
Section 6 - Fermat's {Wilson 'sTheorems

Q : what is the LR of 4053 nod 11 ?

1073 =(-D73= - 1=1/01 mod 11

Q : what is the LR
of 373 mod 11?

373 ± ... ? ! too hard?

theorem (Fermat 's Theorem) Let a,peX .

If p is

Prime and¥-1,
then

/ AP ' 1=-1 (mod P)
.

a #o(nodp)

Some reformulations
- these can

also be referenced

as Fermat's Theorem
;

* if p is prime
and a# 0@odp) ,

then AP - 1=-1 (modp)

* if p is prime ,

then aP=a (mod p
)

.

0

EI Find the LR at
373 mod 11 .

* By Fermat ,#
mod 11 .

2/27+5
01

* 373=370.33=(z#%3=1.33=-27-=§mod"

Ed Use a table
to prove

Fermat 's theorem

for the Prime p=S .

a a2 a
>
a
4

(mod 5)
0 0 0

1 1 1

2 4 3 134
,y; }a¥o ⇒ a

" '= ,

4



We now work to prone
Fermat 's Theorem

.

Lenny Let mezt . If ( a ,m)=l , then modulo m ,
the least

residues of

a ,
2A

,
3A

,
- . . ,
@-1) aare

1
, 2,3 , . .

. ,
@-1)

but

notnecessarilyinordertx
Let a = 5.

Find the least
residues of the following

modulo 8 : a ,
za

,
3a
,

. . . ,
7a

.

we want L .

R
.

of 5,10 , 15,20 , 25, 30,35
mod 8

.

5 10 15 20 25 30 35
1,2 ,

3
,
4,5

, 6,7 .yyjearnaye5 2 7 4 1 6 3
-

pf of henna \
- mod m

.

Step 1 a ,
Za

,
3a

,
- .

. ,(m-1) a are all different
-

:

pf_ Assume ra=sa (modm) with kr.SE m - 1
.

Since ( a ,m)=1 ,
a is cancellable

,
so r=

S Cmod m)
.

Teonly way 1 Er ,
Sem- 1 and

r=s (mod m )

is if r= S .
Thus ra = Sa@odm) only

if r= S
.

Step ; a
,
Za ,
3a , . . . ,
@-1)a one all nonzer_ mod in .



where r = I , 2 , . . . ,
m - l

-

Rt Assume ra = o fool m) .

Since Ca
,
m) = I ,

a is cancellable ,
so r E o (mod m)

.

This is

a contradiction . Thus
,
ra ¥ o for r =L ,

2
,
- -

-

,
(m - t) .

Steps : putting it together .

o a ,
za , 3A , .

. . ,
Cm- 1)a are

different mod m

so their LRs are
all different

° a
,
2. a , 39 ,

. . - ,
(m- 1) a one

all nonzero mod m

so no LR is O
.

Thus
,
the only possibility is

that tee L Rs one

I, 2,3 , - . - ,
@- l)

in some order .
D

ptoffermatisthm
Let p be prime .

Assure (a,p) =L .

we want to prone a
" '
=/ cmodp)

observe that
by team 1

factor

• ol
P- '
z a. 2A . 3A . - - (p - 1)a= 1.2. 3 - - - ( p - i) (mod p)I - 2-3 - - - ( p - t) a

Thus
,

¥.

AP - I =¥! (mod p) .

B. Cp- i)! is rel . prime top ,
so Cp- l)! is k

.

Hence
P-I
= I (mod P) .

D
a



Exe (Dudley - # 12 P.

48) In 1732
, Euler wrote

"
I denied [ certain] result . . . although I have

noproof :

an -b
"
is divisible by the prime

htt if neither

a nor b is .

"

:÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:
"

" ② Prove the result (using
Fermat 's Theorem)

e

°
o http .

net / a " - b
" ⇒ p / a

"'
- b
" '

⇐ AP - I - BP
- 1=0 (mod p)

• Now,
AP - t - BP

- I
= I - I = O by

Fermat 's Thr . D

# since p Xb

since Pta
213

EI find the last digit of 8
.

want LR at 8213 mod 10
.

¥7 10 is not prime ,
so we cannot use Fermat

's theorem

Technique : work mod 2 and
mod 540=2 - 5)

• let a be the LK of 8213 mod
10

.

- OS as 9

- let's find a mod 2
and a mod 5 .

o 8213 = of
"=0)

zcmo
• 8213=5

' 3200.313 =
'

3
' ' =(z!3=

Fermat

• a = 0
, 1.② i③④ ,5,06 , 7,11809

← a -_ 8

⇒ 8213=-8 food co) ⇒ lastdigit of 8213 is181



theorem (Wilson?) Let p c- 21
.

Then p is a prime

if and only if (p - l) !E
- I Cmodp)

.

Compute D= LR = 12

Ca) 12 ! (
mod 13) (Wilson) 12! = - l (mod

13)

11 ! = a
⇒

"

Iza =
- a (mod 13)

(b) Il! (mod
13) ⇒ - I - a ⇒ a I ⇒ It !=D

c) 14 ! (mod 15) 14 ! = I -2-304 - - - 14=107 mod '5

↳
LHS is
malt. of 15

Generalize (b) . . .

Lemmy Let pe Z .

If p is prime ,
then (p - 2)! I l (mod p) .

PI
Let Cp -2) ! I a (mod p) . WTS a =L .

Observe
,

(p -z)! = a ⇒ (p- l) - R -z)! =D - l) . a

⇒
'
= - a

=) - l E - a

⇒ a=L
. II

Lemay Letts C- 21
.

If p is prime ,
then 2 - Cp -3) ! +1=-0 Cmodp)

& Homework .

Generalize X) . . .

Lenin Let me If
his composite , then either

* (p- I) ! O (mod n) or n
- 4 and (p- l) ! 2 .;±µ,¥ n amp,

, ,. ⇒ n . .
. , * a, ⇐ n . ,

O

¥ : it is possible to
choose a#b (i.e .

n # P2 )



(n- t) ! = I - Z - 3 - i. a - - ' b - - - Cn- D ⇒ a - b I@- l) ! ⇒ @ - 1.)⇐ o @ od n)

Casey n =p
? for p a prime .

① If n=4
,
then Cn- t)! = 6=02 Cm od 4) .

② If then 2ps @- 17=5-1 (XI? YI ;
so (n-1)! = I - 2 . . . p . . . Zp

. . . ( n - l)
.

Thus p2 kn - t)! ⇒ (n -D ! =@@od n)
D

pf of Theorem2
-

Two things to prove:

① If p is prime ,

then Cp- t)! E
- I Cmod p)

② If (p- l)! = - l ( mod p) ,
then p is prime

.

* pt at②

If (p- l)!
= - l (mod p) then

(p - I) ! ¥0 @
od p) ,

so p is
NIT composite by previous

lemma
.

* pt of① -
need some preparation .

Lemme let p be prime .
If a# O @od p)

then axe ( cm od p)

has a unique
solution mod p .

(a , p)
=L

,

we use
Theorem l , Sect . 5 .

pt since god D

Det Let p be prime .

If a# O ←od P)
,
then the solution

to axel (mod p) is denoted a-
'
.

Thus
,
a. a-

'
= I (mod p)

.



⇐ For all a , find a
"
mod 11

,

aa.to#EEoots:
W
-

solve ax =/
-

a=L : I x= I ⇒ x =/

a 2 : 2x
= I =) 2x = 12 ⇒ XI 6

a=-3 : 3 x = I ⇒ 3 X = 12
⇒ X = 4

a = 4 : 4 x =/ (weknow 3-4=-1 so 4-3=1 )
a E 5 : 5X = I =3 Sx =

- 10 x = - 2=9

a-= 7- E - 4 : 4 3 ⇒ ⇐45
'

I C-3)
Ill Ill

a= 10=-1 :
- l - XE l ⇒ ×=- ,

7 8

Remartc How do we find a
" modp without a

table ? Answer : use
Euclidean Algorithm

to solve a X t p y = I . If Cxo , yo) is a

solution ,
then a

- '
E Xo (mod p ) .

* In last example of section
5
,

we found

(38, -9) to be a solution
to 23×+97 y = I ,

i.e. 23 - 38 t 97C - g) =/ .

Thus
,
if a = 23

then a-' I 38 (mod 471 .

Lemma2_ Let p be prime .

Then the only solutions to

XII (mod p) are x=/
,

- l
.

pt
x
- =/ (mod p) # X

-
- 1=0 mod p

⇒ Cx - 1)(xxD= o modp
⇒ pl ex- Dutt)
⇐ p Ix- I or p txt I

€) x - I = o - od p
or Xt I = 0 mad p

⇐ x = I mod p
or XE - I mod p .

I



pt at theorem Z (mod 11)
-

want to show Cp - l) ! = - I (mod p) so

( Io) ! E - l ( mod 11)
Recall :

9*3/415+1819110a
" ONE I 64 3 9 2 8 7 5 10

Thus
,

a -

10 ! I - 2 - 3 - 4 - 5 - G - 7 - 8 - 9 . 10

E'
,

o

- 10

= 10=1-11
.

For a general prime :

• pair numbers
with their inverses

° by Lemma 2 ,
only I and

- I are unpaired .

° pairs
cancel to I

• all that is
left is 1 .

- 1=1-17
-

II

Lemma Let p be prime .
If le Et ft - - - t¥, = I then

-

a is divisible by p .

¥§ it 'ze¥÷; - t I
wit

E ⇒ ¥neii÷ +
'

+ i÷=E
O



=) b .@.1)! +II.3. . . Cp.D +1.25. . .@. 1) t - -
. + 1.2.3 . .#D]=a(p.1)!

Cmodp)

=) b. [(p.n ! + I' .Ki)!t5' (P - D!t - i. + (p-15
'

.$.D!=a(p-DP

=) b. (p.D! [ 1+2++3
' 't . . . +e-it

' ]= ate-1)! (modp)

ITfits[itzIe@Iif-f.a(modp)J Leander

} =) b [ ltztst
. '
- +@-1)] = a Cmodp)

$
=) b [1+2+3 + . .

-3+-2+-1]±a (modp)

=) b. o =a
(modp)

=) a -=o modp

=> Pla
I


