
Section 5- Linear Congruence 's
.

want to solve ax Eb (mod m) .

Q : How many solutions
do you expect

?

. . .
and what do me mean by

" solution
"

?

EI Find all solutions to

3×=6
(mod 10) .

Then 4 - Sect .

4 :¥-1so we
can cancel

.

3x= 6 (mod 10) ⇐> ×= 2 (mod 10)

Anand :W-xEzcmodlo)I solution

Answer2
' ×=2 ,

12 ,
22

, . . .

- 8 ,
-18 , . .

-

=
so ,

×=2-10£fort£Z_-
oo - goofy

Convention ; when we talk
about solutions

to a congruence ( e.g.
ax=b (mod in))

we will only consider least residues
mod m

.

Ex_ Find all solutions .

-

3 is cancellable

(a) 3× = 6 (mod7) card modulo 7

(b) 3x ± I ( mod7) 3×= 8=-15 .
. .

now cancel

(c) 3×= I (mod 6) } table
(d) 3 × =3

Cmode)
.

( Inno"geLf÷blg)



Lenny xo is a solution to ax =b (mod m) iff

for some yo EZ ,
xo , yo

is a solution to ax + my =b .

pfa×o=b (mod in)⇐> m| (axo - b)
<=> axo - b= km for sore k£21

⇐> axo +mfk) -b
"

⇐> to ,@isasohti=%
to axtmy =b �1�

PB Find all

I
values

find all (least residue) <-> of the solutions
•
solutions to a×=b(m°dm) to ax +my =b

with oEx< m .

theorem Consider ax=b (mod m)
.
Let d =(a. m) .

�1� If d X b then there aren=solutions .

�2� If d / b ,

"

then there are exactlydsolutions
.

•( counting only
least residues .

pfideh
solutions to

x. values of solutions

a×=b (modm)
€ to axtmy =b ,

oexcm
.

�1� If d Xb ,

there one no
solutions by lemma 2- Seat.?

J 20 Assure dlb .

Note that d) a , d) m ,
dlb

±
so axtmy = b is

not reduced
.

&



However,

T=x+¥y=¥
is reduced .

Let xo , yo be one
sol . Then all solutions

are given by
M

x=Xot It to 21
.

y=%
-

It

we want solutions
with oE×<M

.

Xo - 3m Xo - 2m Xo -M
Xo

< i • 1 • 1 • I • >
0 t= - 3d m ti - Zd

zmt=d 3m to

Thus for some value of £ ,
there is a solution with

T 0E×< m
.

Let ×
, ,Y , bea solution

with ×
,

§ positive and as small as possible .

Rewrite the
.
-

¥ Solutions to AIXTTTY =¥as
0

×=X, + Is
se 21

.

y=y , - Its

Then
,
OEX

, , X. t IT ,
x. that -2 ,

. . .

,
x. If . ( d - i) < m

and these one exactly the solutions

to ax=b@odm) .

D



We now know exactly
how

many solutions

to expect- How do we find them?

EI Solve each of the following .

① 44=2 (mod T2)
-1

(aim) -- (4,127=4 .

442⇒ INosolutio#

② S X E 2 (mod
12)

(5,121=1 ⇒ l solution .

-

AIgebraicA-pproo.ch#
manipulate then cancel

5 X E 2 ⇒ S x I 2+12+12+12 t . .
.

@od 12)

⇒ 5- x = 2+48
God 12)

=) ⑤ X E 50
(mod 12)

← 5 is cancellable mod 12, b/c
54121=1

⇒ 1¥07 God 12)
-

tach(only if modulus is small)

xsx¥¥¥÷÷:t÷÷t÷¥¥÷¥t⇐I←."
2T

③ 9 x IG (mod 12)

(9 , (2) =3 ,
346 =) 3solons



Algebraicttpproach
* manipulate and cancel

9x = 6 (mod 12) g- (9,12) E l so can't cancel

* use Then 5 - seat .
4

(a) solve the reduced congruence

3. x E 2 ( mod 4)

3. x = 2 (mod 4) ⇐ 3 x = 6 (mod 4)

⇒ x =② ( mod 4)

(b)
"

Lift
"

solutions

o we found

94=-6 (mod 12) ⇒ x = 2 (mod 4)

° Want all residues mod 12 cong .

to 2 mod 4

02=-2 mod 4

⑥= 2 mod 4

010=-2
mod 4

-pproach (only if the
modulus is small)

a:l#¥t÷÷÷÷Hh⇐T9 6- 3 -
✓

'd' "

I- o
= =

Tepeat Tersest

Another Example . . .



Ed Solve 14=20 (
mod 28)

4/20 so 4 solutions
�1� Find # otsol . : (12,28)=4 And

-20Solve
reduce

lzxtzo (mod 28)→ 3×= 5 ( m°d 7)
zis cancellable

@×= 12 ( mod# mod 7

want AI × (mod 28) g- ×=
4 (mod 7)

Such that X -=4 (
mod 7) back to 28

�4�=4+7=110I4+14=180
I

4+21=250 ANSwER_ : X= 4,11 , 18,25 fnod
28)SystemsofcongruencesexSolve×t2y=4(mod 11)

,
3×+4=-1( mod 11)

Xtzy -=4 ( ) Dltzy÷4

( z×+y=-D
"°d "

zy÷,
3

add€
- 6×-2,1=-2ZYFH→ x×EfEod¥y×Ig"ab£€- 1
→

- 5

Systemsotcongruenceswithdifhenentmoduli
←
16649×25

Ever notice that 48,49 ,
50 are each

divisible by a square . . .
here's a related

problem .
. .



EX_ Find n such that
3- In ,

42 Intl , 52/n+2

want to solve

0 n=o
mod 9

° YIIIIYDY, }
"shot .ms .

�3�

0 n=om°d9 ⇒€

oforre=
9111¥96

�2� ntl to mod 16
=> 9 r + 1=0 (mod

l6\=> 9r = - 1 (nod 16)
I 15=-31 = 47=63

=> r= 7(mod 16)

=> r = 7+16 S

=) n = 9 (7+165)

/n=63t144s
�3� ntz E 0 (mod 25) ⇒ 65+144 sz O (mod 25)

=> 1st 195 = 0

19 s I - 15
- Cos I 10 = 35=60

SI - 10 = 25@od 25)
=> 5=15+25t

n= 63+144 ( 15+25 t)

n=22Z3t36OOL=
Any t works - t '

- o En -= 2223

222312224,22£ (mod 9¥25)
32 . 13.1g

,

42-139
,
52.89 product at

moduli



This process often works . . .

This (Chinese Remainder Theorem)
Consider the system of congruences :

NE
a

,
(mod m ,)

n = az (mod m<)

:

n =al (mod mk)

If (mi , Mj) =/ for all i
± j ,

then the system
has a unique Solution modulo m ,

. Mz . . . . . Mia
.

µ Even if the moduli are not pair wise
@ relatively Prime ,

the system may still

have solutions
.

EI Find the smallest

@d
n
,
n > 3

,
st

.

31 n ,
51 ntz , and 7 In -14 .

Need to solve the system :uIE€n:¥←→I÷÷iE¥¥,
nt4 = 0 (mod 7)
D n I l ( mod 2)

he 1 (mod 2)

,
moduli one vel . Prime so

we are guaranteed to

have a Sol . - now we need

to find it - HW !



Using the Euclidean Alg .

to solve ax -=b
-

but we

EI solve 23x= 12 God 97) f won't explicitly
use this

°

god (23,971=1 (o 23 is cancellable mod 97)
° Use Euclidean Alg .

backwards to find

a solution to

23×0+97 y. =/

( do side work . . . ) we find that

23 - 38 t 97C - 9) =/

° Thus
, 23.038=1 @ od 97)

← behaves like 23
"

0 Now ,

23 x = 12 (mod 97)

=) 38€25 .

"x= 38.12 ( mod 97)

=) X 456 ( mod 97)
4

=)8 ( mod 97) 97456T
r:#68


