tn7tn+1)) U (G/(fj? SRR fn—l) X {tn+1})'
We observe that J;U.J,UJ;3 is a triod in G;-LH. We note that, fori =1, 2, 3,
J; is a subcontinuum of G}”l. Since (vj,7541) € G(f;) and 7,11 # t;41, we
have that (vj,7j41,..., 70, tas1) € Jo \ (J1 U J3). Similarly, since (w;,t;4+1) &
G(fj) and rj1y # tj41, we have that (wj,tj41, ...t tht1) € J3 \ (J1 U Jo).
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Also, since 7,11 # t,41, we have that (z;,...,2,,741) € J1 \ (JoU J3). The
point (t;,tj11,. ., tn,tny1) isin Jy N Jo N Js. Hence, J; U Jy U Js is a triod in
G+, which is a contradiction. O

Remark 1. It is useful to note that, from the proof of Theorem 1, the
existence of folds or restricted cohesive subgraphs that compose to sides of
values where a bonding function is not cohesive produces triods in the partial
graphs. That is, if either (3) or (4) does not hold for some j and n where
1<j+1<n,then G?H contains a triod.

Question 1. Let X = lim{[0,1], f;}, where for each i > 1, f; is a surjective,
(_

interval-valued function. Do properties (1), (2), (3), and (4) of Theorem 1
characterize chainability of X ?

Remark 2. By Theorem 1, one only needs to establish sufficiency of prop-
erties (1) through (4) to have an affirmative answer to Question 1. By Corol-
laries 3 and 4 in [8], properties (1) and (2) give us that X is tree-like, and
each partial graph G7 is a A-dendroid. By [2, Corollary 4.3], if each GY is
chainable, then X is chainable. By [1, Theorem 11], each atriodic A-dendroid
is chainable. Hence, an affirmative answer to Question 1 can be established
by showing that properties (3) and (4), together with having each G7% be a
A-dendriod, are sufficient for atriodicity of the partial graphs G7.

5. A characterization of chainability

Theorem 5 of this section gives a characterization of chainable inverse
limits on [0, 1] with interval-valued functions that involves properties of the
bonding functions f; and the induced functions F,, defined in section 2. Al-
though such a characterization is not as desirable as one that only involves
properties of the bonding functions, Corollary 1 of this section gives suffi-
cient conditions on the bonding functions for a chainable inverse limit. The
examples in section 6 illustrate how Corollary 1 can be used to determine
chainability. Also, Theorem 5 characterizes how triods arise in the partial
graphs.

5.1. Observations and theorems related to a finite inverse sequence
Y <2 [0,1] <= [0,1]

Civen a continuum Y, let Y <2 [0,1] i [0,1] be a finite inverse se-
quence, where each of f and g is a surjective continuum-valued function. The
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induced function G(g) & 0,1] is defined by F(t) = G(g|sw) for t € [0, 1].
We observe that G(F') = G'(g, f). Furthermore, since both f and g are
continuum-valued, it follows that for each ¢ € [0, 1], G(g| ) is a continuum.
Hence, F' is continuum-valued. As discussed in section 2, notation for graphs
of functions related to this inverse sequence will be relative to the order in
the inverse sequence.

For all results in this subsection, we let Y <2 [0, 1] . 0, 1] be a finite
inverse sequence, where each of f and ¢ is a surjective continuum-valued
function, each of G(f) and G(g) is chainable, and G'(g, f) is hereditarily
unicoherent. Since G(F') = G'(g, f) C Y x [0,1] x [0, 1], we let, for 1 <i <
J <3, m and m; ; denote, respectively, the projection mappings from G'(g, f)
onto the i coordinate, and onto the i** and ;' coordinates.

Observation 2 can be useful for determining left or right cohesiveness of
induced functions in specific examples of inverse sequences. We illustrate
this in the examples in section 6. Observations 3, 4, and 5 are useful in the
proofs of Theorems 2 and 3.

Observation 2. Let t € [0,1]. If both f(t) and g(f(t)) are degenerate, then
F is cohesive at t. If f is fully left (right) cohesive at t, then F is fully left
(right) cohesive at t.

Proof. 1f both f(t) and g(f(t)) are degenerate, then F(t) = (g(f(t)), f(t)) is
degenerate, and clearly F' is cohesive at t. We assume f is fully left cohesive
at t. Let (y,w,t) € F(t) x {t}. So, w € f(t) and y € g(w). By assumption,
there exists an increasing sequence of points {t;},>1 converging to ¢, where,
foreach i > 1, w € f(t;). So, foreach i > 1, (y,w) € F(t;), and {(y, w, ;) }i>1
converges to (y,w,t), giving us that F' is fully left cohesive at t. O

Observation 3. Let K be a subcontinuum of G'(g, f).
(a) If m3(K) = [r,t], then cl(G(f|@y))) C ma3(K).
(b) If mo(K) = [u,v], then cl(G(9|ww))) C m1,2(K).

Proof. (a) By hypothesis, ma3(K) C G(f|4). Suppose, for some r < s <,
f(s)x{s} & ma3(K). Then clearly mo3(K)U(f(s)x{s}) is a two-sided triod
in G(f), which contradicts the chainability of G(f). So, G(f]@) C m23(kK).
Since 79 3(K) is a continuum, we have that cl(G(f|y¢)) C T2 3(K).

(b) The proof is similar to the proof of (a). O
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Observation 4. Ift € [0,1], and f(t) = [u,v] is nondegenerate, then

(a) fort >0, c(G(floy)) contains either (u,t) or (v,t), and fort < 1,
cl(G(flwa))) contains either (u,t) or (v,t), and

(b) if (G(fljo,)) does not contain (w,t) for w € {u,v}, then (w,t) €
cl(G(f|wa)))). An analogous statement holds for cl(G(f])))-

Proof. (a) Suppose cl(G(f|oy)) contains neither (u,t) nor (v,t¢). Then it is
easy to see that cl(G(f|p.)) U ([u,v] x {t}) is a one-sided triod in G(f), a
contradiction.

(b) Suppose (v, t) is not in cl(G( fljo,0)))Ucl(G(f|1)))- Then cl(G(flo,))YU
cl(G(flwap)) Y ([u,v] x {t}) is a triod in G(f), a contradiction. O

Observation 5. Let K be a subcontinuum of G'(g, f).

(a) If 0 < w < 1, and there exists y such that (y,w) ¢ m2(K), then
w ¢ int(my(K)).

(b) If m3(K) = [s,t] is a nondegenerate interval, and there exists y such
that (y,w,t) € G'(g, f)\ K, then there exists r # t and a subcontinuum
K, of K such that m3(K,) = [r,t] and (y,w) & m2(K,).

Proof. (a) Suppose 0 < w < 1, and w € int(m2(K)). Then m o(K) is a con-
tinuum in G(g) that meets both sides of g(w) x {w} in G(g). By Observation
3(b), (y,w) € m9(K), which is a contradiction.

(b) If w & my(K), then (y,w) ¢ m2(K); so, we may choose r = s and
K, = K. We assume w € my(K). Assume, without loss of generality, that
s < t, and no such r < ¢ exists. Let {¢;} be an increasing sequence in [0, 1]
converging to t with ¢; > s. For each i > 1, let K; = K N 73 ([t;,t]). By
assumption, for each i > 1, there exists a point (y,w,r;) € K;. It follows,
from hereditary unicoherence of G'(g, f), that each K; is a subcontinuum of
K. We note also that { K;} is a nested decreasing sequence whose intersection
lies in 73 *(¢). So, {r;} converges to t, and {(y,w,r;)} converges to (y,w,t),
putting (y,w,t) € K, a contradiction. ]

Theorem 2. Let t € [0, 1] where f(t) = {u} is degenerate. Then

(1) G'(g, f) = G(F) contains no one-sided triod at t, and
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(2) if G'(g, f) = G(F) contains a two-sided triod at t, then f has either a
two-sided down fold or a two-sided up fold at (u,t) and g is, respectively,
either not left or not right cohesive at u.

Proof. We note that if p is a flat spot for f, then g(p) is a singleton, for
otherwise, G'(g, f) is not hereditarily unicoherent.

(1) Suppose G'(g, f) = G(F') contains a one-sided triod at ¢. By definition
of a one-sided triod, we may assume, without loss of generality, that there ex-
ist a nondegenerate interval [s, ] with s < ¢, two nondegenerate subcontinua
Aand B of 73 (t) = g(u) x {u} x {t}, and a subcontinuum K of G’(g, f) such
that m3(K) = [s,t], and AU BU K is a triod in the hereditarily unicoherent
continuum G'(g, f). Let (a,u,t) € A\ (BUK), and (b,u,t) € B\ (AU K).
By Observation 5(b), we can choose s < r < t and a subcontinuum K, of
K so that (a,u) and (b,u) are not in m o(K,). It is clear that K, UAU B
is also a one-sided triod in G’'(g, f). We note that my(K,) is nondegenerate;
for otherwise, {u} x [r,t] is a flat spot of f where g(u) is nondegenerate,
contradicting the first paragraph of the proof. So, mo(K,) # {u}. From this,
it is easy to see that m 2(A) U mo(B) U mo(K,) is a triod in G(g), which
contradicts the chainability of G(g).

(2) Suppose G'(g, f) = G(F) contains a two-sided triod at t. By defini-
tion, there exist a nondegenerate interval [r,s] with r < t < s, and subcon-
tinua K, and K of G'(g, f) such that m3(K,) = [r,t] and 73(Ks) = [t, s, and
K, UK U (F(t) x {t}) is a triod. So, there is a point (y,u,t) in F(t) x {t}
that is not in K, U K. Since (y,u,t) is not in K, U K, we apply Observation
5(b), as we did in the proof of (1), to get ’, s/, and subcontinua K,  and
Ky of, respectively, K, and K such that m3(K,/) = [r',t], m3(Ky) = [t, 5],
and (y,u) € m (K, U Ky). Clearly, K., U Ky U (F(t) x {t}) is also a two-
sided triod. For notational convenience, we let K1 = K,, Ky = Ky, and
T =K, UKyU(F(t) x {t}). Hereafter, we consider the two-sided triod T

As in the proof of (1), we have both my(K) and mo(K3) are nondegenerate
intervals. If mo(K; U Ks) is not a subset of either [0, u] or [u, 1], then u €
int(me (K U Ky)), giving us a contradiction to Observation 5(a) since (y, u) &
m2(K1UKy). So, we suppose, without loss of generality, that mo (K7 U K>) is
a nondegenerate interval in [0, u]. Let (z,u,t) € K1NKyN(F(t) x {t}). Since
m3(K71) and my 3(K2) are subcontinua of G(f) that may be thought of as the
graphs of continuum-valued functions, we note that mo 5(K;) U mo3(K>) is a
two-sided down fold of f at (u,t). Also, since (y, ) is not in m 5(K7), and
m1,2(K1) is a continuum in G(gp ) that meets both g(u) x {u} and G(gp.u)),
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it follows that g(u) x {u} is not a left side C-set in G(g). By Observation 1,
g is not left cohesive at w. O

Theorem 3. Let t € [0,1] where f(t) = [u,v] is a nondegenerate interval
withu <v. If G'(g, f) = G(F') contains either a one-sided or two-sided triod
at t, then either

(1) f has either an up fold at (u,t) or a down fold at (v,t), and g is,
respectively, either not right cohesive at u or not left cohesive at v, or

(2) G(f) has a restricted left (right) cohesive subgraph at f(t) x {t}, and g
s both not right cohesive at u and not left cohesive at v.

Proof. Case 1. Suppose G(F') contains a two-sided triod at t. Let T =
K, U K, U (F(t) x {t}) be a two-sided triod, where [r,s], K, K,, and K
are defined analogously as in the proof of Theorem 2(2). Let (y,w,t) €
(F(t) x {t}) \ (K, U K,). We also assume [r',s'] C [r,s], and K,,, and Kg
have been modified using Observation 5(b), as in the proof of Theorem 2(2),
so that (y, w) & m o(K,»UKy). Lastly, we assume, without loss of generality,
that v’ =r and s’ = s.

Let (¢,p,t) € (F(t) x {t}) N K, N K,. By Observation 4, cl(G(f|s))
cl(G(fl,s))) contains both (u,t) and (v,t). By Observation 3(a), 3(KT)
ma3(K) contains both (u,t) and (v,t). Also, (p,t) € ma3(K,) N ma3(Ky)
([u,v] x {t}); so, we have that [u, ] {t} C 7r2,3(K U Ks). Since (y,w)
m (K, UK) and u < w < v, it follows, from Observation 5(a), that w
{u,v}. We suppose, without loss of generality, that w = u. So, (y,u)
m2(K, U Ky).

We assume, without loss of generality, that (u,t) € mo3(K,). It fol-
lows from Observation 5(a) that u ¢ int(m(K, U K;)). From the pre-
vious paragraph, both w and v are in m(K, U K;). Since u < v, we
have that, m (K, U K;) C [u,1]. Let K| = m3(K,) U (Ju,v] x {t}), and
K! = m3(Ks) U (Ju,v] x {t}). So, we have that K] U K is a two-sided up
fold of f at (u,t). Recall that (y,u) € m2(K,), and m o(K) is a subcontin-
uum of G(g|ju17) that meets both g(u) x {u} and G(g|,1)). From this, we
note that g(u) x {u} is not a right side C-set in G(g). By Observation 1, g
is not right cohesive at u, giving us that (1) of the conclusion holds.

Case 2. Suppose G(F') contains a one-sided triod at t. Let T = AU BU
K be a triod, where A and B are subcontinua of F(t) x {t}, and K is a

U
U
N
¢
S
¢
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subcontinuum of G(F) such that m3(K) = [s,t] with s < t. By Observation
3(a), cl(G(fl(sn) C mo3(K).

By Observation 4(a), we may assume, without loss of generality, that
(u,t) € cl(G(fljos)- From the previous paragraph, (u,t) € mo3(K). Let
(z,a,t) € A\ (BUK) and (y,b,t) € B\ (AUK). Let (z,w,t) e ANBNK
be chosen so that w is the largest point of m(AN BN K) in the natural order
on [0,1]. The choices of these three points put a,b,w € f(t) = [u,v]. Also,
[u,w] C m(K). As we have done several times, we modify K by applying
Observation 5(b) to get a subcontinuum K, so that (x,a) and (y,b) are not
in m5(K,). We may assume, without loss of generality, that K, = K and
r = s from the first paragraph of this case.

By Observation 5(a), neither a nor b is in the interior of mo(K). So, in
particular, neither @ nor b is in the open segment in [0, 1] from u to w. We
assume, without loss of generality, that a < b.

Suppose © < a < b. From the previous two paragraphs, we have that
[u, w] C m(K) and [w,b] C my(B). Hence, we have a € int(m(K U B)) with
(x,a) & m2(K U B), contradicting Observation 5(a). So, we must have that
either @ = b, or a = u and b is not in [u,w) since b is not in the interior of
ma(K).

(a) Assume a = w and b is not in [u,w). From above, we have that
(z,a) = (x,u) & m2(K), which contains cl(G(g|ww)) by Observation 3(b).
So, g is not right cohesive at u. Also, by Observation 5(a), u & int(my(K)),
so, f([s,t]) C [u,1]. If f is not left cohesive at ¢, then G(f|s4) U (f(t) x {t})
is a one-sided up fold of f at (u,t), and we have the desired conclusion.

So, we assume that f is left cohesive at t. From this assumption and
Observation 3(b), we have that [u,v] x {t} C cl(G(f|y))) C m3(K). So,
[u,v] C m(K). As observed in the first sentence of the third previous para-
graph, b ¢ int(my(K)). Also, by assumption in this case, b # u. Hence,
b = v, and v ¢ int(me(K)). So, f([s,t]) C [0,v]. We now have that
f([s,t]) = [u,v]. Also, by Observation 1, we observe that g is not left cohe-
sive at v since 1 9(K) is a continuum in G(g) such that mo(K) = [u,v], but
(y,0) = (y,v) &€ m2(K). We see that G(f]|s) is a restricted left cohesive
subgraph of G(f), and (2) of the conclusion is satisfied.

(b) Assume a = b. Then x # y since (z,a) # (y,b).

Suppose u # a. Then a > w. Recall that (z,w,t) € K N AN B. Let
0,1] . {t} be the function such that f(t) = [w,a]. Let A’ = G"(9|jw,a)» n

~

A, and B' = G'(9lw,a), [) N B. So, (z,w) € m2(K) N mia(A) N me(B).
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Also, (z,a) € m2(A)\ (m12(B)Um2(K)), and (y,a) € m12(B’)\ (m12(A)U
m2(K)). For any point (p,u,t) € K, we have (p,u) € m2(K) \ (m12(A") U
m2(B’)). Hence, m 2(K) Um2(A") Umo(B’) is a triod in G(g), which is a
contradiction.

Suppose u = a = b. Then my(K) # {u}; for otherwise, since K C G(F)
and m3(K) = [s,t], {u} X [s,t] would be a flat spot of f at u, where g(u) is
nondegenerate, violating the hereditary unicoherence of G'(g, f). Similarly
as in the previous paragraph, letting A" = A N (g(u) x {u} x {t}), and
B'= BnN (g(u) X {U} X {t}), we get that 7T1,2(K) U 7172(14/) U 7T1’2<B,) is a
triod in G(g), which is a contradiction. O

Theorem 4 establishes converse statements to Theorems 2 and 3.
Theorem 4. Let t € [0, 1].

(1) If f has a down (up) fold at (u,t), and g is not (left) right cohesive at
u, then G'(g, f) = G(F) contains a triod.

(2) If f(t) = [u,v] withu < v, and G(f) has a restricted left (right) cohesive
subgraph at f(t) x {t}, and g is both not right cohesive at u and not
left cohesive at v, then G'(g, f) = G(F) contains a triod.

Proof. (1) Suppose, without loss of generality, that f contains an up fold
V at (u,t), and g is not right cohesive at u. So, there exist an interval
[r,s] and interval-valued functions [u, 1] i [r,t] and [u, 1] A [t,s] as in
Definition 6. So, V' = G(f") UG(f"), and (u,t) € G(f') N G(f"). Assume,
without loss of generality, that co(V) = [u, w] with u < w. Since g is not right
cohesive at u, g(u) x {u} ¢ cl(G(g|w1)). Let Y <2 [u,w] be the continuum-
valued function whose graph is cl(G(g|(,w))). Let € g(u), and let (y,u) €
G(g)\G(9) Let T = G'(glyray: )Y G (Gl i 1) U (g(u) x {uf x {t}).
We saw similar constructions of triods in Cases 1 and 2 of Theorem 1. As in
the last paragraphs of those two cases, it is easy to see that T is a triod in
G'(g, f) = G(F).

(2) Suppose f(t) = [u,v] with u < v, G(f) has a restricted left cohesive
subgraph at f(t) x {t}, and ¢ is both not right cohesive at u and not left
cohesive at v. So, by Definition 7, there exists r < ¢t where f([r,t]) = [u,v].

Since g is not right cohesive at u and not left cohesive at v, we let Y
[u,v] be the continuum-valued function whose graph is cl(G(g|uw)), and
we note that there exist points (y;,u) and (y2,v) in G(g) \ G(§). Letting
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So = GG, fliray), Jo = (G(g) x {t}) U (g(u) x {u} x {t}) and J5 = (G(g) x
{t}H)U(g(v) x {v} x{t}), we see that T' = J;UJyUJ5 is a triod in G'(g, f). O

5.2. The characterization
Theorem 5. Let X = 1im{[0, 1], f;}, where for each i > 1, f; is a surjective,
H

interval-valued function. Then X is chainable if and only if properties (1),
(2), (A), and (B) below hold.

(1) G(f;) is chainable for each i > 1.

(2) If 1 < j < n, no flat spot of f, composes to a nondegenerate value of

i

(A) If, for somen > 2, A is a down (up) fold of f,, at (t,,tns1), then F,_4
is left (right) cohesive at t,,.

(B) If, for some n > 2, fu(tni1) = [Tn, tn] with r, < t,, and G(f,) has a
restricted left (right) cohesive subgraph at fr,(t, 1) X {tns1}, then F,_4
15 either right cohesive at r,, or left cohesive at t,,.

Proof. As we have seen, properties (1) and (2) are equivalent to having each
partial graph G7™' be a A-dendroid. Also, we recall that A-dendroids are
chainable if and only if they are atriodic. Given this, X is chainable if and
only if each G}*! is atriodic. So, to complete the proof, we only need to
see that, assuming (1) and (2), properties (A) and (B) are equivalent to
atriodicity of the partial graphs G7*'. We prove the necessary implications
in Cases 1 and 2 below.

Case 1. (A) and (B) = G7' is atriodic. We prove the contrapositive
statement. Suppose, for some n > 1, G7™ contains a triod. If n = 1, then
G? = G(f1) which is chainable. So, we choose the least n > 2 for which G
contains a triod. We note that G{*' = G'(F,_1, f,) = G(F,), and G(f,)
is chainable by (1). Furthermore, G(F,_;) = GY is chainable by the choice
of n. The fibers F,(t) x {t} of G(F,) = G are atriodic since each one is
homeomorphic to F,(t) C G}. Since the fibers of G(F},) are atriodic, by |9,
Theorem 1], as discussed after Definitions 1 and 2 in section 3, G(F,,) contains
either a one-sided or a two-sided triod. Hence, it follows from Theorems 2
and 3 that either (A) or (B) does not hold.

Case 2. G7' is atriodic = (A) and (B). We prove the contrapositive
statement. Suppose one of (A) or (B) is not true for some n > 2. As in
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Case 1, we consider G'(F,,_1, f.), and note that the hypotheses of statements
(1) and (2) in Theorem 4 are denials of properties (A) and (B). Hence, it
follows from Theorem 4 that G}*' contains a triod. O

Let {[0, 1], f;} be an inverse sequence with surjective interval-valued bond-
ing functions, and let n > 1. If ¢ is a point of [0, 1], by the n-orbit of ¢, we
mean the finite sequence of sets f1 o... 0 f,(t),..., fa_1 © fu(t), fu(t) con-
tained, respectively, in the first through n'® factor spaces. If each set in the
n-orbit of ¢ is a singleton, it is observed in [5, Lemma 3.2] that F, (¢) is de-
generate. For a single set-valued functon f:[0,1] — [0, 1], the full orbit of
t is the sequence of sets { f"(t)}n>1, where f™ denotes the composition of f
with itself n times.

For Corollary 1, one should recall Definition 4 in section 3.

Corollary 1. Let X = Uim{[0, 1], f;}, where for each i > 1, f; is a surjective
H

interval-valued function. Suppose (1) and (2) in Theorem 5. Also, suppose
(a) and (b) below.

(a) Whenever f,, has a down (up) fold at (t,,tn+1) for some n > 2, either
the (n — 1)-orbit of t,, consists of singletons or f,_1 is fully left (right)
cohesive at t,,.

(b) Whenever f,(tns1) = [rn,tn] with r, < t,, and G(f,) has a restricted
left (right) cohesive subgraph at f(t,+1) X {tns1} for some n > 2, we
have that one of (i) or (ii) holds.

(1) Fither the (n—1)-orbit of r,, consists of singletons, or f,_1 is fully
right cohesive at r,.

(ii) Fither the (n—1)-orbit of t,, consists of singletons, or f,_1 is fully
left cohesive at t,,.

Then X 1s chainable.

Proof. 1f f,, has a down (up) fold at (¢,,t,+1), by (a) and Observation 2, it
follows that F,,_ is left (right) cohesive at t,,. Similarly, if f,,(t,411) = [7n, tnl,
and G(f,,) has a restricted left (right) cohesive subgraph at f,(¢,.1) X {tn11},
by (b) and Observation 2, it follows that F,_; is either right cohesive at r,
or left cohesive at t,. So, (A) and (B) of Theorem 5 are satisfied. Therefore,
X is chainable. O
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6. Examples

To illustrate the easy use of our results to determine chainability, or the
lack thereof, of inverse limits on [0, 1] with interval-valued functions, we look
at three examples, the first of which is a family of functions considered by
Ingram [3, Example 7.1].

Example 1. For 0 < a < 1, define f,: [0, 1] — [0, 1] as follows. For 0 <t < %,
let fo(t) = 2t. Let fo(3) = [a,1]. For 3§ <t <1, let fo(t) = 2(1 —a)t +
2a — 1. We note that f; is a mapping, and, for a < 1, f, has exactly one

nondegenerate value at 3. We consider inverse limits X, = lim{[0, 1], f,}
%

with the single bonding function f, from this family. Graphs of fy, fi , and
f% are shown in Figure 1. The functions fy and fs produce chainable inverse
limits. The inverse limit produced with f 1 is not chainable.

Ingram showed in [3] that X, is chainable if and only if f(a) # % for
n > 0. He additionally showed that X is indecomposable, and that X, is
an arc for each % < a < 1. He showed X, is chainable for each a such that
fa) # % by proving that each partial graph G%*! is an arc. In general, this
can be difficult to determine, as Ingram states in the sentence preceeding
Question 5.2. We simply wish to observe, in this example, how his chainabil-
ity characterization for this family follows from our results.

/s

Figure 1. Graphs of fy, f%, and f%

We begin by observing that, for no 0 < a < 1, does G(f,) contain a
restricted cohesive subgraph, so by Theorem 1 and Corollary 1, we only need
to consider points in G(f,) where there is a down or up fold in order to
determine chainability or non-chainability of X,. For each 0 < a < 1, f, has
a down fold at (3,1), has an up fold at (3,a), and is both not left and not
right cohesive at %

1. X, is chainable if f7(a) # 3 for n > 0. Consider an up fold V of f, at

(a, 3) in the m*™ factor space for some m > 2. Since fZ(a) # 3 for n > 0, we
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have that the (m — 1)-orbit of a from the m*™ factor space [0, 1] is a sequence
of singletons. For a down fold A at (1, %) in the m'" factor space, we have
that the (m — 1)-orbit of 1 is the constant {1} sequence. Thus, by Corollary
1(a), X, is chainable.

2. X, is not chainable if, for some n > 0, f’(a) = % Ifa= %, let V' be the
one-sided up fold of f1 at (3,3) where (V) = [3,1]. Since f, is not right
cohesive at 3, it follows from Theorem 1(3) that X 1 is not chainable.

Suppose a # %, and assume that n is the smallest positive interger such
that f'(a) = 3. We see, from the definition of f,, that, for each interval
J = [u, v] not containing 3, f([u,v]) = [fo(u), fa(v)], and the length of f,(.J)
is less than or equal to twice the length of J. From this, it should be clear
that we can pick b > a where the interval I,,, 5 = [a, b] is small enough so that
Liio i = fi(I,12) does not contain % for each 1 < i < n—1. It follows that f,
is an increasing linear mapping on each I;, and Iy, I5, ..., I, o is a right side
to right side sequence of intervals with side points 3 = f2(a),..., fu(a),a.
Finally, we pick the up fold V of f, at (a, 1) where ¢y(V) = 5. This gives
an up fold of f, that composes to the right side of % where f, is not right
cohesive. Thus, by Theorem 1(3), X, is not chainable.

For clarity, we illustrate this process for f, when a = %. Choose I, =
[£,2]. Let V be the up fold of f, whose first coordinate is in the fifth factor
space, and ¢o(V) = Iy. Then Iy = fo(I4) = [}, 3], and I, = fo(I3) = [3,3].
We have a right side to right side sequence of intervals such that the up fold
V' composes to the right side of % in the second factor space where f, is not
right cohesive.

One can find a different proof of the existence of the interval I,,,o, dis-
cussed in the second paragraph above this one, in [3]. See the last five lines
of the paragraph immediately preceeding the definitions of «, [, and v in

Example 7.1 of [3].

In Example 2, we consider a family of functions similar to the family in
Example 1, however, the graphs of the functions are not arcs. So, chainability
cannot be proven by showing that each partial graph is an arc. We make the
family a little easier to analize by having additional restrictions.

Example 2. Let 0 < a < ¢ < 1. Define g,.:[0,1] — [0, 1] as follows. Let
G(ga7c|[07%)) be a sin 2-curve with endpoint (0,0), limit bar {3} X [¢, 1], down
folds at a sequence of points {(z;,1)} converging to (3,1), and up folds at
a sequence of points {(y;,c)} converging to (1,c). Let gavc|[%71] = f, from
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Example 1. Graphs for gs s and g1 1 are shown in Figure 2.
Let Y, . = hm{[O 1], gu.} with the single bonding function g, . from this

family. We show that Y, is chainable if, for all n > 0, g7 (a) # 3 and
9a.(c) 7é . As in Example 1, we only need to consider the points where g, .
has elther an up fold or a down fold, and show that the second coordinate
of each such point does not compose under iterates of g, . to %, which is the
only value where g, . is not cohesive. Hence, it will suffice to look at the full

orbits of such points.

Nad
oolot
Sleo

Q

-
[SIE

Figure 2. The graphs of gss and g1
1. Y, is chainable if, for all n. > 0, g2 .(a) # & and g7 .(c) # 3.

For a down fold at (3,1), and each down fold in the sequence of down
folds at {(z;,1)}, we see that the full orbit of 1 is the constant {1} sequence.
For an up fold at some (y;,c), by hypothesis, the full orbit of ¢ consists of
singletons. For an up fold at (%, a), by hypothesis, the full orbit of a also
consists of singletons. By Corollary 1(a), Y, . is chainable.

By placing additional restrictions on some of the members of this family
of functions, one can ensure that, for all n > 0, g7 .(a) # 5 and g7 (c) # 3.
For example, for 0 < a < ¢ < %, let y; = a, and let g, .(c) = c¢. We have that
the full orbit of each of a and ¢ is the constant {c} sequence.

2. Y, . is not chainable if either a = % or ¢ = %

(a) Suppose a = % Then we consider the one-sided up fold V' of gie
515 55 is not right
cohesive at 3 into the first factor space. So, by Theorem 1(3), Y, is not
chainable.

(b) Suppose ¢ = %. Let V be the up fold of Ya,1 at (3,y1) such that

(%, %) where c(V) = [%,1] in the second factor space. Now, 9l

2
¢2(V) = [3,1] in the second factor space. Again, Ja,1 s n0t right cohesive at

1. So, by Theorem 1(3), Y, 1 is not chainable.
2
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In Example 3, we give an example of an inverse sequence where a re-
stricted right cohesive subgraph in the graph of the second bonding function
{5 produces a triod in the partial graph G2, making the inverse limit not
chainable. It can be checked that no up or down fold A of ¢, produces a
triod in G% since A does not compose to a value where ¢; is not cohesive.
So, condition (4) in Theorem 1 is necessary in the sense that it cannot be
omitted.

Example 3. We define an inverse sequence {[0,1],¢;} with limit Z. The
bonding functions ¢; and {5 cause Z to not be chainable.
Define ¢, as follows. Let G(€2|[o,%]) be the graph of a sin i-curve with

endpoint (0,0) and limit bar {3} x [1,3]. Let G(EQ\[%’”) be the graph of a

sin %—Curve with the same limit bar. For the sin %—curve to the left of the
limit bar, we assume the down folds all have second coordinates larger than
%, and the up folds all have second coordinates less than i and larger than
0. For the sin %—curve to the right of the limit bar, we assume the down folds
all have second coordinates less than 2, and the up folds all have second

coordinates larger than %. !
Define (1 as follows. Let ,(0) = [0, 2], £,(t) = 3 for 0 < ¢ < 1, {1(3) =
5.2], (h(t) =3 for ; <t <3, 4(3)=1[3,2], and £1(¢) =t for 2 <t < 1.
For ¢ > 2, let ¢; be the identity mapping on [0,1]. Graphs of ¢; and /s
are shown in Figure 3.

61 62

i~

Figure 3. The graphs of ¢; and /¢,

The inverse limit Z is not chainable. We observe that G(¢3) has a re-

stricted right cohesive subgraph at 1; in particular, ¢5(1) = (,([,1]) = [3, 2].
Also, ¢, is not right cohesive at i and not left cohesive at %. By either The-
orem 1(4) or Theorem 4(2), this produces a triod in G5. Hence, Z is not

chainable.
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