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and
5. 3 Representable ( definable ) sets and functions

why E - formulas and D - formulas .

First answer we know that N to ⇒ IN f- Ol

but the converse is not true for all formulas ¢
.

However ,
it is true for E - Sentences

.

Prop .

5.3.13 Let ¢ be a
E - sentence

.

If

IN f- Of ,
then Nt to

.

1¥ Jerilyn - thanks !

More is true for D - formulas
.

Prop .

5.3 .
14 Let ¢ be a D - sentence

.

• If IN f- Of ,
then N t 10

.

• If IN ¥4 ,
then N t - of

Second answer Representable sets can
be

defined by E - formulas .# what do these mean ?

Representable and definable sets

x

Let f- C x ) =
2

.

This functionis notin our

language -
can we still use it in sentences ?

Yeah
,

kind of
. . .



Let L be the formula
,

#
Remember : 5=350

2- tines
Lex

, y ) E y = EL 2
,
x )

.

Notice that
, for all a E IN

,INEHy ) @(a-
, y ) ← , y

-

- Ja ]
9 (

IN thinksy = 29
IN thinks dca , y )

is true

* this says that as for as IN is concerned
,

y = 2x and Lex , y )

are the same .

We say L defines f Cx) .

- 2x
.

In fact ,

looking
back at Lem

.

2. 8.4
, we find that

Nt City ) @CE, y ) ← , y
-

- I ]

* so as for as any model at N is concerned
,

y = 2X and Lex , y )
← by soundness

are the same .

we say & represents fed - 2X
.

Det If A E INK
,

we say

• A is definable in IN
,
if there is an LNT - formula

Lf ( X , , . . . ,
Xk ) sit .

for all a , ,
. . , ak E IN

( ai , . .
. ,ak ) EA iff IN t y ( I, . .

.

,Ik )
.



• A is weakly representable in N
,

if
there is an Lwt - form

.

4 C x
, , . .

.

,
Xia ) s.t.tt a

, , .
. oak f IN

( ai , . .
. ,ak ) EA iff Nt 415, . .

.

,Ik )
.

•
A is representable in N

,
if

( ai , . .
. .ae ) E A ⇒

Nt yet, . .
.,aI )

.

( ai , . .
. ,ak ) E A

⇒ Nt
7415

, . .
.

,Ik )
.

Remember
,

if f : IN → IN is a
function ,

then

f- Cx ) -

- y
i f I C x , y ) E f

.

So
,

f is definable if there is an Lwt - formula

4 ( x , y ) S .

t
.Va ,

b E IN

f- (a) = b iff IN 1=4155 )

All sabests of INK

Definable subsets

weakly representable
representable

⇒ ropositian 5.3 .
6 A function is representable

iff it is weakly representable .



EI Show that the set of primes in IN is definable

with a
A - formula .

Need a
formula Prime ( x ) S.t. A a C- IN

a is prime iff IN K Prime CE )
.

Take I

Prime Cx) × > T n Hy [ ⑦z ) x= y z)) →(y=Tvy= x ) ]
This works

,
but it's not a D - formula

.

Take 2

Prime C x) x > Tn tyex [ ⑦ZE x )(x=yz )) → ( y=Tvy=x ))

why take the extra time to find a D . formula ?

Corollary 5.3.15 If A E IN
"

is definable by

a D - formula
,

then A is representable .

tix The set of prices of IN is representable

( since we
showed it has a D - definition ) .



4. 5
,
5.5 - 5.8 Coding ,

Godel numbering ,
and N

Remember the goal . . .

Theorem ( G del 's First Incompleteness theorem )
Let A be any

consistent and recursive

Set of Lwt - formulas .

Then
,

there is a

Sentence Q such that IN to but A HE .

The idea is to choose

Q : I
' ' This sentence is

not deducible from A
"

* so if Q is deducible from A then IN to by

Soundness ,
but then . . .

? . .
.

contradiction .

. .

So -0 must not be deducible from A
.

Done .

* but anyway ,

how could we
write Such a

Sentence ?

we will need to
"

code
"

Lnt - formulas
,

and

ultimately ,
deductions too

.

Terms
,

Actual
Formulas

, nature
and Deductions numbers

r 74 to

r 7

D -
- Col

, ,
. .

.

, Ok ) s D

For example

0=0
to = 07 = 283102551025

* a way that 's
"

easy
" to decorate

.

•
And we want to do this in



Coding strings at characters

STEP ① strings of characters → strings at numbers

Lui 7 v ht = o S t o E C ( ) Vi

IN I 3 5 7 9 11 13 15 17 19 21 23 2i

Ex

T = Vz -7 = sous → ( 7,11 ,
9

,
6)

STEP ② strings of numbers → single number

* remember we want to be able to decode
.

Det Let Ca , , . . . , ak ) E INK
.

Define

{ a
, , .

. . , ay ) = {
I if k = o

pi 't
'

pi " '

. .

. p :
" '

if k > o

Pc. is the ith price

* add I -

, ex . rent so we

"

see
"

I prime for each ai

Ee
8 12 10 7

( 7,11 I
, 6) -7 ( 7111,9 , 6) = 2 3 5 7

It

I 094161288657500000 000

0--0-7=00 → ( 7,9 ,
a) → 27,9 ,

g) = 293
"

,
5

' °

11

295 245000000000

29310510 ¥ 50=07
on



This allows us to code any sequence of characters
.

However
,

we want to be more intentional when

coding terms and formulas ( and deductions )
.

Det 5.7 .

I ( G del Numbering ) Let s be any

string at Lwt - symbols .

we C recursively )

define TST as follows :

( I
,

rat ) if s ( 7 L ) for L an Lout form
.

( 3 ,
-27,75 ) if s . Coup ) . .

< 5. ruin ,

ra ' 7 if s : Hui ) ( a )

( 7
,
rt

, 7. rt ? ) if s

It
, tz with t . ,tzterms

( 97 if s : I o

Lil
,
rt 7) if s : St

" &:÷÷÷÷÷÷÷÷÷÷÷÷:( I g ,
rt ,7 , rtz

' > s : I Lt
, tz

( 2 i > s
-

. Ivi

3 otherwise

EI compute

(a) To = 07 Cby FT -

- VT T 7
(c) Lot

(a) 0--0-3=00-7 Lz
,
-07

,
- a > = L 7,297,477

10 10

10 10 8 2 'll241
8 1025 1025

= ( 7,2 ,
2 ) = 2 3 5 = 2 - 3 - 5



( b ) TT = 037

T = Vz → SO = Vz → = So Vz → ( 7
,

'
-

son , rug
? >

= Lz
,

Lil ,
To >

,
2677 = L 7

,
Lil

,
Ca > >

,
LG ) >

= La , su , 2
"
> ,

277--27,2

"

-57
,

'

I
>

=
28.32

"5
" "
! giel

CC ) T Lot
?

= 3

EI Suppose Cf is a formula such that

12 2 'T I
10 12 2 3 t (

Toft =

220.32
.

"'s23 t I

Decode to find 01
.

10

I 2 2 t 1

10 12 2 3 t I

y
TOIT = L 19

,
2

,
2 3

so

= Lig ,

597,211,21232"

y >

= 419,597 ,
Lil ,

411,2
"

> > >

= 519 ,
Las

,
Lil

,
Lil

,
493277

= Leg ,
rot

,
Gil ,

Lil
,
-07777

=
419

,
rot , Lil ,

Tsa > >

= 419,87 ,
is so >

= Toss07

so of := o < I



Some important sets

Let VARIABLE = { a C- IN I a = TV ? for some variable u }

Let TERM = [ a a IN I a = rt ' for some Lwt - term t }

Let Formula = { af IN I a = to ?
u n u formula Of }

Proposition All three of the above have a

A - definition - thus they are representable
.

pet for VARIABLE

Consider the formula

+ I "

V
,
Lx ) : -=

"

x = 2
"

for some even y > o

= Fy ( ⇐⇒ ( y -

- Z . Z ) n y > or x -_ Elz ,
Sy ))

Then
,

Fa C- IN
,

a C- VARIABLE iff IN E V
,
(5)

So U
,

defines VARIABLE ,
but it's not

a A definition
.

Tiny again . . .

Vz C x) : I Flya x) ( ⇐⇒ ( y -

- Z . Z ) n y > or x -_ Elz ,
Sy ))

I

Remember
,

we want to be able to formalize

Q : I
' ' This sentence is

not deducible from A
"



Coding Deductions

we need

① to code a sequence of formulas D= ( di , . . . ,
Ok )

① to know which sequences are actually deductions

Regarding ① - . .

rig =
green .

join ran
. . . p k -12

* note that Godel numbers of terms and

formulas are all even

* numbers whose smallest prime factor is

3 are garbage

* so
,
if the smallest prime factor is 5

,
them

the number represents a Sequence

Regarding ② . . .

Proposition If A is a representable set of

axioms ,
then

DEDUCT 10nA = { ( c
,
f ) / C is the code for a

deduction from A

is representable .

I?III " }



INCOMPLETENESS

CHAPTER 6 THEOREMS



The Goal

Godel 's 1st Incompleteness The If A is any

consistent and recursive set at Loot - formulas
,

then there is a sentence -0 s . t
.

IN to but AH O
.

The Idea

Q : I
' ' This sentence is

not deducible from A
"

The Setup

Let A be any
consistent set at Ln

,

- formulas
.

set
-

Axiom OFA = { ' I ILEA } E IN

Tama = { to
' I A to } E IN

Det A is recursive if Axiom OFA is representable .

Lemma 6.35 If A is recursive
,

then THMA is definable

by a E- formula which we
call thmal Y ) .

That is
,

n E TAMAiff INFthmnfn )

! This does not say THMais representable ( which

it would be if there were a
D -

definition )
.



The proof of 6. 3.5 makes use at our work in

previous chapter , together with the following
Lemma .

Lemma 6. 3.3 If E IN is representable ,
then

it has a E - definition
.

Lemma 6. 2.2
.

C G del 's Self Reference Lemma )

Let 4 ( Vi ) be any Lwt - formula L with only u
,

free )
.

Then there is a sentence -0 Sit .

N t ( ee y CET ) )

* This
,

0 Says
"

y is true about me
"

.

Applying this when 4 is - thinly )
,

we home

•

N t ( o ←
ntmacI ) )

so here
,

Q says
"

I am not a theorem deducible from A
"

Theorem 6. 3.6
.

G del 's First Incompleteness Theorem

- f A is any consistent and recursive set of
=

Lwt - formulas
,

then there is a
sentence Q s

.

t
.

IN to but AYO .

¥ At N Loko we are done )
.

we may assume



consider Tama = Erol
' I A t 43

.
By 6. 3.5

,

there exists a E - formula then
a
Cu

, ) set
.

n E Tama iff INF th ma
( it )

.

Applying the self - Ref
.

Lemma to T them
A
( Y )

,

there exists O sit
.

N 't ( o ← - th ma )
.

By Soundness
,

NE( o a - th ma )
,

SO

IN to iff IN tf th ma CET)
y thurn .

defines

iff IoT ¢ Tama
TH MA

iff AH O
.

If IN to then A HQ and we are done
. Thus

towards a
contradiction ,

assure IN # o

and A to
.

Then IN f think Got) .

Remember
,
th ma

CET)

is a E - seater fence
,

so by Prop 5.3.13

N t then ( rot ) ! ! Then
, by choice at Q

,

N t no ,
and as

A t N
,

A t 7 Q
.

Thus

A ton - o
,

which contradicts the fact

that A is consistent .

pg


