
Section 4 - congruences
-

AKA Modular Arithmetic

Q : If the hour hand is pointing at 9 ,
what will

it be pointing at in 5 hours ?

So on a clock : 9+5 = 2 (mod 12)
0

Also : 5+12=-5 { I :& !} ]Also : S t 24 I 5

* we are reducing multiples of 12
to O

-

Q : Let's call Monday the 1st day of the week .

If today is the third day of
the week (Wednesday)

,

what day of the week will it be in 9 days ?

So here : 3+9 = 5 (mod 7)

Also : 3+7 = 3 (mod7) 0

Also : 3 t 14 I 3

"
÷:÷÷.in?nniiiiiiiisayJ
Mod iz
f 9+5
- 1-4=02+12I14- 2=12

2-3=011+12I23- Il = 12
2-7=03+24I27- 3=24



of
think m = 12

Def Let m be a positive integer . Let a , b C- 21
.

we

write aEb (mod m) if m / ca- b) .

We read

this "
a is congruent to b modulo in .

"

* aEb (mod m)⇒ a- b = K - m for some K E I

⇐a=b-kmforsonekE##
there

⇐ a and b differ by a multiple
of m

.

Exe TIF - explain

(a) 26 E 2 (mod 'Z) T
, 121241 -2)

(b) 2=26 (mod 12)

(C) 26 I 2 ( mod 7)

(d) 26=-2 (mod 7)

(e) 35=0 (mod 7)

(f) 72=1 (mod 3)

EI Find all a s .
t

.

AE2 (mod 3)

a=L@od 3)⇐ a = 2-13k for k C- I
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EI Make a number line from -10 to CO
.

° label all numbers cong .

to 0 mod 3 in green .

a a
"

9 blue
u

4 a a 1
°

<
1 a c 2 4

4 a red
.

a

'
'

o4�1�9011040110014019QQ010101QQ0110
to -9 -8 -7 - 6 - 5 -4 -3 2 - 1 0 1 2 3 4 5 6 78 9 co

Pf Note that every number has one and only
one
color

.

Theorem 2 If nez
,
then n is congruent modulo m to

-

exactly one of 0 , I , ... ,
m - 1

.

This number is called

the leastresidue modulo m .

* In previous example ,
this says that every integer

is either

0 ( green) , 1 ( blue)
,
or 2 ( red)

modulo 3
.

pf
-

hetne 21 .
By the division algorithm , n=qm+r

for q ,
re 21 with Oercm. 1 .

Thus
,
n= rtqm ,

so

n= r (mod m) . D

E± Find the least
residue of 71 modulo 2 ? mod 5 ? mod 11 ?

35

271T
÷o

E± Find the least residue ofeach
at the following modulo 3 :

31
,
30 ,

63
,
7

,
11

.

theorem a -=b@odm) f) a and b have the same

leastresidue modulo m ( i.e. if they
have the same

remainder on division by M .

pS_ book
.



EI ITF 79=123 (mad " )

Two approaches :

@theft.

79=-123 God11) ⇐) 11/(79-123)
# ill ' 44

try
�2� Theorem } =
-

79=-2@od4) least residue

123 = 24M€
sane

least residue

so |TRUE=
Somepropertiesotcongruence
* Congruence behaves in many ways

like equality .

Lemm= Let mezt
. Let a

, b. c , d EZ.

I modm (a) a = a (mod m)
is an

equiv. (b) a-=b (mod m) # BE a (mod m)

relation#[a=b(mod m)AIDb=c (modm)]=>atccmodm)(d, e) [a=mbAID c=d] ⇒ atcEmbedAnd acFnbdPI (of some)

(c) Assure a=nb and b In C
.

WTS mka-c).

aEmb ⇒ m ) ( a - b)°°b=mc⇒m|(b. c)}⇒m|@-b)the. a)]
Thus m |@-c) ,

so a=mc
(by definition) .

(d) Assure a -=mb AND ⇐nd .
WTS m|@+c) -(b+d)]

o m| (a -b)
° ml (a

- d) }⇒m|(a- bta. a)

thus ,
m|[atc-total)]

,
so at c=mbtd .

ty



EI In each case ,
find the least residue of a mod 7 .

(a) a = 17 t 700 - 53

17+700.53 I 17+0.53 @od7)
I 17

Tz#
° "

=|3] "

7

(b) a = 8
7

(c) a= 6 6=-1

(d) a = 2300 (231100=100

(e) a = 2301+5 2300.21=2 . . .

EI Find all solutions
to each at the following

(a) 2×=4 mod 6 o

can't just XEZ anything else -
let's@¥|¥36 EOcan'cel-ox=5( 2x=4± -21=0 ×=-1=5 )

g. |g÷z10=-40
(b) 2x=4 mod 5

|ChecTf
-

mod 5tl±4) ~ that should(c) × 2=-1

be surprising

By we can not always cancel (no solution in2)

if using a table can
be effective

•

} Theorem 4 1 cancellation mod in) Ifac=bc (mod m)÷ND if Cc ,m)=l , then a -=b ( mod in)g-. =§§| * in words : You can cancel numbers that arest ⇐ relatively Prime to the modulus

E Rd acznbc⇒ ml Cac - bc) ⇒ m|c( a - b)
}

pm 5- sect . I

=) mka-b) ⇒ a=mb
D



So what if ( c ,m) # l ?

theorems If ac = be (mod m) and ( c , m) =D ,
then

a -=b @ od Td)
.

* you can always
cancel if you change the

modulus

⇐ ( take 2) Find all
solutions to

2x=4 (mod 6)

° Theorem 5⇒ XE 2 (
mod 3)

• Back to I cnn.dz) ⇒ ×=2or5←°d#
X (mod G) x (mod 3)
-↳ :/ : . -3 O

4 I

5 2 V

Applications- Divisibility
checks

-

Ee Show that, for any
ke Zt

,
9k - l is divisible by 8 .

Let a = 9k - t.NO#:8/aFa=0mod8).fC
Observe : a =

9k - I = l
K
- I = 0 (mod 8) .

Thus
8 la .

EI show that 71534=7+1+5+3
-14 ( mod 3)

This is the
idea behind - - .



The An integer is divisible by 3
⇐ the sum of

its digits is divisible by 3 .

Remember that

71534 = 7-10
"
t l - 103+5-102+3.10 't 4.100:sois÷÷÷÷÷÷÷÷÷÷:

pf
-

write n = die .
10kt - - - t d

,
- lot do .

Then n dial
'
't - -

- td
,
- Itdo @od 3)

|n=dke..-td,tdoCmod3
-

Now
,
3. In⇒ NEO (mod 3)

⇐ diet - - - t dit do = O @od 3)

⇐ 31 diet - - - t dit do py

The An integer is divisible by 11 ⇒ the alternating

EEE ( sum

,

of its digits

,

is divisible ?by
11

.

O Lt TIF 11 I 73451 11 183556

Anotherapplicati#
⇐ Find the least

residue of each mod 10 : 81,273,

1752 .

Notice anything?



Lemma let me 21 and let do
be the ones digit of n .

Then

-

n= do Ccnod
10)

.

pt
-

n = deal 0kt - - - t d ,
lot do where de

, . . . ,
do one the

digits otn .
Thus n= do (mod lo) ,

pg

Q : what are the square
integers ?

O
, I ,
4

,
9 ,
16

,
25 , 36, 49 ,

64
, . .

.

that (give me 5
# s - . . ) 72345¥ is a square?NOQ: Is it possible -

-

The I f n c- 21 and n isa square ,
then the last digit

of n is one of O , 1,4 ,
5
, 6,9 .

pt
Assure n = m2 .

Thus n = m2 @ od lo)
,

whatare

the squares mod
10?

M MZ mod 10
#

O O
l l =p ME 0,1 , 4,5 ,

6,9 mod 103/94 =p last digit of n is
4 16=-6
5 25=-5 0

,
I , 4,5 , 6,9 by

- 4 I 16=6 previous lemma .

-3 I ¥19-ZI o 4 I
- 1=-9

, I


