
Incompleteness

CHAPTER 4 whats
'

How



Let of be
any Lwt - formula

.

The Question C take 1)

If 4 is a true statement about IN
,

can we prove it ?

* Prove it ? Starting from what ? what are our starting

axioms ?

° Notice that if we use
the axioms N

,
then we

already saw that

IN t n C x a x ) but N If - Cxc x )

Thes
,

N is not strong enough to prove all true

Statements about IN
.

° However ,
if we use the axioms

Th ( IN )
,

then

clearly
IN f of iff Th ( IN ) t do

.

So
,

Th CIN ) is strong enough ,

but if you think

about it
,
it's too strong .

we don't know

what'sin Th CIN )
, e.g .

is if : I
' '

every x > I is the sum ot

two primes " in Th ( IN )?•
Also if the axioms are inconsistent

, then

they can prove anything .



" Def
"

A set A of formulas is recursive or decidable if

there exists an algorithm that can decide whether

or not

an
arbitrary of is in A or not

.

* This is a notion of ' '
not too complicated

'

!

EI The axiom set N is recursive but Th ( IN ) is not
.

f.?;If
complicated
can be

The Question ( take 2) more complicated
than N

.

Does there exist a consistent and recursive set

of formulas A such that

IN t of implies A to ?

All Lot - formulas

Th ( IN )

re

/ [
not recursive

recursive



No !

Theorem ( G del 's First Incompleteness theorem )
Let A be any

consistent and recursive

Set of Lwt - formulas .

Then
,

there is a

Sentence Q such that IN to but A It Q
.

* a set of non logical axioms A in a language

L is called complete if for every L -
sentence o

,

A to or A t no
.

So
,
Godel 's theorem is about

the incompleteness of the axiom's A
,

not

the deductive system ( which is not incomplete )
.

From here on
, everything is about IN and Lwt .



I. 2 Complexity at Lwt - formulas

Det ( Bounded Quantification ) Suppose x

does not occur in the term t
.

Theboundyquantifiers are x ) ( xatnd )
- or

d-x at )¢
,

d-XE E) to
,
⇐xat ) to , # Et ) to

( shorthand for

ttxfcxetlvx -
- t ) → of ]

ftxeE) ( try ( xx y
-

- y ) )
I I unbounded

bounded

We now define some
special classes of formulas

All Lwt - formulas

[ - formulas

IT - formulas

44¥11,

j
A - formulas



Charge toy

Det The

②
- formulas is the smallest set of

formulas such that

① it contains all atomic formulas

and their negations

② it is closed under V and A

( e.g .

L
,
B E - formulas implies Lupo is a E - form . )

③ it is
closed under all bounded quantifiers

( e.g .

L a E - formula implies I xct ) L is

a E - formula ,

where x is not in t )
orange

to tf

④ it is closed under unbounded⑦ .

( e.g .

2 a E - formula implies ft x ) 2 is

a E - formula )

* for IT - formulas ,
④ changes

to unbounded V

* for A - formulas , ④ is removed ,
so no

unbounded quantifiers .

03 we've seen
that there are Lwt - sentences to

•
Set

. IN to but Ntfo ( e.g .

to fix - x ) )

However
,
we'll see that if Of is a A - formula

then
IN to implies N to ← and this is

true for

ANI
IN # to implies

N t 70 E- formulas !



Ee Generate examples in each area :

All Lwt - formulas

[ - formulas

IT - formulas

Atomic

j
A - formulas

Note : In Exercise 4. 2. I
,
(b) is not a E - farm

.

,
but i

s

logically equiv .

to one .

Let Liz Axeit ) I ay ) ( xx y = Ft )

° L is a
E - formula

B

u 7 a is not a E - or
IT - formula .

However
,

if

we consider logical equivalence ,

- a = TaxaF) B

= - I x ) ( x >

Evp
)

= ft x ) ( xa En - p )

= ( Fx LIT )( I y )lxty # IT ) IT . formula

a ✓

Thus 721=01 and 0/1=74
,

So 72 is

logically equivalent to at - formula



Lemma If L is a
E form .

then 72 is logically

equivalent to a IT - formula ,
and vice versa

.

* what does this mean for A - formulas ?

* sometimes ,
E

,
IT

,
A - formulas are

defied as

anything logically equivalent to . . .


