
Section 10 - Primitive Roots

4cm )

we learned that  if ( aim ) - 1
,

then a =\ @odm )
.

However
,

it's possible that ak=1 with K < 4cm )
.

For example
,

working
mod 7

,

we
know that

4171=6 ,
so if ( a. 7) =L

,

thena6=
I ( mod7) .

But often an exponent
smaller than 6 will do

.

mod 7

1

al as a

"
a5 at:

1 1 1 1 (

11=1

2 4 1 2 4 1

23=1
3 2 6 4 5

36=-1
4 2 1 4 2 1

43=1

5 4 6 2 3 /

56=-1

6 I 6 I 6 I

62=-1

Def If mezt and ( a
,

m ) =/
,

then the smallest

KE It such that at = I @odm ) is called

the order of a
modulo m

-
,

denoted ordm ( a)
.

EI Find the orders of the L
. R

.

mod 7 .

By the above table
. . .

ordz ( 1) =/ ordz ( 4) =3

ordz ( 2) =3
oral 7

( 5) =6 ordz ( o ) DNE

ordz ( 3) = 6
Ord 7

( 6) = 2



* Notice that ordm (a) E ycm ) since a4' 4=1

* But  more seems true - in the last example
,

the order of each ( nonzero ) element divided 6=4 (7)
.

=

EI Find all nezt s .t 44=1 ( mod9) .

what  is ordg (4) ?

a a2 a3 a
4

a

5
a

6 at

1 4 .  -
.

n= 3/6 , 9/12 ,  
. . .

ordq (4) =3

4 7 1 4 7 -

d-
mult .

of order

theorem Let  me It
.

If ( a ,m ) - 1 and t=ordfa )
,

then a

"

I 1 @odm ) if  and only
if t  divides n

.

4cm )

Because we
know a =L

,
we automatically get . . .

theorem Let  me 21 ? If ( a ,m)=l
,

then ord
-

(a)

divides 4cm )
.

pfotthml

( <= ) Assume
tln ,

so

n=q.t
for a

€21 .+

since
t=ordm( a)

,

at -=1 @odm ) ,
so

an=a%t=¢T%=19=-1@od m )
.

( =) ) Assume
a

"

-=l ( mod m ) .

use the division

algorithm
to write n=q£+r

withosr< t
.

we
want to show

r=o .

Now
,

1=an=

aettr.ae?ar=#Kar=ar@odn)

.

Thus ar=1 ( mod m )
.

Since
t=ordm( a)

,

t

is the smallest positive integer
sit . at

 

= I fnodm)

-

Since r
< t  and art 1

,

r
must  not be

r > io
,

r= 0
.

I

positive
,

so
as



EI Find an  a of the given
order

,

if possible .

(a) ordq ( a) = 2 a = - I

( b ) ordq (a) = 4 not possible - 41/461=6

( C ) ondq (a) = 6
trial +  error

a= 2
,

-2

EI If ordm ( a) = 12 ,
what  is ordm ( a3 ) ?

al 2=1 ⇒ (a3) 4=1 ⇒ ordm (d) =D
.

E×_ If a
4=1 cnodm ) ,

must  it be true that  ordn (a) =4 ?

No : for example C-1) 4=1 @0dm ) but  ordm ( 1) =2
.

Lets
'

revisit Theorem 1 :
 if C a ,m)= 1 and t=ordm( a )

,

then a

"

-= 1 @odm )

<⇒t|n->n=o(modt)Thus
,

ar=1= as @odm ) # r=o= S @odt )

what  if ar=
as @odm )

,

do we
still set r= S @odt ) ?

Recall the powers
at 4 mod 9 :

a8a9 a

' ° ' 1 Note :  ordg (4) =3

a az as a
4

a

5
a

6 at
9

mod 9

4 7 1 4 7 1 4 7 1 4 7 =

= =

Thus are as @od 9) 2 =) s - r is a  multiple
of 3

a5= a

" 11 - 5

⇐ s=r ( mod 3)



Theorem 4 If ( a ,m)= 1 and t=ordm( a)
.

then

are as @odm ) if  and only if  r=S @odt )
.

pf
-

Since ( a ,m)=l
,

a

. '

exists - a.  at
'

= I ( modm )
.

We may assume that szr .

are as modm < ⇒

a=g=a.a---ar
times

Stines

2=)
a.  a.

.  . a a-
' at -

- at
= a.  a. .  . a at

'
at .  . at

.

-8
r ties r times Stines r ties

.§ < =)
|= a.  a. .  . a

+
-

A
( s -

r ) tines

0<=7

|=  
as

. r

<-→ £1 s . r

% team 't

# r=s @odt )
D

EI Suppose
that ( a

,

45 )= I
.

what one

He possible values for Ordas .

(a) ?

Let 1<=0445 ( a )
.

Then k|y( 45 ) .

Now 4145 ) =

4( 9. 5) =

4 ( a) y( 5) = 3. 2.4=24
.

Thus
K  must

be a divisor of 24 : 1,2 , 3,4
, 6,8 ,

12
,

24
.

Question : is there an  a  with ordy ,

(a) ' 24 ? ?

Defy If a isa least residue ( mod m ) for which

ordm (a) = 4cm )
,

we
say

that a is a

primitive roototm
.

* primitive roots have the largest possible order
.



EI 2 is a primitive root of 9

4C 9) = 6
a a

2

a

3
a

4
a

5
a

6

z
4 8 7 S (

-
all G numb

.

b/w 1 § 9 rel
.

EI 2 is not  a primitive
root of 7

,

but zig

Prine to 9

4 (7) = 6 a  a2 a3 all a

5

a

6

2 4

132 6 4 5 1

a( ( 6
numbers

= b/w 1 I 7 rel
. price

Notice that
...

to 7

1-2
Theorem 5 If

g
is a primitive

root of m
,

then

a

why the least residues
at

he  care See above

sina.my?stimg.g2.g3

,
...

,gem'
#

next are exactly the numbers b/w land m
that  one

section

relatively prime to M
.

Pd
. . .  use Theorem 4 - see

book
.

Big Question : do primitive roots always exist ?

EI Show that there one not primitive roots of 8
.

4( 8) =4
a a

'

a3 a
4

3 1

@,8) = 1 ⇒ a2E1 mod 8

5 171

The situation is much belter for primes .  .
.

p >
Theorem 6

Every Prime p has y ( p
. , ) primitive roots

.

existence

but  not

how to final



. . .

but we saw that non - primes may
have primitive

roots
,

e.
g .

9
,

but  not 8
,

... maybe just Prime powers ?

EI Show 18 has a primitive root
.

°

Y ( 18 ) = ( z - 1) .
3 (3-1)=6

o need to find an
element a with ord

, oo

( a) = 6

o only
chance is with ( a

,
18 ) =/

Use trial + error :

2 3
4 5

a

6

a a a
a a

1

→ 5 7  - l - 5  - 7 !1!

try
z ^

next ?

)
"

3 yes : Ord ,q( 5) = 6

-1=17

!1!

/
T

nope :  ord ,g( (7) = 2

try first ?

f) theorem Let mezt
.

Then m
has a primitive

existence

but  not root if and only
if m= 1,2/4 ,

Pe
,

or 2.pe for

how
to

find P an

odd
price .

Ingredients for the proof at Then 6

* Remember
,

in The 6
,

the modulus is Prine .

Lemma 2 If f- ( x ) - aux "t .  -
. + a. xtao with

an # 0 @odp)
,

then f ( x ) has at  most n

roots modulo
p .



pt idea

l=
: fc×)=a ,x+a

.

Then ( a
, ,p)= 1

Either
#

fat is

so a
,

xta = 0 @odp ) has 1 Sol
.

\
deg f ( D 72 : if f ( × ) has a

root r
,

then

÷
 =(x- r ) .

g
( x ) ( mod P )

and

f- ( D= 0 @odp ) ⇒ ×
- r or

gCx)=o@o#Y now
this has

bk pisprice
! fewer roots

than f ( x ) -

use induction

E×_ Show that ×2t×= 0 @od 6) has 4 solutions
.

×=0
,

-1,2 ,
3

Lemma } If  d / p .
1

,
then ×d=1 ( mod

p) has exactly

d solutions .

*
By Fermat 's Thn

,

XP
.

1=-1 ( modp ) has

exactly p
-

1 solutions ( namely 1,2 ,
- . .

,
P

- l )

° xp
- '

- \ = (xD - 1) ( xp
' ' -  d

+ xp
' ' - 2d+ .  .

. + xt i )

K general form of  ×

"

-1=4- 1) ( x

" ' '

tx

"  

-4 ... txtl

= ( xD - 1) . h ( x )
- ~ at  most p - 1 - d roots

^(
at  most  d roots by

Lemma 2

° LHS has p - 1

roots
mod p

=) xD - 1 has d roots ( and h( x ) has p
. 1- d roots )

11



pf idea for The 6

WTS that there one 4( P
- 1) primitive roots

otp
.

Consider the Set A  = { 1,2 ,
. .

.

, p
- 1 }

.

Every element of A has an
order

,

and

the order must be a
divisor of p

- 1
.

Let

Y( f) = # of elements of A that have ordert
.

Note that [ 4h ) =p
- I

.

tlp - l

so we
learned in the last  chapter

that

£§
. ,

44 =p
. 1

Thus

E. 4⇒=§µea . *

The goal is to show that 44=46 )
,

because then 4 ( P
- 1) = 4( p . 1)

.

Since * is true
,

it suffices to

show that 4 C t ) £ f(t) for all t|p - 1
.

T want to

prove

Case ) : 4
(E) = O

Then clearly 4Ct)< if (e)
✓



case 2 :
4

( t ) to
.

we aim to show YCt)= 4 ( t )
,

and all

we know right  now is 4k ) > 0
.

Let a be

an element of  order £
.

Now
,

every
element of order t is a solution

to

×t= 1 ( mod p )

and by Lemma 3
,

there are exactly t solutions
,

of which a  is one
.

Notice that

at±i ⇒ (AYEEIE ,

SO

a
,

a2
,

a3
,

...

,

at

are the t solutions to Xt= 1 @odp)
.

So
,

the elements of order t  are on this

list -

which ones are they
?

§ Lemma
2 : if  a

has order
£

,
then

÷ak has order t  iff

k¥1
.

Thus
, 0

4C E) = # elem
,

of order t
=

4(t )
✓

D


