
3.IIutrotodeterminants.pe
: If A- = [? I ] ,

then

o det A- = ad -
be

,
and

° A
' ' exists if and only if det A- to

.

Notation : we often write II bdl to mean
det ( ( : I ) ) .

we want to generalize this to larger ( square ) matrices
.

We need some
definitions

. . .

Det Let A be a nxn matrix
.

① Ai j is the Cn - i ) xx - il matrix obtained by

deleting the ith row and jth column of A
.

② The Ci
, j ) - cofactor ,

denoted Cij ,
is

a I→ci ;
= f)

" i. def Aij

let A =/!
.

÷ ] .

Then Azz = ({ I , Eo) .

Ee let A = [ I I ] Then

• Azz = [ '

z g ]

o Cz ,
=L - IP

"

. / If I = - i. ( 7 - o ) = - 7



3

&
cofactor expansionDet If A = [÷÷÷÷ ÷!) '

then

along I row
.

det-A-aucytaizcizta.sc/--a...l::a:.ta..l::::l-ia.l::i::l

Exe compute / ! & ) .

III. Itil I - sl :
- shot : :/

= 42+2) - 5 (6) = 14 - 30 =

hxn Determinants

-0
Let A- Cais ] -

- I
,

au -

÷
.

÷!) .

An z

co factor exp .

along 1st row

Det
det A- = a

, ,
Cil t are Gz t . . -

ta
, n C

, n .

£



In fact
, you can use cofactor expansion along

any row or column
.

Theorem
-

de t A = ai ,
Ci , t ai ,

C iz t - - - t a in Cin ← along ith col
.

or

Iet A = a
, j C , j t azjczj t -

- - t an j Cnj ← along j th col
.

• usually want to choose a row or cool with lots of zeros
.

B. we will also develops a different land in many ways

better ) method for computing data .

Ee Find det A for

a- - III !)
along 2nd row

-

deth -

- 4 - Cz
,
t 5 Cz z

t O ( 23

-

- 4h31 It sail : :/ to

= - 4 ( 7 - iz ) t 5 ( 8 - 18 ) = f 4) C - 5) t 5C - lo ) =/-30J

along3r

def A = 343 t O Czz t 8 c.
33

-

- se - n' ' II :/ - cot 8451171
=3 . L - 2) e 8 C- 3) = -300



O 4 O -

⇐ Find
4g÷?os )

-

Along 3rd row
L A

-

\ A 1=0 - Cz ,
t O ↳ z

t O C
33

- 3 C
34

ex - it I

=3 - 4/3 ? )

Det A square matrix A is uppertrc.am#ar if

II of the entries below the main diagonal are 0
.

.

912 913 - - - a
, n

a- I iii : : : :] .I'

:

O O - - - . O

main diagonal
similarly ,

we say A is lower triangular if all

entries above the main diagonal are 0
.

theorem If A is upper or lower triangular ,
then

deth is the product of the entries on the main

diagonal .

* For example ,

A- = Too -33¥ ] ⇒ def A- = 2. C- 3) - (7) =

per idea

For upper tri .

, keep doing cofactor exp . along 1st Col
.

D



3.ZProperties.at/2eterminan#
Although cofactor expansion is relatively

straight forward
,

it is not very efficient
.

Here we study how row operations affect

determinants
.

Let's investigate this in the 2×2 case
.

Let A- [? I ] .

Then Iet A- 12
.

Interaharginyroaos
Consider B = [ ' z } ] .

det B = - 12

Thus
,

A - B ⇒
- def A = def B

- -

v. ← rz
( z - 12

Scalingarow

Consider B =L ? ? ] .

def 13=24

Thus

B ⇒ 2detA=detB
A N

-
-

ra -52oz 12 24



Replacement

consider B = [ 30 f ) .

def 13=12 .

Thus A - B ⇒ dat A = dat B

Jr , the → rz

theorem Let A be nxn
.

① Re: If B is the result of applying
a replacement row operation to A

,
then

def A = det B
.

② ige : If B is the result of interchanging
two rows of A

,
then

- def A = det B
.

③ sealing '

-
If B is the result of scaling a

row of A by the number K
, then

k dat A = det B

( def A = I def B
,

if k¥0 )



B. Reduction to Triangular Form
-

Ee compute each of the following determinants
.

"

t÷÷÷t÷÷!÷÷¥÷i : It
swap ! D

=L - i ) ( l - 3 . I -5 ))

think of factoring
2 out at the row

(b) z
- 8 6 8 f

v

3
- 9 5 10t.n.tt .÷÷÷÷÷l

-3 O l - 2 T

scaling

÷÷l÷÷÷÷÷ti÷:÷÷i
replacement

=
- al !

-

Io ?
= - dis .ca .

- a



Inuertibility

Recall : A has an inverse ⇒ A - I

* Note that row reduction never
scales by O

.

* Also def I = I
.

Thus
,

A ~ A ,
~ Az n - -

- - An = I
,

I

⇒ Iet A- = c ,
def A ,

= c
,
cadet Az = - - i

= c , ez - . - an det

C ,
t O

, Cz t O
,

. . . ,
Cn t O

=) det A- C
, Cz

. -
- Cn

so An I ⇒ det AFO .

Similarly ,
A XI ⇒ RREF of A has now of O ⇒ def A = O

.

* Theorem A is invertible if and only if diet At O
.

-

other properties at the Det .

#

Theorem
-

• def AT = det A
proved using

° det ( AB ) -

- fleet A) ( det B )
.

← elementary matrices

Bf usually
,

det # B) t dat Ae dat B



suppose you know that det A- = 7
,

det B = I
.

Ca ) Find det ( BA )
= det B - dat A = I - 7- =

(b) Find dat ( 133)
= det(B - B - B) = det B - det B - det B = ( I )3= ⑤

(c) Find det ( A
' ' )

.

* Note A
" exists b/c def At O

.

* Also A - A
- '

= I

def ( AA
' ' ) = def I ⇒ det A. Iet A-

'
= I

⇒ 7 .

det A'
'

= I

⇒ data
"

-

- ⑤

theorem I f A is invertible ,
det A' ' = Colet AT !

theorem I f A - B is invertible
,

then both A

and B are invertible
.

At
AB iuertible ⇒ det AB to

⇒ def A - det B to

=) diet A- to and dat B # O

⇒ A is invertible and B is invertible
.



3.3 Cramer 's Rule ,
Volume

,
and Lin

.
Trans

.

~

① c gives an
alternative way

to sole systems A- 5=5
,

but only when

A- is square
and invertible .

I recommend

reading it .
( But row reduction is more efficient

. )

③ There is a
formula for A

" ( when it exists )
-

cofactors
.
I recommend

in terms at det A and

reading it
. ( But now reduction method is more

efficient
. )

Interpretiythe.de/erminant-

• Suppose A- = [ I %) .

Then dat A = ad
.

Now
,

let 's plot the columns of A

Edna - - if% !

Ma - aid

1¥
.

• what if A- = [9 'd ] .

we still hare det A- = ad
.

area is still a. d

¥
us



value
Theorem

#
absolute

-

o If A is 2×2
,

them

area at parallelogram
/ det A ! determined by the cols of A

• If A is 3×3
,

ten

|detA/= area at parallelepiped
det . by cols of A

EI Find the area of the parallelogram w/ vertices :

( - z
,
-2 )

,
co

, 3) ,
14

,
- I )

,
( 6 , 4)

I #

¥¥¥
• add ( 2,2 ) to all vertices to translate it to origin

( die ) ,
6,5 ) ,

( 6
,
I )

, § ,
6)

• par . is determined by

[ F) and [ 9 ]
,

hence by cols of A = [ f f ]

Area = I def Al - I - 281 -

- ④

maybe a

square on circle or
blob

This has an important application to linear transformations
.

linear trans
.

Letfree
.sn . .me?:iE.?iIsii::aea.Is- aSS be regi

is the standard matrix for T
,
then

-image
of s ( area at TLS ) ) = I def Al . ( area of s )



Does

II. Find the area at the ellipse .

anyone rein
.

#
S the area form .

÷ for an ellipse ?

call this S a

[ call the ellipse E

This ellipse is the result of stretching the

by a factor of a in x - din
.
and b

in the y - direction
,

which can
be described by

a tin .

trans
.

Let Teri → 1122 be defined by

+ ( Kil ) -

- II :]
Then T in linear with standard matrix

a

A- = ( TLE ) TLE ) = [ of ] .

Then
,

the theorem says that

area of area at

E
=

Tcs ) =/ det Al . @ got )

= a - b - IT -

12

So
,

area of E is
.


