
Section 11 - Quadratic Congruence s

TE
we only consider Prime

moduli
.

:
I Find all solutions

(a)

×2+×
- 6 = 0 ( in 21 ) x= - 3,2

( b )
X2+x

-

6=0( mod b) ×= . -3,2

D }÷¥}FIYpds

£
at most 2 solutions by Lemma 2 - section 10

.

EI Find all solutions

(a) × 2+1=0
C in 2) None

( b )
×2t 1=-0

( mod (3) 1/41=1/2-25
 ⇒ x=±5

r-
cruse table

← ,
xzt 1=0

( mod 7) None ← use
table

Note : solution in 21 =) solution modp

but converse
is not  always

true
.

Let's see when we can
solve X

'

- a=0 @odp )
,

which is the same
as X2=a ( mod

p )
.

* in  other words
,

when does a
have  a

square
root  mod

p
?



Theorem \ Let
p be  an  

odd
Prime . If a ¥ 0 @odp )

then ×2= a ( mod p ) has either 0 or 2 solutions
.

PI

By lemma 2 - section 10
,

×2= a
has at  most 2

Solutions . Suppose it has some
solution T

,

i.e. r

'

= a
.

J
Then

,

-

r is also a
solution

.
If r= - r ( modp)

,

§ then 2r= 0 @odp )
.

since
p

is prime ,

2=0 @odpl

±
or r= 0 @odp )

.

Neither are possible ,
so

r¥ - r @odp )
,

Thus
,

if there is some
solution

,

there are exactly
2

.

D

Def
quadratic

residue mod P

x2=a ( mod p ) ← > a is a -

has a
solution

C- a  is a quadratic
 non

residue modp

×2= a
( mod p) -

has
NO Sol

.

EI Find all quadratic residues mod 11
.

L

x x

o o A= 0
, 1,4 , 9,5

,
3

I I

2 4

3 945

⇒ EM"

:#II.lean

-3 8 9

-2 9 4

- 1 10 1



lemma If p is an  odd Prime
,

there are PZI

nonzero quad ,

residues
.

Q :

But
can we predict which numbers are

{
nad

.

residues ?

...

is 25 a quad .

residue mod 83 ? Sure ! 5 is a

Sol .

to ×2= 25

-
. .

is 7 a quad .

residue mod 83 ? not sure .  . .

Theorem 2 ( Euler 's Criterion ) If p is an

odd Prime
and a # O @odp )

,

then

a is a quad .

residue # a
'¥=| @odp )

.

a
is a quad .

non - residue ←→ a¥=
- 1 ( mod} )

.

In particular
,

primitive roots are not quad . resides
.

pf

Let a ¥0 ( mod P )
.

Note that

( a'¥)2= #I1 ( modp )
,

Fermat

So aP÷ is a
solution

+0×2=1 (modp )
.

Thus
,

a

# =±1 ( mod p )
.

Now
, we

know that tune exist primitive

roots mod p
-

let
g

be one
of them

. By Thun 5

of Section 10
,

a -= gk for some K with KKEP
.



case I : K is even
.

Then a =gk = g2
"

( mod P ) for n E 21
.

Thus
,

* (gnj2=  a Cmodp)

so a is a quad .  residue
.

* a¥=(g2
" )¥= gn

. ⇐ "

=(gY
'

)
"

= I Cmodp)

so a

#
I 1 ( modp )

Fermat

case 2 : K is odd

Then a ± gk = g2"
+ '

@odp )

T
Thus

,§

E * a '¥=(gat
' )¥=g¥'T.j¥

0 Fermat .

Also g

¥
I ±1

,

but ordpc g) =p
- 1

,

so

g
¥

# 1
.

Thus
,

¥
= - 1 ← odp )a

* if r2=a for some r
,

then

p - 1 7

/

p - 1

-1 = a== @252 = # = 1 ( nodp )

Fermat

which
can

not happen
unless p=2 .

Thus
,

a is a quad . non residue .



I which of the following
have solutions ?

(a) ×2= 3 ( mod 37 )

solution ←→ 3¥ =/ ⇐> 318=1 (mod3⇒

Thus
,

HI! ,⇒ |
%

;.si?32ys3oisaoaares
.

38=49 = 12 I -36 YES

316=144 I - 4
37×4=148

= 1
←

( b ) x

'

= 6 ( mod 31 )

*
solution # 6¥ = 1<=76

'5± 1 ( mod 31 )

62=-36 = 5

64
'

= 25=-6

* / %EE.it/EI:.:
to get

-1 ! ! so

NO

63=-1

( C ) ×2= -
1 ( mod 37 )

* solution ←→ ←1)
'¥=1< ⇒ C-158=1 ( mod 37 )

Thus
,

-1 is a quad .
reside mod 37

,
so

YES

Clearly ,
there should be an easy

criterion

to know when -1 is a quad .

residue
.

Theorem 5 Let p
be an

odd Prime . Then

- 1 is a quad .

residue mod p
iff p=l mod 4

.



PI p±

- 1 is a quad . res .

2--5 C-1) 2=1 ( mod p )

f)
⇐ is even

< =)
p

- 1

2-
= 2k for k f 21

=)
p

. 1
= 4k for k€21

2=7 p
. 1

= 0
mod 4

I

Returning
to the previous example

,

what  if

we actually
wanted to find the solutions ?

EI Find the solutions to X

'

=3 ( mod 37 )

×2= 40=22 . @
T 10=-27  = - 64

- I 22.64 .tl )
probably

won't

start doing this
I 22 . 82 . @T

- 1=36

unless
you

know
= z

? 82 . 62

there is a
solution

,

which we do
I (2.8-6)=0 2-8.6=2

. 48 = 2 . 11=22

I zz
2

so
,

×= I 22 ( mod 37 )

Legendre symbol and Quadratic Reciprocity

Motivation : speed up
our ability

to determine  if  a
number is a quadratic

residue or not
.



Det Let p
be an odd Prime .

Assume PXA . we define

the Legendre symbol (F) by
[

quiu .

to a # 0 @odp)

"

a  on p

"

- (up) = (t
if  a  is a {

uad .

res
.

mod
p

if a is a quad .

non res
.

mod p

* (F) is
often defined to be 0 if Pla ,

but

Dudley
leaves this undefined

.

* Euler 's criterion
⇒ (F) =a¥ Cmodp)

EI Compute

(a) ( ¥ ) = 1 bk x2=4 ( mod7) has a

Sol
.

(b) ( ÷ ) =
- 1 bkeh

'±=
- 1

(a) ( ÷ , )
= I

Theorem 3 ( Basic Props .

of the Legendre symbol )

Let
p

be an
odd Prime .

Assume a ,b # 0 ( mod P )
.

(a) If a=b @odp )
,

then (F) =(hpt)

( b ) (F) = 1

e) Capt )=C÷K÷)

#

By Euler
,

(F) = a
# ( modp )

.

(a) if a=b @odp )
,

then (F) = a

#
= bP÷=#)

(b) a is a so
1

.

to X2=a2 modp ,
so (F) =/

(a) (a⇒=@bT÷= a '¥b¥=⇐ ) . # ,



Ed Does ×2= -4 ( mod 103 ) have a
solution ?

* ×2= - 4 ( mod ( 03 ) has a so )
.

# - 4 is a quad .
res .

mod 103

#

gotta- 1

*⇐t=⇐K#'t÷I=
. i

* ( ¥3 ) =/ 2=5 103=1@°dYb=±103=3 @od4)

Ethn 5 so ( ⇒ = - /

o

So NO
,

no
solution .

Quadratic Reciprocity - comparing (f) and (f)

Theorem 4 ( Quadratic Reciprocity ) Let
p and

q
be different odd primes .

Then

* (E) = (opt ) if p=1 @od4) of 5=1 ( mod 4)

* (E) = - (F) if p=3=z ( mod 4)

Esnivalnt '
"

(g) =yj÷¥(÷)
£

- I only when
p=q =-3 (mod 4)

pf= see Section 12 at the book
.



E×_ Compute

a) ( E.)

Irene
'÷C÷ )

=L ÷ )
= (st)

c) " 1=1 ( mod 5)

not Prime !
=

|

⇒(

⇒
=L

⇐
,
)

=c⇒

.it
' )

10

eye,j¥E . #j.e.jzez.ci,± )

(1) (
'

¥ ) .f.)(⇒=(÷
) .(Yf) ¥=s←a⇒

=(§)( ⇒
' 31=10 ( moan )

÷%n±÷e⇒
. #

=l⇒ . t.it

= ( ÷ ) . ( ÷ )
b) 7=2 ( nods )

thereon
(F) = 2¥ -= 22=-1 ( nods )

=eI'
tfnoption

⇐)= .

,'÷=¥Tod 'D
= 1



WARM UP

E± compute (E)

(F) = ( at ) .li#
1

= ( ÷ ) = ?
no Qrbl ;

2 is not  odd

-

Theorem 6 Let p
be an

odd Prime
.

Then

(F) = I if p=l ,

7- God8)

(g) = - 1
if P= 3,5 ( mod 8)

.

pf Later
.

Exe Compute

"

C⇒=⇐i
.ci#!*Iiia.3eoan

is ,

k÷)=#I¥s¥en⇐⇐e¥t=e⇒±ep÷÷c⇒=⇐t

EI Consider the sequence : 1
,

5
,

10
,

17
,

26
,

. . .

,
n 't 1

,
. . .

Find an element of the
sequence that  is

divisible by 11
,

if possible .

Rephrase :  is there a solution to n 2+1=0 God11) ?

Answer : n2= - 1 ( mod 11) has  a Sol
.

iff ( ÷ ) =/

but by
The 5 ( ⇒ =

- I since 11=-3 food'D
.

Thus
, n=element of the seg .

is div
. by

11
.



E- Determine  if ×

2-37×+27=0

( mood 43 ) has

any
solutions

.

Idea : complete
the square

!

x2tb×+c=x2t bxt (E)
2

- (4)2+
c

= ¢+E) + c

I need to divide b by 2 !

Answer :

gadd
43 to  make even

XZ -

37×+27
= Xl +

6×+27
( mod 43 )

= XZ

+6×+9-9+27

( mod 43 )

= @t3)

2+18
C mod 43 )

So
,

XZ - 37×+27=-0 ( nod 43 ) has a Sol
.

⇐ >
( × +3)2+18= 0

( mod 93 ) has a
Sol

.

let
-

= 0 ( mod 43 ) has a 501
.

u=xt3
# u2 t 18

f) u2 = - 18
C mod 43 )

has a Sol
.

⇐ f÷h=l

so
,

let's compute
( Fg )

.

- 1
- /

y
7

e÷s=t##t⇒t
'

=±

43=3 God'D 43=3 ( mod8) 9 is a square

59 YES
,

there Is a
solution to the

original congruence .



pf idea for Theorem 6

Theorem 6 Let p
be an

odd Prime
.

Then

Recall (F) = 1 if p=l ,

7 God8)

(g) = - 1
if 10=3,5 ( mod 8)

.

y
456048 )

The proof can
be divided into 2 cases : p= I ( mod4)

and
p

=3 ( mod 4)
.

a

3,7
 mod 8

.

Case I : pzl ( mod g) ( i.e. when 10=1,5 mod 8)

we use
Euler 's Criterion : (F) I

2¥ ( mod p )

So we
need to compute

2¥
.

We use a

trick . .
.

Consider the num

b-
there are P÷ terms

z= 2.

4.6...(p-3).#Aside : if p=
17

,

this quantity is

←
8 terms

Z = 2.  4. 6. 8. 10.12.14 . 16

we compute z ( mod
p ) 2 different ways .



( i ) z= 2. 4. 6. .  . ( p -3) . (P -1)

=z¥(1. 2.3 . . . PI )
=2¥

. # !

side :  
if p=

17
,

2- = 2. 4. 6. 8.10.12 . 14.16=28 . 8 !

( Ii ) Break Z  
into two pieces

.

Z = 2. 4.6 . .  . ( p
-3) (p

-1)

There are 1¥
terms

.

since p= I @od 4 )
,

p
- 1=4 k for some

k€21
,

so P÷=2k  is

e.ve#.z=f.4.6...(peDffPI3)...Cp-37.(p

.

D]-¥ terms P÷ terms

Aside :  if
p=

17
2=[2.4-6.8]

[10.12-14.16]=[2.4-6.8]

[ C- 7) t.sk . 3) ( i) ] (modp )

I[ 2.  4. 6. 8) [1.3-5.7] . t 1)
4

@°dp)=
E1)

"

. 8 ! ( modp )



Thus
,

z=[
2. 4.6 .

..P÷][ C- (
'

¥ .D) ... C- 3) C- i ) ] ( map )

-evens f PI neg .

of  odds < PI

E
¥ terms !=[ 2.  4.6 . . .P÷ ] . [ i. 3. s .

.  . ( ¥ . D ] . en
'¥=en¥. (E) ! ( m°dp)

In conclusion
,

2¥ .E⇒!=z=eiY÷(P÷) ! ( modp )

⇒ 2¥

.co#=eD
'¥

.lt#kodp
)

cancellable b/<
notdiv

. by p

=>
z '¥=( 1)

¥
( mod

p )

Thus
,

when
p=

1 @od4)
,

we have

p . |=8m⇒

p=1t8m

⇐t.s.es#=fYIIII2&
P - l=8m+4⇒

50
,

p=5t8m

(f) = {
1 if P=l ( mod 8)

-

1 if p
? 5 ( mod 8

.



Case 2 : PE 3 C mod 4) ( i.e. when p= 3,7  mod 8)

Similar to the previous
ease

,

but the

product  doesn't split down the middle anymore .

But
,

this essentially causes no problems .

I


