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05 — Matrix Inverses

Definition: Elementary Matrix

An elementary matrix a matrix obtained by performing a single elementary row operation on the
identity 1.

1. Determine if each of the following are elementary matrices.

0 01 020
(a) [0 1 0 Ve C o0 (d |1 00 N o reeod 2 ops
100 > oS 00 1
1 20
100 oA
) |-2 3 0 No ol ok 2eros
(b) 10 3 0 ‘\(CS 15 g
0 01 2
0 0 01
100 0010
A 2
() 0 1 3] |[Mes T35 BogaCy 0100 Mo 7 S
0 01 1 0 00
1 00 aip iz Qi3
2. Let F=|0 1 3| andlet A= |as; a9y ao3|. Compute FA. What do you notice?
0 0 1 a3y az2 ass

Ay o e AR
o 3
o 2 Az3 | = | T Day Maxday, B D ag,

eV [\\Q\( E wgarvws Mo row operatiom
\e& Yo E

ASSO <X c~

Let A be m x n. If p is an elementary row operation and E = p(I) is the corresponding elementary
matrix, then p(A) = FA. Moreover, E is invertible with E~! = p~1(I).




Theorem

Let A be an n x n matrix. Then A is invertible if and only if its RREF is [,,, and this happens if
and only if A is a product of elementary matrices. Further, when A is invertible, any sequence of

row operations

that transforms A to I,, will also transform I,, to A™'.

P~

Theorem: Algorithm for finding A~}

If A is n x n, row reduce the augmented matrix [A | In] to RREF.

e If the RREF of [A | I,] is [I,, | B], then A is invertible, and B = A",

e If the RREF of [A | In} is [“not L) | B}, then A is not invertible.

3. Find the inverse of A, if it exists.
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06 — Null and Column Spaces

The null space of a matrix A, is the set of all solutions to Ax = 0.

Strategy: Basis for Nul A

Let A be any matrix. To find a basis for Nul A, do the following.
e Solve Ax = 0 (usually with row reduction).
e Write the solution set in parametric vector form (using the process from class).

e The vectors appearing in the parametric vector form are a basis for Nul A.

1. Find a basis for the null space of the following matrix.

1 4 8 -3 -7
-1 2 7 3 4
A= -2 2 9 5 5
3 6 9 -5 =2
You can use the fact that T T Xy T Xe
a o -2 0 7
Ar] 0@ 5 0 -1
0 0 0 @ 4
0O O 0 0 0
l 6 —YZ/_ © ’-‘l. 7(\: L‘f'3 -3 Xg
o | O -
/_\M o 0 oZ \ ..( = X, = ‘5717‘-5+'/zrs—
© OO0 0 p 5= %3 Qe
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Definition: Column Space

The column space of a matrix A, is the set of all linear combinations of the columns of A.

Strategy: Basis for Col A

Let A be any matrix. To find a basis for Col A, do the following.

e Row reduce A to REF, and locate the pivots.

e The columns of the original matrix A that correspond to the pivots form a basis for Col A.

2. Find a basis for the column space of the matrix in the previous exercise.

4 E
Basis Sev colA 19 i\ T 1
3 L
/RJA;Mszm R

Strategy: Basis for Span{vy,...,v.}

Make a matrix A using vi, ..., Vv as the columns, so A = [vl e vk} . Then find a basis for Col A.

-1 2 3
3. Find a basis for the subspace of R? spanned by [—2] [ 4], [ 9}.

1

L2 3
CreoXe A: -9y 9 ,
I -7 -¢

2

S S
A/\;YOgQ®

NERATIGERAL ST RAEAREA
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