
Section 9 - Euler 's Function

we will explore another multiplicative function -

this one is ready important .

Recall Fermat 's Theorem :  if pis Prine and ( a ,p ) - 1

,

then ap ' '
= 1 ( modp )

.

!1! @

Q : what  if p is not Prime ? Can  we find a

( hopefully small ) K such that  ake I ( mod m )
.

T not  nec
.

Prime

LI

1=-67
when can we find K s .t

.

ak= I @odm ) ?
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a
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9899999
moatµ mail.IT

2 4 2 4 2 4 2
-

52=-1
3 3 3 3 3 3 3
4

44
4 4 4 4

what happened with505 1 s 1 g
21 3,4 ?

Lemay If ak=l @odm ) for some KEZ,+then ( a ,m)=1
.

1¥
Assume AKEI ( mod m )

.

let D= ( a
,

m )
.

we show

÷ak=l @odm ) ⇒ ak - 1=0 foam ) ⇒ m ) ak - 1

• d |m ,
m|ak - 1 => d|ak . 1

. ( akt ) - ak= - 1
=> d| -1 ⇒ 4=1

→ e -

d isasaator disafaetor µ

* So !2! above Is necessary



E×_

/m=#
when can we find K sit

.

ak= I @odm ) ? And

what  is a "k
"

that  works ?

a a2 a3 a4 a5 a6
. . .

0 0 0 0 0 0

00
I

mod 10
4 2 4 8 6 z 4 -

only not ° 3 9 7 @
-

xnatuace 4 6 4 6 4 6
a

'

5 5 5 5 5566 6 6 6 6
it I

° 7 9 3 @ 34=1

8 4 2 6 8 4 74=1

0 9 !1!
92=1

*  no chance if ( a .io ) # /

* so
,

if ( a
,

10 ) =L then a 4=1
.

where did the 4

come from ?

E±/m=l4= Show that  a 6=1 ( mod 14 ) for all a

relatively Prime to 14
.

/ #

10=-1
-

€735=-9
,

33=-27 I - 1
,

306=33
. 33=1 -

ontlbhae |a=# 52=25 I - 3
,

53=5 C- 3) I - 1
,560=-1✓that g

dance (a=I 96 If5)
6

= C-1) 6.56=1 ✓ ( intact 93=3 6=1 )
•

|a#T n
•

I ( - 3) 6
= 1 ✓ ( in fact I# (3) E. 1.33=1)

|a=i3= ( 36 Et 1) 6=1 ✓ ( in fact

132=(-1%1)
*  where did the 6 come from ?



Det Let n E 24
.

Define 4 ( n ) to be the number

of integers between 1 and n that  are relatively Prime

to n
.

This is called Euler 's 4 - function .

EI
° 6 ( 12 ) = -4 !1!2 3 4506@ 8 9 10@ 12

° 4 ( 9) = -6 02034005670809

° 4 ( 11 ) = 1-012345678910-11

Leinma If p is Prime ,
then 4 ( P ) =P - 1

.

pt
are

relatively Prine to P
. D

-

1,2 ,  
. .

. . p - 1

4

Question : what  about 4 ( p
" ) ? Think  about 3

.  . .

1,2$
, 4,5 ,

¢
,

7,8$
,

10/1
'

,
1/2/13,14,1/5 , -

- .

, 77,7/8,79, 80,8T

So
,

how many were crossed out ?
'

13 of them
.

Thus
, 4 (

341=3-4
-

E)
.

# b/W # not 4

1 and 34 nel .  Prime to 3

Lemmas If p is prine ,
then 4 ( P

"

)=P"
- P

" "

=p
"  ' '

( p . , )

¥
The numbers not rel . Prime

to p
"

are the multiples

ofp .

Of the numbers from 1 top
"

,
Yp of them

multiples of p .

Thus
,

4 ( pn ) =p
"

- pt . p
"

= pn - p
" ' '

=p
" ' '

( p . i )
.

-

# blw # not

1 and pn re
1

. Prine
to p

"



EI y ( 125 ) = y ( 53 ) = 5 ? (5-1)=100

But what  about 4 ( 22.52 ) ? or more generally y ( paqb ) ?

Suppose p
,

q are different primes .

Let n=p9qb .

What numbers are netrel . Prime to n ? ...
multiples

of p
and malt

. otz .

So

y
# b/w I and n

tykes.IE :*

\
ycn ) = n - of - E + npq

mat?otp tmall.AZ Pg but  we
removed mult .

of pq
twice !

= paqb - pa
'  '

qb - paqb - 1
- pa

- '

q
b- 1

= qb ( pa - pa
' ' ) - qb

- '

( pa - pa
- ' )

= @a
. Pa

- ' )( qb . qb
- ' ) = ycp

'

) . y ( qb )
.

§ this generalizes . . .



theory Let nezt
,

and let n =p ,e' pp . .
. pkek

be the Prime . power  decomposition of n
.

Then

4(n)= 4 ( P ? ' ) y ( PE ) - .
. 4 ( PIK )

.

Ex
-

4( izoo = 4 ( 24.3.52 )=y(z4)q (3) p( 52 ) - 24 .cz - Nk- ' ) . 545-1 )

=|32#

As with d and o . . .

Theorem 2
- 4 is multiplicative .

Great !
...

but why do  we care about y ?

theorem Let  me It
.

If ( a ,m)=l ,
then a4( 4=-1 ( mod m )

.

* Note that  if  m is a prime p ,
then

a4Cn=aP . 1=-1 ( mod p )
,

which was
Fermat 's Theorem .

* proof  is very
similar to Fermat 's Theorem - see book

.

EI compute each of the following

(a) 1450 @od 45 ) y( 45 )=6( 9) yc 5) =3 . 2.4=21

⇒ 1424=1 @od 45) =) 1450=1448%1142 = 140+56 = 196=16



( b ) 1249 ( mod 45 )

13 y( 45 ) = 24 =>
1249=12%891/2= 12 ( mod 45 )

No ! ' ( 12,45 ) I /

Need to  do what  we  did before - solve  a system :

Let a= 1249 ( mod 45 )

0 at 1249 mod 5

!2!
a = ( 249 mod 9

15 !1! a= 1249=249 = #"?[

=/]2
( mod5)

a2
,5) =L souse Fermat

M¥9 !2! a = 1249 = 349=M(mod9)(
} g) 1=1

,
so ad hoc : 3

'

,
32=9 to

,
33=0

,  
- .

.

,
349=0

Answer : a = 2 ( mod 5) ⇒ a= 51<+2

a= 0 C mod 9) ⇒ 51<+2 = 0 mod 9

=> 51<=-2 = 7 = 16=-25

=) 1<=5  mod 9

=) 1<=95+5

=) a = 45g + 27

=) a -=T2f@od 45 )

A final theorem about f .  . .

Theorell Let h71
.

Let  d , .dz ,
. . . ,dk be the divisors

of n .
Then

4 ( d.) + cfcdz )t .  -
- + 4 ( dk ) = n

.

In  other notation
,

the sum ranges
over all d

s .t
.

dln - , §4( d) =n



LI Let n=45
.

o The divisors of 45 are 1,3 , 9,5 , 15,45

° 4( 1) t 4C 31 + y( 9) + 4 (5) + y ( 15 ) +4 ( 45 )=

÷
+ 2+6+4+8 t 24 = 45

= 1+2 + 6+4+2.4+3.2 .

-

But why ? Let's repeat the above example for n= 12

and cleverly group
the numbers

.

Let n= 12
.

° The divisors of 12 are 1,2/3/4,6 ,
12

° Group the numbers 1,2/3,4 ,
5

, 6,7 , 8,9 , 10 , 11,12

according to their gcd with n= 12

( a. 12 )=l : G ,={ 1
,

5,711 } ( a. 121=4 : Gy={ 4.8 }

( a
,

(2) =2 : Gz={

2,10
} ( a

,
(2) = 6 : G6={ 6 }

( a
, 121=3 : G }={ 3

,
9 } ( a ,

121=12 : G ,z= [ ( 2 }

* ae Gz ←→ ( a , (2) =3 ⇐ ) ( 43,143 ) =/ # ÷ is rel
. Prine

to 12/3

Thus 63 contains 4 ( ' 43 ) numbers
.

* a c- Gd # ( a
,

iz )=  d # ⇐ , '÷)= 1 -←) eat is rel
. Prime

to I

Thus Gd contains 4 ( IT ) numbers
.

d



Now
,

n = Size of G
, + size of Gz + .  .

. + size of G. z

= 4 (F) + yc ¥ ) + y (E) + y (F) + a (E) + 4 ( ¥ )
=

4 ( 12 ) + 4 (6) + 6 ( 4) t 4 ( 3) +4 (2) + 4 ( 1 )

= E 4 ( d )
.

d In

The same idea can be used to prove Theorem 4 - see

the book
.


