
08 – Linear Transformations

Definition: Linear Transformation

A transformation T is called a linear transformation if

(i) T (u + v) = T (u) + T (v), and

(ii) T (cu) = cT (u)

for all u and v in the domain of T and all scalars c.

1. Let A be an arbitrary 4 × 3 matrix, and let T : R3 → R4 be defined by T (x) = Ax. Write
A =

[
a1 a2 a3

]
(where a1, a2, a3 are the columns of A) and use the definition of a matrix-vector

product to show that T is a linear transformation.

Theorem

Every matrix transformation is a linear transformation.

2. Suppose that T : R2 → R3 is a linear transformation. Assume you know that

T
([

1
0

])
=

[
3

−2
1

]
T
([

0
1

])
=

[
0
7
5

]
.

(a) Find a formula for T
([

x
y

])
.
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(b) Show that T is a matrix transformation.

Definition: Standard Basis for Rn

We use ek to denote the vector with 1 in the kth-entry and 0 in every other entry.

When working in R3, e1 =

[
1
0
0

]
, e2 =

[
0
1
0

]
, e3 =

[
0
0
1

]
. In R4, e1 =

[
1
0
0
0

]
, e2 =

[
0
1
0
0

]
, . . ..

Theorem

Every linear transformation is a matrix transformation. Specifically, if T : Rn → Rm is a linear
transformation, then T (x) = Ax where A is the matrix whose jth column is T (ej), i.e.

A =
[
T (e1) · · · T (ej) · · · T (en)

]
The matrix A is called the standard matrix of T .

3. Define T : R3 → R3 by

T

([
x1

x2

x3

])
=

[
3x1 − 2x3

4x1

x1 − x2 + x3

]
.

It is a fact that T is a linear transformation. Find the standard matrix of T .
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