
Section 6 - Fermat 's { Wilson 's Theorems

Q : what  is the LR of 4053 nod 11 ?

1073 =(-D73= - 1=1/01 mod 11

Q : what  is the LR of 373 mod 11 ?

373 ± ... ? ! too hard ?

theorem ( Fermat 's Theorem ) Let a ,peX .

If
p is

Prime
and ¥-1,

then

/ AP
' 1=-1 ( mod P )

.

a # o(nodp )

Some reformulations - these can
also be referenced

as Fermat 's Theorem ;

* if p
is prime

and a # 0 @odp )
,

then AP - 1=-1 ( modp )

* if p
is prime ,

then aP=a ( mod p )
.

0

EI Find the LR at 373 mod 11
.

* By Fermat , #
mod 11

.

2/27+5
01

* 373=370.33=(z#%3=1.33=-27 -=§mod"

Ed Use a
table to prove

Fermat 's theorem

for the Prime p=S .

a a2 a
>

a
4

( mod 5)
0 0 0

1 1 1

2 4 3 134
, y;

}a¥o ⇒ a

" '= ,

4



We now work to prone
Fermat 's Theorem

.

Lenny Let  mezt
.

If ( a ,m)=l , then modulo  m
,

the least

residues of

a
,

2A
,

3A
,

- . . ,
@ -1) aare

1
,

2,3 , . .  . ,
@ -1)

but  

notnecessarilyinordertx
Let  a

= 5
.

Find the least residues of the following

modulo 8 : a
,

za
,

3a
,

. . . ,
7a

.

we want L
.

R
.

of 5,10 , 15,20 ,
25

,
30,35  mod 8

.

5 10 15 20 25 30 35
1,2 ,

3
,

4,5
, 6,7

.yyjearnaye5 2 7  4 1 6 3
-

pf of henna \
- mod m

.

Step 1 a
,

Za
,

3a
,

- .
. ,(m -1) a

are all different
-

:

pf_ Assume ra=sa ( modm ) with kr.SE m - 1
.

Since ( a ,m)=1 ,

a is cancellable
,

so r= S C mod m )
.

Te only way 1 Er
,

Sem - 1 and r=s ( mod m )

is if r= S
.

Thus ra = Sa @odm ) only

if r= S
.

Step ; a
,

Za ,
3a , .

. . ,
@ -1) a one all nonzer_ mod in

.



pt Assume ra = 0 ( mod m )
.

Since ( a ,m)= I
,

a is cancellable ,
so r I 0 ( mod m )

.

Thus
,

ra # 0 for r= 1,2 ,
- .  .

,
( in - 1)

.

steps : Putting it together
.

o a
,

Za
,

3A ,
... ,

@-1) a are
different mod m

so their LRS one all different

° a
,

Za ,
3a

,
. . . ,

( in - 1) a are
all nonzero

mod m

So no
LR is 0

.

Thus
,

the only possibility is that He LRS one

1) 2/3 ,
-

.  . ,
@ -1)

in some
order

.

D

pf of Fermat 's Them

Let P be Prime .

Assure ( a ,p)=1 .

we want to Prone a

" '
=/ (modp)

Observe that
by learn I

factor

, 6
Ptz a. 2 a. 3a .  - - ( P - 1) a = 1. 2. 3- .

. ( p - I ) ( mod p)
1. 2.3 . .  . ( p - I ) a

Thus
,

#.

AP ' '

EM.

( mod p )
.

B. §. i ) ! is rel
. Prime top ,

so (p-1) t.is#_ak .

Hence
P -1

=\ ( mod P )
.

Ty
a



E×_ ( Dudley -

# 12 P .

48 ) In 1732
,

Euler wrote

"

I denied [ certain ] result . . .  although I home no proof :

an - b
"

is divisible by the prime
ntl if  neither

a nor b is
.

"

!1! check the result for various choices of a
, b. n

ntl =3
,

a=5
,

b = 4
→ 52 - 42=25-16 = 9

" +1=3
,

a =7
,

b=8 -0 72 - 82=49 - 64=-15

!2! Prone the result ( using
Fermat 's Theorem )

° http
.

nti / a

"
. b

"

# p / a

" '
-

bp
"

⇐> apt - b
's -1=0 ( modp )

o Now ,
AP

. '
-

BP
"

= / - / = 0 by
Fermat 's Thn .

D

213

EI Find the last  digit of 8
.

want LR at

8213
mod 10

.

¥9 10 is not Prime ,
so  we  cannot  use Fermat 's Theorem

Technique : work  mod2 and mod 5 ( 10=2 .5)

° let a be the LR of8213mod 10
.

- Osa < 9

- let's find a
mod 2 and a mod 5

.

o

qzi3
=

0213=¥2)
z(mod5)@

.

8213=32't
32093

'3=.CI/sjr53=#3?l3=

Fermat

.  a  = 0,1 , @|]3, @15,06 ,
7,|]@,9

← a=8

=) 8213=-8 God'd
⇒ last  digit of 8213 is |8]



theorem ( Wilson ? ) Let pe 21
.

Then p is a Prime

if  and only if ( p -1) ! I -1 ( modp )
.

EI Compute D= LR = 12

(a) 12 ! ( mod 13 ) ( Wilson ) 12 ! = - I ( mod 13 )

y ; = a ⇒ HE'l2a=- a ( mod 13 )

( b ) 11 ! ( mod B)
⇒ - |± - a ⇒ at 1=>1 ' !⇒D<%¥s€) 141

.

( mod 15 ) 14 ! = 1.2-304.50. . .

14=107
mod ' 5

ULHS is

malt . of 15

Generalize (b) . . .

Lemme Let pe 21
.

If pis Prime ,
then (p -2) ! = I ( mod p )

.

PI
Let (p-2) ! I a ( mod p)

.

wts a =L
.

Observe
,

( p -2) ! = a =) (p - l ) . @. z ) ! = @- l ) . a

⇒ ftp.t= - a

=) - II. a

⇒ at I
. I

Leng Letp e 21
.

If p is Prime ,
then 2. §-3) ! +1=-0 (modp)

Q Homework .

Generalize (c) . . .

Lenny Let  ne #If his composite ,
then either

(p -1) !=0 ( mod n ) or n=4 and ( p -1) ! = 2
.

*
n composite =) n=  a. b 24 a ,b<_ n - 1

# : it  is possible to choose atb ( i.e. n # PZ )



( n -1) 1. = 1. 2. 3- . . a .  - . b - i. ( n -  ' ) ⇒ a. b 1h-1) ! ⇒ @-

1.)to
@odn )

Casey n=p2 for p a Prine .

!1! If p=2 ,
n=4

,
then @-1) ! = 6=2 C mod 4)

.

@ If p > 3
,

then 2P± @-n =P
'

' ' ( ' IEYE.li?YjoTLI3D
so ( n -1) ! = 1.2 .  . . p .  .

. Zp . . . ( n . 1)
.

Thus p2 Kn-1) ! ⇒ (n -1) ! to @odn )
11

pt of Theorem 2
-

Two things to prove :

!1! If p
is prime ,

then ( p
- 1) ! = - 1 C mod p )

!2! If ( p - 1) ! = - 1 ( mod p )
,

then p
is Prime .

* pt at @

If ( p - 1) ! = - 1 ( mod p ) then
( p - 1) ! ¥0 @odp )

,

so p
is NOI composite by previous lemma

.

* ptot @ - need some preparation .

Lenny Let p be Prine .
If  a # 0 @odp ) then

axe ( C mod p ) has a unique
solution modp .

pt ( a ,p)=l !1!

Def Letp be prine .

If a # 0 ( mod P )
,

then

the solution to a×=| ( map ) is denoted a-
'

.

Thus
,

a. at
'

= I ( mod P )
.



E×_ For all a
,

find a

"
mod 11

.

a 0 I 2 3 4 5 6 7 8 9 10

at DNE 1

64
3 9 2 8 7 5 10

w

-veax#
a -=l : |×= I =) × =/

a=2 : 2x= I =) z×= 12 ⇒ X=6

a =3 : 3 × = 1 ⇒ 3×= 12=7 X=4

a -=4 : 4 × =/ ( we know 3.4=-1 so 4.3=1 )
at 5 : 5x El =) Sx= - 10 ×= - 2=9

a=7E - 4 : 4-
 '

=3 ⇒ C-451=(-3 )
111 111

7 8
at 10=-1 :

 - 1. ×= ( ⇒ ×= . ,

OI when is a - a

' ' ?

a=l,
-1

,
. . I a±a

' '
⇒ a .a= a. a-

'
=/ ⇒ a2=1

.

Lemma2_ Let p
be Prime .

Then the only solutions to

×2' =L ( mod p ) are XEI
,

-1
.

pf
×2=1 ( mod p) # X2 - 1=0 mod p

# ⇐-1) ( × + D= omodp

=) p| ( x . Dlxti )

←→ pjx . 1 or p1×+1<=7
× . 1=-0 mod p

or Xtl = 0 mad
p

f) × = 1 modp or X= - I modp .

11



pt at Theorem 2m÷
want to show (p-1) ! = - 1 ( mod p ) so

( 10 ) ! = -1 ( mod ID
Recall :

a 0 I 2 3 4 5 6 7 8 9 10

at DNE 1 64 3 9 2 8 7 5 10

Thus
,

= -

10 != 1. 2. 3. 4.5 . 6.7 . 8.9.10

Etjt23@sTF7E5Io.lO

=io=l#
.

For a general Prime :

° pair
numbers with their inverses

° by Lemma 2
,

only 1 and -1 are unpaired .

° pains
cancel to 1

. all that  is left  is 1 .  - l=#
17

¥ Let p be Prime .
If It tzttst - -  ' + p÷=T then

a is divisible by p .

¥
- it tzttst .  - - + ¥ = ÷

on .+

of ←
omit

-
omit ×

£ ⇒ ¥4 , .tw?i*a+tEe*a+iEiit#=s
O



=) b . @.1) ! + II.3. . . Cp.D +1.25. .
. @. 1) t - -

. + 1. 2.3 . .#D]=a(p .1) !

Cmodp )

=) b. [ (p.n ! + I
'

. Ki ) !t5' ( P - D !t - i. + (p-15
'

. $.D !=a(p -DP

=) b. (p.D ! [ 1+2++3
' 't . .  . + e-it

'

]= ate-1) ! ( modp )

IT fits[itzIe@Iif-f.a( modp )

J
Leander

} =) b [ ltztst . '
- + @-1) ] = a Cmodp )

$
=) b [ 1+2+3 + . .

-3+-2+-1 ]±a ( modp )

=) b. o =a
( modp )

=) a -=o modp

= > Pla
I


