
CHAPTER I STRUCTURES I LANGUAGE



1.2
Languages

TPS

f

1N={ 91,2 ,

... }

!1! write
 down a

statement about the

natural numbers
-

it  must be
Tort

.

!2! Did
you

write it

symbolically
or

did
You

use

words ?
Try

to write it symbolically

-

what

symbols
did

you
need ?

!3!
Everyone

repeat
!2! for

@

old back 's
conj

.)
:

Every integer greater
than 2 is

the sum

of two Prime
numbers

.

* mychoices_

'

- 2
,

S

,

P

,

variables OR 2
,

+

,

I
,

...

Follow-up
:

Is
it true ? can  

you prove
it ?

So what
symbols might

 we
want to

talk  
about

the
natural numbers ?

Perhaps :
+

,

.

,

(
,

)
,

variables
,

VT . .

Can
 

You
 

use
these

to
express

that  

every

element  
of 1N

is either even or

one  more
than

an

even  nu -
be ?

+

A)
Perhaps ( it  a) ( ( ( ]- b) (

a=b
. ( it c) ) )V( ( 7 b) (

a=b( 1 + ' )



Def
A first - order language

L is an  

infinite

collection
of distinct symbols ,

no
one

of which is
properly

contained
in

another
,

of one
of the

following types

!1! Parentheses :
(

,

)

always
aiming

included !2! Connectives :
V

,

-

B•
what  

about N ?
for some

implicit
'

µ

Quantifier :
t B.

what
 about 7 ? }

.

#Fifty

!4! Variables : Vi
,

Vz
,

.
.

.

,

vn
,

. . .

( denoted Vans )

!5! Equality
: =

!6! Constant symbols
: Zero

onmone

!7! Function symbols
: Zero

or  
more n .

any
function

symbols
for

each
pos .

n

!8! Relation symbols
: Zero or more n

.

any
rel

.

symbols
for each

pos .

n

9
n

•

F  is a placeholder
for

7¥
.

Similarly
for ^

.

EI Language
of Number Theory

Lw
,

= { 0

,

S
,t ,

o

,

E

,

< } B• Remember
,

symbols a
,

of
types

1- 5 one

arity

also implicit ,

included

-

0 - constant

a( 5) =1 S
-

1-
any

( or

unary ) function
-

a( +1=2
+

- binary
function \

intended meaning

?

.

•

-

binary
function

#
:

E
-

binary
function

<

a(<)=2 <

-

binary

relation



* This is all
syntax

right
 now ! The symbols

-

have no  

meaning

,

though they
usually

have  an intended

meaning
.

TPS write down any

sentence
in Lnt .

* that  

you

haven't  already .

TPS
f S(x)= xtl

,

write a
sentence in LNT

expressing

that every

natural number is even
.

Tf
Note :

you

are assuming

s ( x
)

=  xt I
and 0

is
really

Zero
and

...

so your

sentence simply
has

an int
meaning .

TPS what  other
symbols might you

want to

have included to talk about IN ?

Can

you
think at  an important  

unary

relation on

IN ? Can  

you
think of

any

4-
any

relation ?
Can

You
define

them  

in Lnt ?

*  e.

g
.

Prime ( × )
,

D( x.  y ,z ,

w ) # XW
-

YZ
 = 0

EI Language
of Graphs

Lanapn
= { E }

,

E is a binary
relation

.

Q : what  
is the intended

meaning
of

( V.v
, )(Fuz)( v. =v< ✓ TECY

, vz ) ) ?



EI Language
of Set

Theory

Ls
,

= { € }
,

E  is a binary

relation
.

Q :  
why

not  
include

C- ?

...

X c-

y

can
be

expressed by
(V-v)(

VEX
=)

vey )

So
the

relation E
can

be

"

defined

"

from

Last

A : There are
choices and

here we

tried to

-

.

minimize
the #

of symbols .



1. 3 Terms § Formulas

Once
we pick

a

language ,

we
can

write
things

down
,

but the

may

be completely
nonsensical

.

For

example ,

in Lnt we
could write

Hu
, )¢Fvz)( vz

> v

, ) )

OR we
could

write

vii.
IF -V > > (

Here we
decide

which
strings

will have
meaning .

Terms ( The nouns
of our language

. )
-

=

These are
built  

up
from variables and

constants

using
functions

,

but  
not relations .

Det
Let L be a language .

A
term

of

L =Ln+={ as ,+ , ;E,<}

L is a  nonempty ,

finite
string

t of

symbols
from L such that either :

For

example
"

is
"

p"ETi¥¥s[.

t
is

a
variable

'
.

t
 

÷ 'T

former 2
.

t : I 0

z
.

t  is a constant symbol
3

.

tie
svz

recursive 3
.

t
:  

I ftitz . . .tn where f  is M

£
:= so

definition

{ ema
.EE?.Taattiemms4mbdmdmt:=

+ v.v
.

B.

or

£
: I + so so



Q : which of the

following one
terms of LNT

?

0

Stovs

!3! + +500
!5! St EOSSOO

@
+ ( so )± !4!

oc So

TPS
write

down 3 more
terms of LNT

,

in prefix
§ infix

.

TPS
write down

3 terms
of Lost

.

BE So
,

technically
,

terms are

written with

Q

prefix

notation
,

but we

will often use

infix when
the

cortex
is clear

.

For
, example

we
will

say
that

v.
* ( uztvz ) is a

term

of LNT
with the understanding

that

✓
it

(
Vz

+

Vz ) is
a placeholder

for + V
c

+ V2V3

Formulas

terms
c-

- -

- >
nouns

formulas
he-

-

- > assertions

Def
let L be a

1-

guase
.

A foret L

is a nonempty ,

finite string
¢ of symbols

from
L such

that either :

atomic
{

I
.

Q :
-==t ,tz

where
tiitz

are terms

¥6
z

.

Of
:= Rt

,

tz
.  .

.

En
where

R is an

n
-

any

relation

Symbol
and £

,
.

. .

.

,
ten

are
terms



recursive

3
.

¢
'

 
' = (

72 ) where Lisa
formulae

daegtj
. [

.

¢
:= @vp ) where

&

, p
are formulas

'

"

5
. ¢

:= (

tvlkuwgavigogmvauriaabhemd
£

1

the
scope

of the quantifier
tt is &

TPS
write down

4 formulas
of LNT s

.

+
.

2

are
atomic

and
2 are

not .

-
binary

relation
.

TPS Do the same  in Larap
,+

= { E }

why

did

we

choose

TE
Are

you missing
F  

or
^ ?

f this
?

•

Let  as
agree

that

×^B
is a placeholder

for (( GLWGB
) ))

L→p

"

"

" ( (a) vs )

HDK )

" "

"

fHv)tx
))

TDs
Can  

you

write  
down

a

formula
at Lwt

with

whose intended meaning
captures

the fact

that 1N
has nolargest

 

element
.

Q : Let
L be

any

1st -

order language
.

what  is

the intended meaning

of

( Zv
, )( (Fudk7v3Y7@i-vzwCvi-VnvCvz.us

)))))



1. 4 Induction

Recall
.

 . .

Proof by
induction

suppose you

want to
prove

PCN

) is true for
 

all n
e

IN with xxc .

where
P is a statement about n

.

1
.

( Base Case ) Prone
Pcc ) is true

.

Complete
2

. ( Inductive step )
.

pro . that
Pcn ) → Pcntl )

.

Induction

-7 2
.

( Inductive step
)

.

pro -
that

P
(c)

,

PCCTD
,

...

,

P ( n )

all together imply
Pcntl )

.

Running Example pcn )

n ( nt 1)

Prove It Zt
- .

. +
n

=

=

for  all n
71

Bay PCD

1 (1+1)

Prone 1 =

-z
.

LHS =
1

,

R H 5 = 1
,

so
done

.

Inductive step
-

Pcn )
→ Pcnti )

Assure
It ze

.  .

.  +
n

= ^Cntl)z

Prove It zt
.

 -
. +

(ntD

= @tl)(n+#

2

LHS =

ltzt .
.

 
.the1)

=
Hzt .  

.

.

+ nt (ntD

=

nay
+ n+ , = .

. .tn#nD=RHs

D



Proving
statements about  

all formulas or  
all terms

*
 

usually
done

"

by
induction on

the complexity

of the formula

"

...
 or

"

complexity
of the tem

"

* let's
see

this
by example .

Theorem 1. 4.2 Let ¢ be

any

formula in  a language
L

.

Then the
number

of left parentheses
in 0 is equal

to the number at
right parentheses .

1¥

we proceed by

induction
on

the
number of

Connectives
and quantifiers

in ¢
.

Base case
: Assure ¢

has
o

connectives
and quant .

an
$ is

atomic .

Thus
,

either

¢ :=
=

titz

with
t

,
,

.  .
.

,

tn terms

OR

and
R an nary

rel
.

sym
.

¢
:= Rt

,

.
. .tn

As terms
have no parentheses ,

¢
has

no parentheses
,

800
certainly

has an
equal

# of Land R
parens .

Inductive Sleep Assume
The is true for formats

w/
K connectives / quantifiers .

Assure ¢
has

1<+1 com / quan
.

Thus ¢ is not atomic
,

so either

or

¢
:= ( , × )

¢
:

= ( &Vp )
where tip

one

formulas
,

.

OR

Cf : -= ( V.v ) ( & )

Visa variable



Note
that d) p

have
 

at  most K
quantifiers

So the num
.

of their
L and R

Posen .

are equal
.

Thus
,

the same is true for ¢
.

!1!



1.5 Sentences

EI Determine
if each Lnt

. formula is True

,

False

,

or
indeterminate ( when interpreted

the usual
way

)

(a)
( Fx) (tty ) ( y<

× )

(b) (V.
×)(Fy)(x<

y )

( e
)

V. x ( X<

y ) - y

is

afreevariablethet
Let v be a

variable
and $ a

Formula
.

we

say
that vis free in ¢ if either

-

Lnt

I
. ¢ is atomic and v

occurs
in

¢ I
. v=o or

v< o

2
. ¢

:= 72 and v is free
in

&

2
.

7 ( v=o )

3
. ¢i= XVB and vis free

 in L or B 3
. (7( v =o ) ) ✓ 0=0

4
.

0
:I ( fu )

(d)
and v is free

in &

4
.

V.
u ( v=o

)

AND_ vtu
or

V. a ( v=u )

* Notice that This
covers ^

,

→

,

F
,

.
. .

too But Not

V.v
( v=o )

Tf If v is free in $ ,

we

may

write

¢ ( v ) instead of Q
.

TPS
Determine

 
if

× is free in

(

tx(xEo=so))V

( ×
-

o )



Def A sentence
is

a

formula
 

with no

free variables
.

binary unary

x.  

y f

fxt
,

constant

TPS Let Lg= {
.

,

- '

,

I
}

.

write
three

Strings
of

symbols
S .t

.

one is Not
an LG

- formula

,

one  is an Lg
- formula that

 is NOI a
sentence

,

and

one
that  is an Lg . sentence

.

TPS Is
sin2x +

cos2x= ( a sentence
of

L= {
sin

'

,

cos

?

,

1 } ? If not
,

alter
it

p
T

^

constant

unary
unary

to
create

an

actual
sentence

that
 captives

the intended meanging

at the original .



I
.

6 Structures

-

.

.

the

beginning
of semantics

.

Det Let L be
a language .

An

tstr

M

is a nonempty
set M C the

universe
of M )

together
with :

I
.

an element
CM of M for each

constant symbols

2
.

an n -

any
function

FM : M

"

→ M
for each n-ary

see
the -

function symbol
f

difference
? # mm

3
.

an n -

any

relation
RNE M

"

for each
n

-

any

relation symbol
R

Ba book  occasionally uses L - model
.

Exe Let L
-

-

Lo

,

f

,

S
} with

O -

constant

f-
-

binary
function

S -

unary

relation

Define

* M
= La

,

b

,

D }

M

* ON =

a

f
a

b D

9
A b b ← f Ca

,
b) =D

M

b a D b

* f
with the following

table :

y
a

a g

* s

?
{ a ,b3 EM



M

Then M
-

- ( M

,

on
,

f ? s ) is an

L -

structure
.

Let L be as
above

.

Define
R = ( IR

,

OR

,

fr

,

SR ) by

R

O
! %

,

f- G. b) =
a. b

,

SR -

- I

.

Then this is also an
L .

structure

TPS
Recall :

Lgrapn
= { E } where E is a binary

relation .

Define an

L - structure w/ 4 elements
.

Back to firm ground
.

.
.

Recall Lwt
= { O

,

S

,

t
,

.

,

E
,

c }

Define N
= ( IN

,

ON
,

SR
,

+79
,

ETC
"

) as follows

ON
= O

symbol on

I

I the actual
number !

the
paper grin

. IN →
µ by

Sh ( x ) =

Xt I

th :

IN

'

-7 IN by
tncx

, y )=×+y
OR x try

=  
Xt y

on : INZ → IN by
on ( x

, y
)

= X
-

y

EN : IN

'

→ IN by
E Cx

,

y
)

=
x

"

L

"

E IN

'

by
( x.

y
)

c- L

"

⇐
XLY .

I

Really
: I =

{ coil )
,

Cord
,

. . .

,

(
1,2

)
,

.
.

. }



Then N is
the so -

called
"

standard

"

Lwt
-

structure
.

¥3 we
often  omit the superscripts and

write

N = ( IN
,

0,5 ,

t

, ;E
,

< ) is -

Ln
,

- struct
.

⇐ Let L
-

-

El
,

+3 with l a

constant  
and

+  a
2-  

any

fun
 

at
. symbol .

Define the L . structure
S -

- ( S
,

l
,

t ) by

F
S is the set  

of finitestringsfrom
the

Spanish alphabet .

S

* l = abrtz
.

*

the
: Sxs -

SS is

"

concatenation

"

e.

g .

LS

th
rrr

= abrizrrr



1.7 Truth in
a

Structure

Def - Informal
Let of be an L - formula

 and

M an L - structure
.

We

say

M is
a motel of ¢

or M satisfies Of
,

demoted ME ¢
,

provided :

• if
of

is
a sentence

¢ is a
true statement about M with

the standard interpretations
of the

quantifiers and connectives

•

if
¢

has free variables

among
Vii . . .

,

Vn

( V-y.ua
,

.

.
. .vn ) ( to ) is a

true statement about
M

.

Exe Let Lpf { o

,

I

,

-

it
,

.

}

c- E I

-

Consider

④ = Q =

( Q
,

o

,

I
,

-

,

t

,

. ) with the standard
inter

p .

e.

g
.

 
-

Q

( x )
=

- x C
tunes .

at x )

Z =
Z =

( 21
,

o

,

I
,

-

,

t

,

a ) with the stand
.

 
inter

p .

Thus

,

Q & I are Ln
- structures

.

① Let

4 Xx )[Cx # o ) -7

47 y)( x.

y
=L )))-

7
( x

-

- o )



this notation highlights

Then
, ④ f- ¢ but Z # ¢

.

the free variables
.

② let
I

YET

-

- I ( x # o) → ( C
Fy ) ( x

.

y
=L ) )

pcx) : Iffy
Xx.  

y

-

- I )

Then

,

④

fycx
) b/c

QE Ad
Lyla )

2¥46 )

Also

,

Q ftp.cxlb/cQHCV-x)fpcxi )

Z # pcx )

*

Finally
,

we
do have Q f

roti )
and Ntpc

-

D

J

substitute -1 for x
in

p

yields a
sentence

.

TPS IR and Q are

also LR
- structures in

the obvious way
.

Find an LR
- sentence

tree

in
Q but  

not  
in

IR
.

ward
to

the details
.

.

.



Assigning
Values to

Variables

•

L
a language

• M an

L -

structure

Running Example Lwt
,

standard Ln
,

- struct
.

IN
.

Def

Any

function
S : Vars →

M- is called a

variable assignment
function

into M
.

Ex
In IN

. .

.

S
,

:
Vars -2 IN

'

. 5. ( Vi ) = 2

it

I

e.

g
. S

,

(
Us ) =

7

,

S

, Cuco )
=

13

Sz : Vars → IN :

Sz Cui )
= 13

e.

g
. Ss ( us )

=

13
,

Salvo ) = 13

From Vans to L - terms

Det
Let s : vans →

M be
any

variable
assignment

function
.

Define 5 : { L
.

terms } -7M

by

I
.

if
t  is a  variable

,

then 5- ( t )
=

SCE )

z
.

if t  is a  constant
,

them
5C c)

= cm

3
.

( inductively
) if t

: I ft
,

.
.  .

ta
,

then

g- (E)
= f MC 5 C ti )

,

- .

. ,5( tu ) )
.

Ex In IN
.

. .

let t .

-

I

Ely
,

Sso ) t ( v
,

.

b) t

Vs

S

,

(
Vi

)
-

- Zit I ⇒ I
,

( t )
= E ( 7

,

2) t 3.7+11 =  
81

Sz ( Vi ) =3=) SJ
( t )

= E ( 3
,

2) e 3-3+3=21



EX Let t

'

: I SO
. Explain

how 5
,

( t

'

) is evaluated
.

I ( t

'

)
= SM

( 5
,

Co ) ) =
SMCOM ) =

I

then
,

5 Co ) = ON ]

Some
times we  want

to
fix some  outputs

of s
.

Def Let s :
Vars →

M be a  war .

 

assign
.

function
-

Define

S [ x la ]cv )
=

{ saw
,

i

?

v is the variable x

otherwise
.

This
is an x -

modification of s .

EX

Let
t .

-

I

Ely,
Sso ) t ( Vi

'

Vs ) '

Vs
-

S
,

Cui )
=

2 it I
.

ST
C t )

- 81 C from
before )

.

S2 ( t ) = E ( 2
,

2)
t ( 3

.

2)
t

11
= 2 I

Det Let s :
Vars →

M be a var
.

 

assign
.

function
.

Let of
be an

L - formula
.

we

say

M

satisfies of
with assignment s

,

denoted
ME 443

,

provided :

I
.

 
if Of

:= title then 5ft
,
)

=

5th )

M

2
. if of

: Rt
,

.
. .tn then ( 5 Cti

,
. . . ,5Ctz ) ) ER

3 . if
4 C na )

,

then M¥2 Cs ]

inducting
÷ issa:junta

's ' am '⇒
" '

,

then
VMEM ME Lfslxlml )



* This also covers the other quantifiers
and connecting

.

EI In
Lwt ,

let

¢
: -= ( Fv

, )¢v,=0)v¢vz
) ( vz

<
with ) ]

Show
that for

any

v. a.

f
.

S

,
IN t

y
[ s ]

.

Observe
,

IN EYES
]

iff time IN
,

fly
-

- o ) v
Avs )Uz<

with )][ swim ] )

iff tf me IN
,

IN f- ( u
,

-

- o )[s[ u his ] or

IN f ( tvz ) ( vacuity
) [ Sf,

Im ] ]

IN

iff
tf  MEIN

,

m
= O

I

FREIN
,

INE Curcuru ) lssulidlvzlr ] ] )

iff fine IN (
m

=

ON or FREIN (
r

c'

N

me

"vr

))

The
final statement  is

true
,

So IN EYES ]
.

Det For 4
an

L - formula
and

Man
L

-
structure

we

write ME 4
iff

M flocs
]

for
eiery

- off -

formulas we

write

V. a.
f

.

s
.

Also
,

if
Misa

set

M 1=17
if ME of

for
all Of EM

.

* we
read Mto as

"

M
models Of

"

or

"

M satisfies of

"

So
,

in
the last  example

,

IN

to ,

i.e
.

IN models Of
.



A few results
. . .

Lemma
1. 7.6

Suppose S
, ,

SL are
v.  a. f

.

 
into a

structure
M

.

If S
,

( u ) =

Sz
C

v ) for every
variable

v that  occurs

in
the term t

,

then 5
,

It )
-

- ST
Lt )

.

pf
-

we  use
induction

on the complexity
of

t
.

Base case
-

° t
: I V

,

u  a  
variable

.

Then 5
,

Lt )
= s

,

Cv )
=

Szcv )
-

- Ict )

rt
: I C

,

ca  
constant

.

Them 5
,

(e)
=

CHILE

)
.

Ind .
case :

-

✓
Assure

t= ft ,
.

.

.
tu

and I Iti )
-

- ST Lti )
.

8

?

fM( ICED ,
.

.

,

5 Ctn ) )

-0
Then Jlt )

=

§

"

=fMcIc⇒ ,
.

. ,

Ith )
=SILT )

.

,

Prop .

l -7.7

Suppose
s

, ,
Sz

are

v.  a.
f

.

 

into a

structure

M
.

Let Of be a

formula .

If s
,

Lv ) =

Sz
Cv )

for

every

fee

variable u

in 4
,

then

ME loss ,

]
iff M f- of Csis

.

pf
-

By
induction

-

see
the book

.

Cor .

I. 7.8
If ol is a

sentence
,

then

ME ¢
iff M to

[ s )
far some

v. a. f
.

S
.



I
. 9 Logical Implication ( 1.8 is pastored )

Most theorems are
of the form

4

"

If V is a
vector

space ,

then
.

. .

"

If G is a graph ,

them
. .

.

"

'  '

If G is a group
,

then
. . .

"

that
 is

, assuming
a

structure
Satisfies some

axioms ( sentences )
,

then some
 

other sentences

are true
.

Det Let D and and
IT

be
sets

of L -

formulas
.

we say

that D logically
implies

T if

for  
all L

- structures M
,

MED
→

ME
T

.

EI Let L -

Ee

,

.

} with e a
constant symbol

and

•  a

binary

function symbol . Let

D= { (V-x.az/ffxy)z--XCYZ5f
,

① 41

( Tx )(xe=ex=×
)

,

②
Gz

( ox ) ( Fy
) ( xy=yx=e

)
,

③
1oz

( tx ) ( x
.

x
-

-

e ) } ④
Oy

r
-

- { xy=yx3
4

Prone that
D t T

.

( we do this
informally

this time

;
contrast

w/
book )



Let
M be

any
L - structure

.

We  
must

Show

MED ⇒ ME n

ME xy=yx
⇐ Mt Vfx,y)Cxy=yx)

Assume
M f- A

.

we want to
prove Ctx.

y
) ( xy

-

y
x )

.

Let a ,b EM
.

Then

*

there is a
a' E M s

.

t
.

I
a

=

e

*

"  
"

a
b

'

EM s .

t
.

b b

'

=

e

a.
be M ⇒ Ca- b). ( a. b) = em

④

⇒ a.4. @ b )) -

- em ①

=) a' ( a
( a b )))

= a

'

em

⇒ ( a' a )
. ( blab ) ) = a

'

①

=) em . ( b Cab ) )
= a

'

③

⇒ blab )
= at ② B.

TELIto

① works
,

M lets ignore

=)

babe
= a

'

②
parentheses

→ babb

'

=
a

'

b

'

=) bae

M
= a' b' ③

⇒ ba = a' b

'

②

=) b a

= em a' b' em
②

⇒ b a

=

 aa
a

'

b

'

b b

-
-

⇒ ba =  a e

Me Mb
③

=) ba =  
ab ②

This
,

A t M



Det Let of be an
L

-

formula
.

If 0/1=0
,

then
every

L -
structure satisfies &

,

and we

Say ¢ is logically
valid

.

* we  write to
instead at 0/1=10 .

In the
previous

example
,

we

had

DEM

I

{

9,102,103,0434143

Then

,

if ¢
: (lo

,

roland
,

holy
) -54

,

then

Of is logically
valid

,

so F Of
.

EI Suppose
L contains a  

unary

relation
P

.

Carefully prone

that to
:= d- x ) Pex ) → ⇐x ) Pcx )

is logically
valid

.

Let N be

any

L - structure and
s

any

v.  a. f
.

✓

We  must show Mf Cfcs ]
.

F
then M to

CST by

z

o If M tf ( L ex ) Pan ) E s ]

i def
.

of →
.

1-

A- ME ( Ctx ) Pex ) ) Cs ]
.

So

,

for
every

O

°

Suppose

MEN ME @Cx ) ) I scxlm ] )

;

thus
,

for

Some me M
,

ME ( Pca ) L sext → T
.

Hence M f ( C 2x ) P Cx ) ) Cs )
,

so

M flocs
]

.



1. 8 Substitutions and Substitute  

ability

Let Of :

⇐y
) n ( x

-

-

y )
.

Note that
do is true

in
any

structure
with

at least 2
elements

.

For

example
IN to

.

°

Suppose you
replace ×

with
u

.

Is it true that

101=01!
?

to : ⇐ 

y
)

- fi
-

-

y )

Yes -

clearly .

° Suppose

we are
in LNT

and replace

x
with

the term
atv .

Is
do t

Off
,

true ?

4¥
.

-

= ( Fy )
- ( utu

-

-

y
)

U

I
up .

•

Suppose you
replace

x

with
y

.

Of f- Of ?

4
;

Cay )
- ( y

-

-

y
)

No !
 

. .
.

4 !
is now

false in
every

structure
.



Det Suppose x is
a  

variable and
t  is a

term
.

• If  u  is a
term

,

we

define u 't (
"

u  
with x

replaced by
t

"

) as
you

 
expect .

See book

o If ¢ is a formula
,

we
define

0/1 as follows

I
.

 
if of :=  =t

,
tz

,

then
Of ! :=

=LEDI L to ) 't

z
.

if ol
'

-
=

Rt
,

. .

. tu
,

then 01 !
-

. I

Rft ,Ye . . . ( tn )×+

3
.

if Q : n
( x )

4
.

if d
:= a

up

similar

s
.

if §
: I City ) ( a )

,

then

¢ ! {

MIKE ) if  x #
y

¢
if

x=y
•

EI work in Lwt
.

Let

¢ : I

f-y )(xty
.

-

z ) v I x ) ( x.  x
-

- x )

Then
,  

if t
: I

ytw ,

01¥
-

- I
Lay

)G+w+y=Z
) V ( ex ) ( x.

 x
-

- x )

a 9

|
Some thing

would

but  want to

have
happened

wits

avoid this

Fx here
.



Det Hyp
.

 as
before

.

we

say

tis substitutable for
 

x ing

if

I
. Of is atomic

,

2
. ¢

: I 7 ( x ) and
t is

sub
.

for x  
in L

,

3
. ¢

: I (
yup

) and
t  is sub

.

for x
in both

L and
.

4
.

Of

'

- I G-  

y
) ( a ) and either

°

X is not free in ¢ or

o ( x is free  
and ) y

does
not  occur in the tenant

and t  

is sub
.

for Xin
L

.

EI Determine
if t

yztz

is sub
.

for x
.

( in Lwt )

① of f- y ) ( Sx =  

y )
No !

② Of
:= City

) ( y

-

- o
V

Xx ) C x
-

- y ) ) Yes !

③ Of :'-( y=
x ) ✓

Low
) (

ECw

) Yes

-

atomic

atomic


