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3. 2 Completeness

Recall :

( soundness ) If Et 4 ,
then E t 4

We now aim for the con verse
.

←
of our

deductive system

→ Thin ( completeness ) If E E ol ,
then Et do

.

Go - del - 1929
(

the def
.

at a

Dissertation complete deal
. System

THE PROOF BEGINS

o Fix E and 4 .

° We will assume
that L is countable - this

implies that the L - formulas can be enumerated

in an
infinite list : a , , Lz , .

. .

Step O Rephrasing the problem -

← ) we may assure of is a
sentence

.

why ? .
. . Prop 2. 7.2 says E to ← Et Vx .

Repeating this for all free variables in ¢ , say

X
, , .

- .

,
Xn

,
E to ← E t Vai . . . i Xu µ sentence

(b) we may
assume E consists of sentences

why ?
. . .

Prop 2
. 7.3 C Sim .

to before )
.

Defy : I := tx = x ) rt txcx = x )
.

Also
,

we

say [ is consistent if Ext .



(C) we may assure & is I

Why ? .
. . Suppose we

can prone
E ft → Et I

.

Let 's prone E to →

Eto
from this

.

E to =) Eu C- do ) KL ( b/c tree are

no models of

⇒ Eu ( not ) t I
Euc - lol I

=) E t ¢
"

proof by cont .

"

Exerc .

2 .

-7
.

I # 4

Recapi we will prove
the Completeness The

if we can prove
:

E t L → Et I

for E any
set of sentences

. Looking at

the contrapositive we find that
*

•

To prove
the completeness

Then
,

it suffices

to prone
that

if E is a
consistent set at sentences

,

then E has a
model

.

* B
Let E be a

consistent set of L - sentences
.

we must construct a
model

.



Lu I lots at

Rough Outline
f

can starts }

Step I we enlarge both L and E to L
'

and E !

Step 2 We build a model M at E
'

in L ! The

universe is essentially the set at

Variable - free terms of L
'

.

Step 3
we restrict M to L

.

THE PROOF CONTINUES

Step I Let Lo =L
.

Define I
Henkin

constants

L
,

- Lo U { c
, , Cz , Cs ,

. . . }

where each cc
. is a

constant symbol not already in Lo
.

Lemma 3. 2.3 E is still consistent as L
,

- sentences
.

1-

pfidea f
Suppose not

.

Let D.€4, . -
. ,

-
in ) be a

deal
.

of t with Li an
L

,
. formula .

° Fk s .

t
.

the new
constants occurring in D

,

one a marry
C , , -

- . ,
C k

° Let Vi , .
. .

, via be variables not occurring in D
, .

onesie Do -
- ( can I

.
, .

.
. .am )

← still I

° A little work shows Do I - I
,

but now

Do is in Lo
.

Contradiction
.



We now expand E
.

First ,
list all Lo - sentences

of the form Fx Q :

F X ,
Oi

, Fxs Oz ,
-

.
.

Eg .
Fury ( vz C Vz )

,
Fvz ( TVs ( vz = us ) )

Define
" to I Foz

I .
.

.

° Yi : I × c) → @ ,

Yi
←

Henkin axioms

i - '

ci is a
witness

Ci
. ,

• H
,

= { y , I it

13
for T-xc.fi

Now
,

let Eo -

- E
,
and define E

,
= Eo UH

, .

Lemma 3.2
- 4 E

,
is still consistent Cas L

,
-
sent

.)

pf idea
-

Suppose not
.

Let in be smallest integer sit .

Eu { 4 , ,
. . .

,

4M
, Yue ,

} is inconsistent ( which

exists since deductions are finite )
.

Now

- Hurt
{ u { 4 , , .

. ,
Yue , } t I of

A -

⇒ Eu 94
, , .

. ,
Ym } t ftin# I ) bed .

Theorem

=) Eu A t -Ulmet( 4m+ ,
is of form 7- x O - so I )

⇒ Eu A t axon - of

E ✓ A t t Vx - o p

⇒ and

{ u A t - EI

=) E u A 1- 70¥ for 2- a new
variable

( as in preu . proof )



=) E u A t ht -27 -0¥ Lem 2. 7.2

( Az n -0¥ → 7 @I ) ! is a Q1 axiom )

⇒ Eu At THE ) } -
- no

⇒ Eu A t A x 70 Lem 2-7.2

⇒ Eu A t I by A and BB

⇒ Eu E 4 , , . . . ,
41 is inconsistent

,

but me I was
least suck

.

Thus E
,

is consistent
. D

←
extend with as - many

new constants

Repeat each time

° Lo E L
,
E Lz E - . .

° Eo E E
,
E Ez E -

- -

t extend with Henkin axioms Hz

for the L
,

- sentences

Each Ei remains consistent
,

with some proof

as before .

. L' = nhi
. I -

- View Ei



Further extend I to E
"

to ensure
either of E

'

or - o G E
'

far all I
'

- sentence s
o

.

° Enumerate the L
'

- sentences :

Oi , Oz , -
.

.

o ~

° E = E

°

qktl
= { EuLok 3 if E

"

u { of is cons .

[
' a

u { - ok } olw .

k
°

[
'

= U E
k C- IN

↳ For every formula on
,

o C- E' or
to E E !

Also
,
E

'

is consistent C as are each Ek )
.

Rt exercise .

TB Lemma 3 .
2.5 I f o is a

E
'

sentence ,
they

•

o E E
' iff E

'

to

RI ( =) ) clean .

So
,

assure
E

'

to .

If o ¢ E
'

,

the

- GEE
'

.

Thus
,
E

'

to
and E 't no so E

'

I - I
.

But E
' is

Consistent . D

Step 2 Constructing
a

model at E
' ( in L

' )

II : the constant symbols are
kind of the elements

of the universe .

But
,

what when we use

functions ? we need C
, t C

,
to again be in our

universe
. Okay ,

so instead of constants
,

let 's

use
variable - free terms

.

Close
.

What if

C
,
t Cz = Coo



is in E
'

?
we need C ,

t C
?

to be the Sae

element as Coo
,

but it can 't be b/c they

are different seq .

of symbols .

So
. . .

Let T be the set at variable free L
'

- terms
.

Define t
,

- t
,

I I, -
- tz ) E E

'

.

Lemme ~ is an equivalence rel
.

on
T

.

Rd book t exercises
.

universe at M

M = The
,

i.e
.

M is the set of n - equivalence

classes of T
.

we write these as Ct ] for t c- T
.

Ee if t is a binary fun of
. Sym .

in L
"

and

C
, ,

C 7
are can starts in L

'

,
then

[ c
, ] , 473 ,

[ at Ca ] E M
.

I
c +c) = [ 08 ]

.

Also
,
if c

,
t Ca = Co C-

{
,

then [ , 7

° - -

/ symbols in lan&uaX actual elements in M
.

constants CM = E a ]
.

Functions f MC Ct , ] , . .
.

,
Ctu ] ) = IfCt

, , . .
. .tn ) ]

⇐
[ a

,
] + Mcca ] = f Cet Cz ]

Bas Is this well - defined ? It is - let 's just

look at an example .



EX Suppose Lnt EL !
-

,

Let t
,

= Cit Ct
,

Zz = Coo and t
, =tz E E

.

Let 's look at the function S
.

We have

[ t ,
] = [ th ] ( since

t ,=tz t E
' )

and we
want to show

SMC Ct
, ] )=SM( C tis ) ( i.e .

that St ,
-_ state )

.

By Lem
.

3.2 . 5
,

it suffices to show E
"

t St
,

= Stz .

x -
- y → Sx = Sy

EZ

.

L' - sentences i

tfxhfy ( x -

- y → Sx = Sy ) 2-7
. 2

.

'
C max 't consist

.
) :

t ,
-_ to → St ,

= Stz Q1 C twice )

2×0--70-1 Toes '

t ,
-_ tz E

'

[ loosest .)
nFez '

←
are . E' ← E' to St ,

= Stz pc

Relations RMCCt, ] ,
. .

.

,

Ctu ) ) iff Rt ,
. . . tu EE !

Bs show this is well defined
.

•
Again ,

we need to

> Prop 3. 2.6 Mf E
'

!!
Recall

we prone one E
' iff Mt o

.

( for all senso )
rt

we proceed by induction on the complexity
of o

.

* Recall def
.

at M
.



A useful fact : if s is a vaf into N and t is

a var .
- free term

,
then 5 ( t ) = [ t ]

.

•
need to think about Uaf 's

. . .

not too hard but uses def
. of f Mand em

① O '

. I t
,

= tz where ti , te are variable - free terms

Since or is a sentence

Then ,

OI t
,

-
- tz E E

"

iff t
,

- tz

iff [ t D= Etz ]

iff 5 Lt , )=5Lta ) for all vaf into M

iff M ft ,
-_ to

② o : Rct
, ,

. - .

, En ) where t
, , . . .

. En are var .

free

M
Then by m

O = Rct , , .
. . , tu ) E E

' iff ( Lt , ] ,
.

- ,

Ctn ] ) E R def
.

of R

if f ( 5th , .
. . ,

Situ )) C- RM

iff M t Rct , , .
. . .tn )

.

③ o
'

-
= 74 where Le E

'

iff M f a ( by induction )

Then ,

GG E
'

iff a ¢ E
'

iff M # L

iff M f n L

iff M to
.

⑨ o : = LVB

similar
.



⑤ o : = Vx of
.

( ⇒ ) Assure OEE ! UTS M to
.

M f
0 iff M t Vx do

iff M f V. x Cfcs ] for s any
raf

iff N t

offsfilm]]
for any

ME M
.

iff MEoffsCxICED) for any
var .

free

termLiffME off[ x 15C by the usehl

fact

fewer quantifiers iff M f Of ! [ s ] by then 2. 6.2

than o !!
\ ( a tech

.

res -
H

iff M f off
for soundness )

since QI is var .
free

.

iff 01¥ E E
"

by induction

Lemma 3.7 .
5

iff E 't lot .

Now
, GEE

'
so s 't ht xd . By 1)

,
E 't txt → DE

.

( Note

t is var .
free so certainly sub .

for x .
) Thurs E 't 4¥ ,

so
Mt - 0

.

( ⇐ ) Assure of E !wts M¥0
.

G¢E
'

⇒ no E E
'

nose not rt xd

⇒ E
'

f n E hem
.
3. 2.5

⇒ E 't ntxcf

⇒ E 't 7×7/0 ←
7*7701

⇒ 7×7/0 C- E
'

' for some
Henkin

⇒ 7×701-27/0 ! EE constant c



⇒
E 't 7×7 ~ #to -77011 ) Lemma 3. 2.5

⇒ E
'

t - QE

=) not ! E E
'

⇒ diets
'

⇒ M # I by
induction - GE

has less quantifiers

⇒ mftttxo
D

Step 3 Restrict M to L
.

we know
that M t E

'
and L E E

"

.

Also

M is an
L -

'

structure .

Write MIL for

M viewed as an L -
structure ( just forget

about the extra constant symbols . . .

but the

elements are still in MIL) .

Then
,

it's not

hard to see that MILK E
.

THE PROOF ENDS



3.3 compactness ( A.K.A. Dessert )

Theorem ( compactness ) Let E be any set at formulas
.

Then
,

E has a
model iff every

finite Subset at

{ has a model .

Rf gy ⇐ go for every Eo E E
.

⇐ ) If ME E
,

then certainly

⇐ ) suppose every finite subset of E has a
model

( which may
be different for different subsets

.

We argue by contradiction - assure E has

no model
.

Then E KI ,
and

{ t I ⇒ Et L
C completeness )

⇒ Eo 1- I for some finite
Eo E E b/c

* deductions are finite

⇒ Eo FI ( soundness )

→ Eo has no
model

=) ⇐ D

Con
.
3. 3.2 E to iff there is a finite Eo E E s .

t
. Eo to

.

Rt
s to ⇐

Eto ? cleaned clear

§ ⇒Eo t O for some finite EOE 2

i ⇐
Lot -0 for some finite EOE 2

D



Application I the property at
"

being finite
"

is not

a first order property !

Ey Let Lg = { •

,

- '

,
I } The axioms for a group are

binky Ina constant

9 ' h
g
"

y
, G. y ) .

z
= x - Cy- Z )

K : = X .
I = x a I . x = x

Is :
X - x

"
= I n x

"
. x =/

Question: is there a
set of formulas E such that

G HE iff G is a group ?

Answer I : yes of course
,

E = { 81,82 ,
233

.

ne stian 2 : is there a set of formulas E s .
t

.

G ⇐ E iff G is a group
with at most 4 elements?Answer 2 :

yes : E = { y , ,
Vz

,
83 ,

O } when

0 : I IX. ix.xzxc,
Vy ( y - x ,

u y = a u Y - Xz Vy - ya , )

Question 3 :
is there a set of formulas E s .

t
.

G f- E iff G is
aninfinite group

?

Ausuer3_ yes : E = Ey , , 82,8330 { ax ,
.

..ae#jckGitxil)lk "2)

Question 3 : is there a set of formulas E s
.

t
.

G f E iff G is a
finite group ?

Think !!
. . .



Suppose such a
E does exist

.

Define

Lz '

- I Fx
,
Fxz ( X ,

# Xz)

Lz : I Fx
,
Fx

,
3- xzffx,

't Xz ) Adz# Xs) n ( x , -txz ))
!

Note ! Gf Lk iff G has at least k elements
.

Define £ = Eu E Lie I k 723
.

We apply Compactness
. . .

Let A E Ibefinite .

Let m be the largest

integer sit . Lm E A
.

Let Cm be the cyclic

group with m
elements

.

Then

• Cm t Lk for all K EM

° Cm f- E ( by assumption )

Since
,

A E Eu I a , , . . . ,
Lk 3 and Cm

models the RHS
,

we find Cm k A
.

Thus
,

every finite subset of £ has a
model

,

So by Compactness ,
I has some model I

.

As I t Lk for all k 32
,
I is infinite

.

But also
,

E E £
,

so
I t E

,
a

contradiction .

Thus
,

the finite groups can not be axiomatized
.



EI Let Lo .

- E L }
.

The axioms for a linear

order are

Ll . Vx Vy ( x ay v x -
- y u ya x )

L2 : Tx - ( x ex )

L 3 : = hfxhtyttz [ ( xcynycz ) -7 x - Z ]

Then
,

there is no set of axioms E s .

t
.

M t E iff M is a
finite linear order

.

Pt previous example .

you
do this

. . .

follow

The Suppose E is a set of formulas

5. t
.

E has models of arbitrarily large

finite order
.

Then E has an in fite model
.

pt
You do this

. . .

follow previous example .

Be
• In other words

, you
can not axiomitize the

property of being finite .

Application z You can
not axiom itize

a single structure ( in a
1st

order way )
.

EI Let's think about IN interpreted in the

usual way w .
r

.

t
.
LWT

.



Question I Is there a set at formulas E

S it
.

M t E iff ME IN ?

Think
.

. .

what is the most restrictive E we could try ?

Det Let M bean L - structure .

The theory

of M is Th ( M ) = { of / Mf ¢ for Of an
L - form

.
}

.

-

what if we use
E = Th ( IN ) ? .

.
-

we should

have a chance
.

.
. right ?

Suppose E exists ; so
,

M t E i ff ME IN
.

Expand Lwt to L = Lwt u E

c3
.

Let r be

the following set of formulas :

do := OL C

& '

. I T -

- SOC C

Lz I Sso ? C
(

.

Claim : Every finite Subset of EUN has a
model

.

PI Let AE Eun be finite
.

° let k be largest set . Lk EA
.

-
thus A E E u { do , .

.
.

,
Lk }

IF
~

° Make IN an
L - structure by defining CN = K+ I

- - - ~ ~ ~ ~
~

~

- thus
,
ON c' N

, T' N I
"
c' N

, . . .

,

ININ IN

- So
,

ITV
t [
La

, . . . ,
Lk }

- Also ,

ITV
f- E ( by assumption )



• Thus IN f- A
.

D

By compactness ,
E u T has a

model
, say M

.

Notice that M t E
,

and it L CM for all

n C- IN
.

No such element like this exists

in IN
,

so M ¥ IN
.

Thus
,

Ne there

is no set E at formulas ,
s

.

t .

Mt E iff ME IN
.

D

Det If M and N one L - structures ,
we say

that M and N are elementarily equivalent

if Th ( M ) = Th ( N )
.

we denote this by

M= N

* we just saw that
M

= IN ¥ ME IN
.

In fact
,

a different construction ( using

compactness ) can be used to show that
.

.

.

Theorem If N is infinite ,

then there exists

-

Sgt
,

nyctunes Mffarbitrarily large cardinality )

MEN but M # N
.

Application 3 creating superstructures

with special elements
.



EI Constructing hyperreal s
.

Let Lor = { t
,

-

,
O

,
I
,
L } ( ordered ring )the

: create
anLori structure lR* Sit

.

① IRE lR*

② IRE IR
't

③ IR 't contains

infinitesimal

elements
,

i.e
.

*

there is an E c- IR s it .

o L E L r for every re IR
.

=

° Expand Lor to Luz = Lope u { Cr Ir EIR }
.

- make 112 am Luz - St . by dehinining

I R
= r

.Cr

- let E
,

= Th ( IR ) in Lir .

* thus Fx ( x # o → Fy ( xy
= I ) ) E E ,

* and also Cz < CIT E E
,

* can you give me
another ?

° Add one more
constant ,

which will ultimately

point to an in files imac element .

L= Lieu { a }

° Let T be the following C
very large ) set of

sentences

Ez = { o ca n a car I r E IR
,

r > o }

Lr



Claim : Every finite subset at E
,
U Ez has

a model .

Rt Let A E E
,
u Ez be finite .

o there is a smallest ro EIR s .

t
.

Lr
.

C- A

- thus A E E
,

u { oca a r I r > , ro }
IT

° make IR an L - structure by definingTRroa = -

2
-

-
-

- thus o
' R

L at RLro I RR for all r > ro

- thus

II
t Lr for all r > - ro

-
also TRt E

,
= Th C 112 )

o Thes TRt A
-

D

By compactness ,
E

,
u Ez has a

model
,

which

we call IR
't

.

Note that

IRE lR* ( kind of
. . .

if we identify
① IR

't

r ← or

② lR*= 112 since IR
't

t Th C IR )

③ lR* contains the infinitesimal element

a
"2*

,
since 112*1=10 c as I r EIR

,
r >03

which we think of as

just r
.

Done !

Det Any element aElR*satisfying or a c r trek

is called an infinitesimalelement .



EI Let s
,
t E IR

.

Then r= s iff

Is
- t I - a

for some

infinitesimal
a C- lR*

.

Ft
.

Is - tl

infinitesimal
if f I s -tf L r for all re IR

i f- f I s -tf = O C since s . t 30 )
.

; ff s = t
D

* So two real Lt s are equal iff they are infinitesimally

close
.

Bet Any element de IR
't with L > r for

all re IR is called infinite .

EI a e IR is infinitesimal if f a-
I

is infinite
.

B. .
.

.
and explain why a

-1 exists
.

① IR models ht x ( x # o → Fy ( x -1=1 ) )
.

Since lR*= IR ,
IR

't models this too !

② IR models Vx Vy ( ocx ay⇒ OL y
- '

ex
- I )

Since 1127=112
,
112 't models this too !

Thus

O L a L r for all re IR iff O L r
- I
L a- ' for all REIR

r > o

r ? O

iff o L S s a

. I for all sell ?

570
.

D


