
Sectionltntegers
→

Warm-up How many numbers can you pick from

{ 1,2 , .
. . , 203 so that no pair of numbers you picked

add up to
another number you picked .

° Second half OR odds

we start with a fundamental notion .

Det Let d. he 21 .

we say
that d divides n if

there is an integer C E Z such that n=dc .

In

this case
,
we also say that d is a divisor of n

.

Notation

•

"

d divides n
"

← d / n
•

'' d does not divide n
"

→ df n

EI Justify each of the following
:

Ca) 2114 14=2.7 Cc) of 10

01 10 ⇒ o -
d = 10

(b)
- 6/48 48 6) ( -8)

but o .d=o for all d EI

EI write each statement using
"

bar
" notation

.

(a) 7 divides c Cc) n is divisible

7/0 by 5

(b) x is not a
5) n

divisor of y
(d) Z is even
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Lemmat Let a ,b ,
d EZ

.

If Ia and Ib ,
then

clatb.

#hypotheses
pI
✓ conclusion

where to start? where to end ?

I suppose d la and dlb .

Then

¥
o a = de for some EEZ

E-(
o b =

df for some f C- 21

Thus atb = detdf = d (et) .
Let g=e+f

g
Then g EZ and

atb - dog ,
so d - D
-

conclusion

Lemme Let a ,b ,
d c- 21

.

If d la ,
then d) a. b .

pf
-

suppose d la .

Then a- de for some e C- 21
.

Now
,
ab = deb =D Ceb) .

Let c=eb .

Then c c- 21 and ab = dc
,
so d l ab . D

Question Does 3 divide 21 t 24 t 99 ? How did

you think about this?

Lemma2_ Let a , , . . . , an ,
C
, , . . - , Ca ,

d C- 21 .
If

d) ai for all Itis n ,
then d l Laa, t - - - t Chan ) .

pI
similar to before .

( see the book .)



EI suppose you have 99 coins made up of

pennies ,
dimes

,
and quarters .

Is it possible
that you have exactly $5.00 ?

we want to solve

① ptdtq = 99 p.d.az } Diophantine
② Pt 104+252=500

Importantly ,
we want to know

if there is

an
solution .

Notice that

② -①⇒ old c- 24g = 401

⇒ 3. (34+82)=401

If there is a solution with p ,
d
,q

C- 21
,
then

3 divides 401 .

But 3 does not divide
401

,

so there is not an integer
solution .

Final answer : Notpossib#

-
Common divisors-

DEI Let a , , . . . , an C- 21
.

We say d C- 21 is a

common divisor if d divides each
#

of a 1 ,
. . .

, ay

of a
, . . . . , an

( i - e . dla , i . . . ,
d fan)

.



Ee Find all common divisors

Ca) 8
,
12 It

,
I 2,14 ged is 4

(b) - 15
,
25 IS god is 5

(C) - 15
, 25 ,

6 It
god is I

Notice : there is always a greatest common divisor .

Deff Let a. b C- 21 with a ,b not both O .

Then

the greatest common divisorDEZ is called-

of a and b if

(1) d is a common divisor of a and b ;

(2) if c is any common divisor
of a and b

then c Ed .

• we denote the god by god ( a , b) or justCa
• notice that god co ,

o) is undefined .

I
used in

o also god ( a
,
b ) s, I .

the book

EI Find god ( 12 ,
-30 )

.

① list common divisors : I 1 ,
I 2,13 ,
I 6

② answer : god ( 12 , -303=6 .

Quests : what's the use
of god 's & how to find them ?

Defy Integers a and b arerelatinelyprc.me#ifgcd(ab)=l
.

[ thus
,
the only common divisors are II



Theorem 1 If D= god (a,b) , then
-

Let a,b EZ .

god ( I .bz/-- I
.

I we saw god ( 12 , -30)
= 6

then god ( E , -35 ) -- god ( z , - 5) = I

pf
-

Let c. = god ( I ,¥) .

WTS c= I

① b/c god 's are always at
least I

.

② b/c - - i

a- = c. r
d for r

, s
C- I

• =gcdCI '7) ⇒
boy = c. s

⇒
a = crd

b = c Sd

=) Cd is a common
divisor

of a and b

⇒ od Ed

=) c. s l .

a) since dis
positive

Since c >, I and CE l , c = l - D

- Euclidean Algorithm
-

[for computing god 's

we start with an essential theorem about

divisibility . . .



3

Question : Recall that 6172 .

what does this

- 18
-

④
mean? Quotient is 2

, remainder is
4

.

Thus

22=3.6+4

FoHow-up_ : Does 6 divide 22 ? Why ? No
,
remainder of 4 .

a workhorse
of algebra#

theorem ( Division Algorithm) Let a
,
b E 21

with b # O
.

Then there exist unique integers

q ( quotient ) and r ( remainder ) with OE re b

such that

a-_ qbtr .

Notice that b) a ⇒ r=0 .

⑥

pf idea
-

4 6 6 6

- -- -

Example :#
O 4 10 16 22

22=3.6+4

r b b b

- - - -In general
'

-

1¥
0 a- qb . .

- a- 3b a-2b a-b

consider the set of all non- negative integers of
the

form a- Kb
.

Choose the smallest one
and

call it r .

Then r = a - qb for some qEZ
and

• OE r - b
AND

• a -_ qbtr for some {EX - I



Lenin If a ,
b

, q ,
r EI with a -_ qbtr , then

god (a,b) = god (b ,
r)

.

pf
- optional

r b b b

consider.la#0 a- qb . .
- a-3g a-2b a-b

step : if d divides a and b ,
then d must also

divide r . Why ?

r= a- qb so d la and d Ib implies d) r .

q by
Lemma 2

This god ( a.b) E god (b ,
r )

.

Step : if d divides b and r ,
trend must also )

L

divide a .
Why

a -_ qbtr so
dlb and d Ir implies d la

.

Thus , god ( b ,
r) E god ( a ,

b)
.

By 1 and 2 ,
the common divisors

of a and b

are the same
as the common

divisors of

b and r .

So both pairs have
the same god .

D

strategiesforfindiu.gg#b)
① Find all factors of a and all factors of

b
.

Then choose the largest .

② Use the Euclidean Algorithm ( see below)



EuclideanAlgorithnn(ByExam#

EL Find god (578,442) .

Idea : Lemma 3
. Lemma3_

-578= I - 442+136 god (578,442)
= god (442,136)

a
= q . b t r

T1-

442 = 3 . 136 t 34 god (442 , 136) = god (136,34)

a = q . b t r

#'- god (136,34)
= god (34,0)

136 = 4 - 34 to

So

god (578,442) = god (34,0)
= 340

Ee Find god (7644 ,
1302)

-r.

7644=5 . 1302 t 1134 god (7644,1302)
= god ( 1302 , 2134)

1302 = I - 1134 t 168 ged ( 1302 , 1134)
= god ( 1134 , 168)

1134 = 6 . 168 t 126 god ( 1134,168
)= god ( 168 , 126)

168 = I . 126 + 42 god ( 168 ,
126) = god (726,42)

126 = 3 . 42 t O god (126,42) = god ( 42, o )

So
,

god (7644,1302 ) = god (42,01=1427-



• The Euclidean Algorithm is veiny important

computationally .

• The following theorem is veiny important

theoretically .

Theorem 4 a.be 21 .

Let D= god (a , b) .

-
Suppose

Then there exists x. y C- I such that

ax + by =D .

pf
-

follows from the Euclidean Algorithm as

we see in the next example .

EI we saw that god (7-644,1302)=42 .
Find

X. y such that 7644×+13024=42 .

Proceed

① Perform the Euclidean Algorithm

Recall :
7644=5 - 1302 t 1134

-

1302 = 1 - 1134 t1681134= G - 168 t 12-6

168 = 1 . 126 t 42

126 = 3 - 42 t O



② Solve for the remainders

* * * 1134=7644 - 5.1302
-

* * 168=1302 - 1134
-

* 126 = 1134 - 6 - 168
-

4-2=168 - 126

③ work from
"

bottom to top
"

making substitutions

*

42=168 - 126

= 168 - ( 1134 - G . 168)
**

= - 1134+7.168

= -1134-17-(1302-1134)
* * *

= 7.1302 - 8 . 1134

= 7 . 1302 - 8 (7644 - 5.1302)

=
- 8 - 7644+47 - 1302
- -

x y

x=-8-dy=4#

The next 3 corollaries illustrate how

Theorem 4 can be used to prove new results .



Q : If d) ab ,
must it be true that dlaordlb?

Exe : 10/2 - so and 10/50

but I 0/4.25 but 1044 and 10×25 .

Corollaryt Let a ,b , d C- 21
.

If d lab and ged (d , a)=L ,

then d ( b
.

PI
Assume

• d lab
AND theorem4

° god ( d ,
a) =/ =) xd + ya

=L for some
x , ye Z .

Thus

Xdtya -- I =) Cxdtya)b=
b

⇒
= b

Note that

° d) Xdb since xdb = dcxb)
ds

° d ly since d lab by hypothesis

By Lemma 2 ,
if dfxdb and d) yab ,

then

d I xdbtyab ,
so d lb .

a



Corollaries Let a ,b , c c- 21
.
If at a und Cl b

,

then c l god Ca ,
b)

.

PI

By Theorem 4
,
there exists x

, y E I sit .

axt by = god ( a ,b) .

Since cla and c) b
,
c divides the

entire LHS by Lemma 2 .

Thus c l god ( a.b) .

I

Corry3 Let a
, b. a C- 21

.

If a / c and b/c and

Ca, b) =L ,
then able .

±
.>
the.mu?iiiiiiseii:isJx..ees.t .

axt by = I
.

8

Multiplying by C
,

acxt boy = C .

Also
,

ale
⇒c=f§Is for s

,
t c- 21

.

b/c

Thus
,

abt x t bas y =L

⇒ ab (txt Sy) = C
with txtsy EZ .

⇒ able . is


