
Section 7- Divisors at an Integer

Def Let neat .

° dc n) is the number of positive
divisors of n

÷
(n) is thesum-positudusafn.LI
Find d(6) , d(7) , d (8) .

what about o(6) ,o( 7) ,o(8) .

E×_ Fill in the table
n 1 2 3 4 5 6 7 8 9 10

dcn) 2 2 3 2 4 2 4 3 4
Mn) 1 3 4 7 6 12 8 15 13 18

Ed Find d(5) ,d(s
'

) ,d(53 )

-
Isp is Prime and n E It ,

then d(p
" ) = ntlLemma -

PI divisors of p
"
are I ,P

' ,p2 ,
... ,P

"

Lenya If pis Prime and he
Zt

,
then O(p

")=?_?

Hint: o(p
")= ltptp2t . . . + p

" is a finite geo . series
.

EI Suppose p ,z are different primes and m=p2q3
compare d(p2 ) , d(q3) , d(m) .

1 q 22 q 3
1 12
P ftp.P.zpp}}pp{} c- could therebe repeats ?
pz No by FTA



Theorem 1 If next
,
and n =P ,e! . . PEK is its
.

Prime -power decomposition ,
then

dcntckp!) . . .d(PEK)
.

Thus
, d (n)=@, +1) . . - (ektl)

.

#
Consider the numbers of the form p,f ' ... p ,afk

where 0 's fit ei
. Every divisor otn must

be of

this form by FTA ,
and every number

of this

form is a divisor . thus the divisors
of n

are exactly the numbers
of this form .

How many

Such numbers are there ? .
. . @it1) choices far fi ,

(4+1) choices for fz , . . . ,¢←+1) choices for fk .

Thus
,
dcn) =@, eD- . . (e*+ 1) .

dc"p,9) . - . dcygaey
← BY Previous lemma

.

i

a

e , ez e} e 4

EI Compute d for 46 ,
585,000=230.504.7-0.1130

d(46585000)=d(23)d(54)d(7
'

)d( 113 )

= 4. 5. 2.4=46-07

Def Let f be a function from Zt to Zt
.

we say f- is multiplicative if whenever (m,n)=l,
f- (mn) = f Cm) f Cn)

.



theorem the function d is multiplicative
.

RI . see book .

* In general , Theorem
l is more helpful

with

computations-
Theorem 3

can be helpful with

theoretical applications

EI Let m
E Iso

.

If m is odd ,
show that dczm)

is even .

gcdcz , m) =/ ⇒
dczm) =D (2) duh)

=3 dam) = 2. dlm) (
since 2. is prime)

=3 dczm) is even .

* Also
,
if pfm then d ( pm) is again even .

Backtoo.LICompute 0 (24 )

Div
.

of 24 : I , 2,2723 , 24

'

=) o ( z ") = 1+2+2723+24=1+2+4+8 -1/6 =③

put - I

-

If p is prime and n
c- It ,

then •(pm) -_ -
Lemma P - I

pt
-

Ocp") = It ptpzt
. . . + p

"

.

Note that

(It xxx't - -
- t X
") . ( i - X) = (text x

't . . - + x
") - (* x' exist . - it X

" )
ntl

= I - X

nt I

Thus
,

I - X (if x # t)
- ,

It xx x
't- - - t X

"
=

I - ×

nel out l - I
so = 1-

Ocp
" ) =

, - p p - I D



EI Compte o (24) and o (53) .

• (24)=2!- = 372=1311

✓ (s
') = sI = 67,42=11567

Ee compute o of 2000 .

2000

^ 2000=24.53
2 1000

a
10 100

If +25
II 's's

Divisors are 29 - 5-
b

a- o, 1,213,4 ; 5=0, 1,213

a

- sum
I 2

"

I 23 24 -2 (Lt 2 't 22+23+24 )

s :L:t÷¥i÷t÷t÷:⇒÷÷÷÷÷:÷÷÷ :÷t'
3 53 2 's' 22.53 23.5

' 23.53 →
+
-

( lez't 22+23+24) . ( It 5+5753)
• (20007=0125)o(S4 ) = 31 . 156=14836-1

-

Theorem2 If n C- It
,
and n

-

- pi ' . - - pie'' is its
-

prime - power decomposition ,
then

• ( n) -- • (pi') - - - o (PE ' )
.



Ee compute o of 8800

8800 8800=25.52 . It
a

88 100

×
a o ( 8800)=o(25) - o ( 52 ) . o( it)

8 " ' o ' °

7262€ fests 1711
In 52^5

= 6373 , . 12=1234367

theorem The function o is multiplicative
.

RI . see book .


