
Section 3 - Linear Diophantine Egs .

-

WS-02IntroLiuearDiop (see next page)

Lignin : were there other solutions

Impty .

' If there is one integer

solution
,
then there are infinitely many

( ignoring additional restrictions
)

.

solutions

So
,
one integer solution (Xo , yo ) to ax + by = C

yielded as - many integer
solutions

.

How exactly ?

axt by -_ C → y=
-I t C ( if bto)

an
- . .
and so on . . .

in both directions
.

omitted in book
;

#but it is always implied ! !

Lemmat Let a,b, c C- 21
. If (xo

,
yo) is an integer solution

of a Xt by = C ,
then so is

X= Xotbt → ( Xo + bt , yo - a t) for all t E 21 .

y - yo - at



02 – Introduction to linear Diophantine equations
It’s my first day selling burgers and burritos on the beach. At end of my shift, I sold $107 of food. Then
I remember that my boss wanted me to keep track of how many of each I sold. All I remember is that I
sold more burritos than burgers. Can you help me? Also, burgers are $5 and burritos are $7.

1. Let x denote the number of burgers sold and y the number of burritos sold. Based on the story, what
equation do you want to solve? What are the restrictions on the variables?

2. Graph the equation you found in the previous part.

x

y

5

5

10

10

15

15

20

20

3. First, ignore the fact that I sold more burritos than burgers. Find as many solutions as possible to
your equation.

4. Now, make use of the fact that I sold more burritos than burgers to determine how many burritos
and burgers I sold? Why? Could there possibly be a di↵erent answer?

-

O7 Z
OEXE#

5×+7 y = 107

y = - Sff X t 107/7
=

7

C- like)• key observation : (291) is
-

on the graph
-

•

Is•• point : Czo, i)
( 13,6)

slope :
- 5/7

Go, y

integer

1

(20,1 ) ,
( 13,6 ) , (6,11) , -( 1,16) ,

. . . infinitely - many more
if variables can be

negative

Between these integer solutions
burgers : X - G there do not seem to be other⇒""

i:*::: "

o

'! ?



pet
we are assuming axot by . = c .

Observe that

a (xotbt) t b (yo - at) =axotabtftbxo-b.at/--axo-bxo
= c

is also a solutionso
,
X= Xotbt

, y = yo - at
'

D

EI find as - many integer solutions to

5×+7-1=107 , if possible .g
trial and error

for now

① Find 1 solution : x= 20
, y =/

is a solution since

S - 20+7 . 1=107

② Use Lemm l : ×=2o+7t,y=l-5tfortEZ#
For example :

. .
.

,
(13,6)

,
(20,1) ,

(27
,
-4)

,
(34 ,

-9) , - - -

+ =/ t=z
+ = - I f- o

EI find as - many integer solutions to

6×+8 y = 107 ,
if possible .

No 2) LHS but 2K RHS

Exe find as - many integer solutions to

6×+9-1=107 , if possible .

i. 3) LHS but 34 RHS



Lemuria Let a ,b ,
c E Z . Then

it has ax +by = C has

• - many
⇐

an integer solution
# god (a.b) / C

integer solutions

PI
Let D= god (a ,b) .

① Assume a * by = c
has an integer solution

(Xo , yo) .

Then axotbyo -- C
.
Since d) a and d f b ,

d) C .

② Assume d IC .

Then c=md for some
MEN

.

Theorem 4 ⇒ ax + by =D for some Xo ,#
Z

° O

section I

⇒afmxDtb@yoJ-md-C-7x-mxo.y
-_ myo is an

integer

solution to axt by = C

D

Summary so far about ax c- by = C :

it has co - many ithas one

integer solutions
# integer solution

# god (ai b) 1C

But
,
we have not determined how to find all
-

-

solutions
.



If
→
(xo , Yo) is a solution to 6×+84=110

,

is it

true)that every solution
is of the form yr

think (5,10) X -_ Xo x
8T

>

y -_ yo
- Gt

-

what is the slope ?

-
6

( 5,10) g-
= -3413.75-

8| FH ,→A •
( 13,10)

#
( 97) we missed this one

!

I need to reduce the equation
first :

6×+84=110→ 3×+4y=S①
[ usethis one

Strategy Let a ,b , c C- 21 . Suppose you want

axtby = C .

Let D= god ( a , b) .

all integer solutions
to
=

IAI solutions

""
s:: ÷:÷:i:i

÷.
T÷i÷÷÷÷÷÷÷÷÷ : ÷.



But how do we know that we get solutions?

Lemma3_ Let a , b ,
c E
Z

.

Let Go
, Yo) be any

integer solution to axe by = C .

If god ( a ,
b) =/

,

a-
then all integer solutions are given by )

x -_ Xo t b t
t c- 21

.
this means

y = Yo - at the equation
is reduced

.

PI Let Cr , s) be any integer
solution .

Then

art bs = C

-aXotby

=) ar - axotbs -b yo
= O

=) a Cr- Xo) t b(s - Yo) = O

=) a Cr - Xo) = - b Cs
- yo)

=) a Cr - xo)
= b (yo - s)Ef "

÷÷÷:c:"
=) a Cr - Xo) = b a. t

⇒ r-xo=b€

⇒
r = Xotbt for TE Z

s = yo - at D



EI Find integer solutions to
- 8×+20 y

= 148
.

① compute gcdca , b) .

god C - 8,20) =④
② Does god Laib) divide c ?

Yes! 148=4-37

So there are
solutions - keep going .

③ Reduce : divide through by god
(a, b) .

divide through by ¥

y=37- reduced equation

④ Find one solution

Hmmm
. . . x= - I

, y
= 7 ( guess & check )

⑤ write down all solutions (using
reduced ee.)

T from reduced equation
'E
-

X= Xo + b

y
= Yo - a'£t

so



warrants Revisit Burger ! Burrito problem but

how burgers are $3 and burritos are $7 .

I sold $108 in total and I know I sold an

even number of burgers .

what are the possibilities
for the number of each I sold ( see WS - 02 )
Hint : 108 is divisible by 3 .

Let x = # burgers sold

y =
# burritos sold

3xt7y=l08x,yeZ
and X is even ,

X , y 30

① god (3.7)t

② 1/108 so there
are solutions

③ equation is already
reduced

④ Find one solution :

108=3 - 36 ⇒ 3 . 36+7 - 0=108

⇒ x
--36

is a solution
y = O

⑤ Find all solutions

×= Xotbt ⇒
X = 36 + Ft

z ez

y -_ yo
- at y = o

- 3T

⑥ Answer the question

*.tn#//-3/-4f/-6 . . .

(43/-3)/36,0) (22,6) (8,12) €6,18)
(36,o),(22,6),C8÷


