
Chapter
-

(and some review)



Terminology (Ril)

specialsetsotrealnuw.be#
positive & negate

← whole numbers

and O

① Integers ( denoted Z) i
. . .

,
-2
,

- I
, 0,1 , 2,3 ,

- .
.

② Rational Numbers (denoted Q) : numbers than
are able to be written as I with a

,
b

both integers and b # O
.

③ Irrational Numbers : real numbers that

are riot irrational

→ Ee Determine if each of the following
are

integers ,

rational numbers
,
or
irrational

numbers

(a ) t rational Cc) II irrational
2

←I
(b) 17 integer

,
rational (d) 0.5 rational



Inequalities and internal notation
⑧

Ee Describe graphically and in symbols
"
all real number between -7 and 2

, including
- 7 but not 2

"

L# -7- Ex L Z
- 7 2

¥10 [-7,2)
- 7 2

Some other examples
⑧

Interval
I - equality notation Graphically
-

-

-

aex -b la
,
b) x¥

Fios

xcb
C- A ,b] #

-

y

#•
5

* See book for others (pg . 3)



Rectangularcoordina-tesys.am ④

Plottingpoints
y

Quadrant
-

Q : how do you

II -

I know if C-4,3)
- is - point or'!'# n.

' ?

It
•
'

. . . - - -
- -
II

C- 4,3)
-

T T
-

× - cord .

Y - coordinate Q : how do you
know if a point
is on the

graph?

GraphingEquationsbyplottingpo.sn#

4- ' I:*,

#
Exe Graph tee equation by plotting
points

.

-

① If easy , solve for y or × first

x= Cy- if - I

② Plug in for one variable and solve for otherI
3 - I

8 - z

15 -3
-



③ Plot the points and try to connect

y
y -
int - are -1=0,2

•*int¥÷*
is X

-
- O - o

The easiest points to find on a graph

are the x any y - intercepts

Def

-hen An x - intercept of a graph is where it
crosses

y
-
- o
-

the x-axis
- I

' l - c
' I

° A y - intercept
nwhen

→
-

X= 0

the y - axis

EI Find and plot the x- and y- intercepts
of

X't y't -ly = 4
-

x - intercepts : y=o x'= 4 ⇒ x -- I 2
=

| " " """ P " "

"" " "" ⇒ ⇒
"

⇒
y = - 41552'
-

Z

⇒YI 0.828
,
- 4.828

-



•-÷ ÷:÷÷÷÷÷s
.

e.

Distanceandoridpointsone
often wants to find the distance

b/w two points or the midpoint of

the line joining them .

int

(x, ,y, )

•

#
mid Po

,
-

I -

of -15 = CZ
C

b
' -

so c= TE
'

-

-
= -

-
-

(Xz
, Yz)t aIi

a = ( Xz - X ,
I

b. = lyz - X ,
I



theorem The distance b/c Gi , Y ,) and (Xz , Yz) is

D=T(Xz - X ,)2t(yz - y,)2

Returning to the picture ,

let's find the

→ mid point .

We see that . .
.

x - value of midpoint : average
of x- values

Y - value of midpoint : average
of y - values

theorem The midpoint of the segment

connecting (x , , y ,) to CK , ya) is

M= (" , Yit)

EI consider P = C-3,7) , Q = (4,3)
.

Find

the distance b/w P f Q and midpoint of

the segment joining them .

-

-

distance : D= FEIG - 75

=M¥6 = 56528.06| midpoint : (-3-242,7-2-3) =
-



Circles

Q : what is a circle ,
in words ?

Q : how can we find an equation for a circle?

µ
diameter

-⑦ ⇐
c

radius

Def A circle is the set of all points that
-
-

are the same distance
,
called the radius ,

from a
fixed point ,

called the center .

SO

(× , y) is on the
⇒

distance from
⇒ n+yT=rcircle Chik) to (x, y)

is r



standardformot-ac.ir#

If a circle has its center at the point (h ,
K)

and has radius r
,
then the circle is

described by the equation

(X- htt Cy - KY = r ' (with r > o)

Let C be the circle centered at (3 ,

- i)

that also passes through the point (6,3) .

write an equation for c. and determine

if (2,5) is also on C

-

Need
-

a cyton : ( 3 ,
- l )

-

o radius : ??•
-

µ¥÷÷÷÷÷÷÷÷÷.Standard equation

(x-37ZtCytD2=2
Also G - 35 + Ctl )

'

= I -136=37 ¥25

SoNo_C45)isnotonthecir
-



Find an equation at a circle that has a

diameter with endpoints C- 2 ,
- l) and (3,5 )

.

-

•

-

5¥ ,

- 'II) -- (E. e)

/÷¥÷÷:÷÷÷÷÷÷÷÷÷:*.r =⇐-35t(2-5#
standard egg I (2-5)%37=725

(X-I)ILy-z5=15i
#

Determine which of the following describe

a circle .

For those that do ,

find the

center and radius .

(a) (x - 1)
Z

t y - z = 9 ⑤ y only
to first power .

it is a parabola

(b) X't y't 2 y t I = o ⇒ Rt 4+15=0

⑥ does not have a

positive radius

(C) x
-

+ ↳ x x y
2

= 2 ⇒ x't Gx t ⇐Tty - =2t⇐ )
"

✓ ⇒ x't 6×+9+42 = 11

'd7YiYfTys{"II. square ⇒ (x -135+42=11 Y③
center:C-3, o)
radius : TT'



Functions & Relations
#

Relations encode how
two quantities or

variables are related .

This table gives the hours
worked and

money earned by 6 people

call call this
→

Hours Money f
ythis X

d

10 16034:10 90

20 300

6 30

Det A relation is any collection of

ordered pairs .

Ee think Cx , y)
←

(a) { ( 10,160) ,
( 5,45) , (7,70) , 40,90) , @0,308 , (6,30))

is - relation

(b) { CE ,
't)

,
C 's

,

IT )
, # it ) }

is a relation



Cc) The set of all points satify ing
XZ + Cy -2)2=9 #is a relation

(d) The set of all points satisyiug
y = Txt

'

t 2

#
is a relation #

Det
° The collection of all x- values appearing in a
relation is called the dom .

• The collection of all y -
values appearing

in a

relation is the range

EI Find the domain and range of each

relation above

-

Ca) Domain : { 5
, 6,7 , 10,203

Range : { 30, 45,70 ,
90

,
160 , 3003

(b) Domain : ( Yz , 43
,
45 }

Range : { it }|←, domain .

. ↳⇒-
.±a÷÷÷÷,

Range : [ - I , 5] orange is

Let 's do this graphically . .
. ,,,z#FvaluesCenter is (o , 2)

radius is 3



can :=÷: Is
Let 's do this algebraically - .

.| . y ,⇐, . . ⇒
*, ⇒ ⇒ ⇒ . ,

-

• TEF 30 so Txt' + z 32

Functions

Functions model situations where

there are inputs and corresponding
outputs . In this case ,

an input should

only yield one output .

Det A relation defines yasafunctionotx
if for every X in the domain ,

there

is only one corresponding value of y
in the range .

Determine which of the
four relations

in the first example define y as

a function of X .

(9) Not a function

the x - value 10 corresponds to 2

y- values : 160 ,
90



(b) Yes
,
it's a function

← 1 No
,
it's not a function

Remember the graph :

:::: :c: " ¥e
So

,
when X = O

, y can be
- I or 5

(d) Yes ,
it's a function

algebraically : if you plug in x , you

get only one y - value

#
this can be :#
seen graphically
too

Thinking graphically we get
the following

test to determine if a function is a

relation or not .

Uerticallinetest
A relation is a function if its

graph does need intersect any_
vertical line in more than one point
2- -

i



Functiannotation

Notice that y= 544×+1 defines y
as a

function at x
, b/c every x yields only one y - value .

or graphically
,

n
n

i:*
In this case

,
we often write

y= f- (x) ( or geed
,
r Cx)

,
. . - )

Here fcx) means
"

the y -
value associated to X

"

For this problem ,
f- (x) = x' +4×+1

,
so

f- (o) = (oft 4C o) ti = I

f- f-2) = C- 25+4 C-2) t I =-3

> f- (a) = AZ -14 at I

✓ f-Cath) - Cath)
-

+4Cath) -11
Note that

f- Ca) does not mean
" f times a

" ! ! why not? . . . context .



We can often talk about the concepts from

before in this new notation : intercepts ,

domain
, range .

⇐ Find the x and y -
intercepts at

f- (x) = x't 4×+1
-

•×= ( and y=fc×))

solve 0=544×-1 I¥f/ "
"

O
o y-iut.vn

,

y= f- ( o) = 02+4 ( o) t I =/

Ee Find the domain of eachof the following .

3- 4x
(a) h (x) = -

×2 - 9

(b) fft) = ¥7
Etl



(a) denominator must not be 0

0=112-9 = CX - 3)(Xt 3) ⇒ x
- 3=0 Xt3=0

Domain : allxexceptx-3.is
or

(-cs,-3)uC-3,3)u(3,÷
(b) o denominator must not be 0

no problem - denominator is always posit ice

° number in square root
must not be negative

need 3-t so ⇒ 33 t

e ,

Domain !3 or f•,⑦
-

consider y=gcx) defined by
F- glad

#÷*.
(a) Find gc -3) , g co) , g. (4)

(b) Find the domain and range of g Cx) .

I

| & "" "" & "" " debited " & "" " "

Domain : C- A
,
o) u (2,3]

Range. C- as
, 3)

-



Linear Equations & Linear Functions
-

Det A live.areqaa.fi# is one
that can be written

↳
no squares, cubes,

roots . . .

in the form

Axt By = C 2- Standard form

for some numbers A
, B ,
C (with A

,
B notboth zero )

* The graph of a linear equation is always
a

line
.

Ex

Ta) 2x e 3 y = G (b ) Ily = 22 CC ) - Ex =3

¥i#F¥*.¥ ¥ .

3 0 I 2

Slope :
'

=
store : o slope : undefined
y- int : y - 2 y- : none

y - intercept : Y
-

- Z ×t : none x - int : x - - 6

#

#

t'
.

x =3
-



Other forms for lines
-

Suppose you know the slope
at a line and one

point on it .

slope : m

point : (x , , y .)

can you write
an equation for the line ?

If (x
, y) is any point

on the line ,
then

= m
⇒ y - y ,

= m (x - X , )
x - X , ← point - slope form .

Now
, suppose you

know the slope and y- intercept .

Slope : m

y
- intercept: y = b a- represents the point

(o
, b)

If ix. y) is any point on the line ,
then

y
- b
- = m

⇒ y - b
= m x

x - O =) y =
mxtb

← slope - intercept form

Point - slope form ( sect ,
-

'

am
1.5)

If a line has slope m and CX
, , y ,
) is any

point on the line ,
then an equation for the

line is y - y , = m (x - X ,)



Slopettnterceptform
If a line has slope in and y- intercept y=b

,

then an ez . for the line is

y= next b

Ee Let L be tee line passing through the

points ( E
, 3) , (2 ,

5)
.

(a) Graph L

(b) Find the slope of L

(c) write an ez .

for L in slope - intercept form .

(a) 7

#
Cb)

i "
'

(C) Point- slope :

y - 5=13 (x- 2)

Now convert to slope - intercept

y= x - Ez -15



Def

Ionstart functions are those of the form f = b
°

y

for some number b

° linearfunc-tians.ae those at the form f- G) = mxtb

for some number Mt O

* the graphs of constant and
linear functions are

lines
.

Averagepnateotcharge
If (x

, , y ,) and
Cxz

, Yz) are any
2 points

on a line ,
then Y is always the

Xz - X ,

same number ( tie slope) .

It describes

how the line is changing .

fcx,) fcxz)

Det Let ( x . , y ,
) and Cxz

, Yz) be points on

the graph of any
function f

.

The

aueragerateofchaye.at#te
interval [ x. , Xz) is
-

aug.
rate at ya- Y , fcx

.) - f Cx,)
-
-

charge Xz - X ,
=

Xz - X ,
on Cx, ,xz]



EI Find the ang .

rate at charge of g Cx) = tzx - 5

on [ 2,4] .

g"?7 = 3-1-32=30

* what does this represent ?

::*::*
.

- OO

Ia

g Cx) by a
linear function

* if we modeled mum

on [2,4] , this is the slope .



Applications of Linear Equations
-

Parallel and Perpendicular lines
-

Note :

• lines L
, and Lz arep if the hare

the same slope : m,=M①

#
perpendicular if theo L

,
and L2 one

Jmeet in a night angle : m ,
=
- Iz

#
in:÷÷ ..

Let t be the line described by

X - zy
= 4

(4) Find an equation at a line through ( 2 , -3)
and parallel to L .

(b) Find an equation of a line through 12
,-3)

and perpendicular to L .



-

(9) To write an equation we need a point and
the stope .

point : (z , - 3)

Slope : sane a slope at L
= I
2

• X - 2y= 4 ⇒
- 2 y =

- X t 4

⇒ y = Ex - Z
T slope- intercept

° slope of L is

form|÷÷÷÷÷÷÷÷: """(b) For a line through L and perp .
to L . . .

point : (2, - 3)

slope : neg . reciprocal at slope of L = -20
Answer

y -13 = - 2 ( x - z)

o R

-

y=_



Linearmodels

EI suppose that during a period of drought
the average water

level in a pond

is model by a linear function of

the time since the drought began .

If

after I day of drought , the level is

6. 55 ft and after 4 days of drought

the level is 5.8 ft .

Determine the

average
water level after 20 days

of

drought .

* let wcx) be
the function that outputs

the average
water level after X days

w (1) = 6.55

w (4) = 5.8 wanttofindwf
* w Lx) is linear ,

so

y =
w = mx t b for some numbers M

and b
.

(46.55)Let 's
• (4,5-8)-visualizethis#



* write an equation for wcx) = y

5.8 - G -
55

Slope : m =I = - 0.25

point : Cl , 6.55)

w Cx)
t

point -slope : y - y ,
-_ m (x - x .)

Y - 6.55=-0.25
(x - l)

simplify : y
= - o .zs(x - 1) t 6.55

y=
- o - 25 X t O -25+6.55

y =
- O - 25 X t 6.8

SO
WLX) = - 0.25×+6.8
I

* Use the equation to find w ( 20)

w (20) = - o - 25 ( 20) +6.8 =1.8ft



AnalyzingGraphsd.MX
#

Symmetry

y=xH I y=x3
A

×2
4- t y

' =/

*##tassign N£800
L

symmetric symmetric symmetric no symmetryabout about about

y - axis
X - axis origin

- substituting substituting

Al+geebga Yields y-s - y yields x -s - x and

an equivalent an equivalent y ->
- y yields

equation equation an equivalent equation

EI show that the graph of y=x3 is

symmetric about the origin but
not

about the y-axis .

-

origin: Y
, If yields - y

-

- C-xp ⇒ - y=eiP×3
⇐ - y =

- X
's

⇒ y=x3
→

sane as original , so yes| y.a.is :* . . ,*. . * ⇐ ×,

qq.ae,
to original ( point
(1,1) is on original ,

but
-

not on this one)



x-s - x yields originalDet
-

° A function is every if f C- x) = f Cx) for all

X in domain ot f . ( symmetric about y - axis)
god - f- C-x) -- f Cx) so

yields
• A function isodd if f- C- x) = - f Cx) for original
all × indomain at f .

(symmetric about origin)

Exe show that f- Cx) = J¥ is even
. verify

by graphing .

f- C- x) = M¥2
'
=E'=f

=
-

To graph y
= J¥ ,

note that y
'
= 9 - xz

So X2ty2= 9 .

Ty must be positive ,
so

only top of the circle

trio about y- axis

so even



Piecewisetsetinedfunctions

It's often the case the real world

phenomena are model by different functions
at different times

.

.

This leads to

piecewise defied functions .

Ee Let f- Cx) be the function

far.
'

III
.

for X32

Find each of f- C- l)
,
f- Co) ,
f Ci)

,
f- ( z)

,
f- (3)

.

f- C- D=-2=3 f- (2) = = I

f- (o) = I = I f. (3) = = 4

f- (D= = 2

Graphically
-

a

T
- •

-
Not

" continuous "

¥4:/ ::÷÷:# X = 2
.

- o

-



Informal Det A function is continuous
- -

on an
interval if its graph has red holes ,

breaks
,
or jumps .

EI Graph g Cx)
and determine if it is

continuous
.

gcx) = {}7
x c - z

- 2E XL 2
-

'

Xt , X > 2

=
Yes

,
it's

&--•

1¥71 """""s .

T-ncreasiuyldecreas.iq/Maxima/Minim#

Worksheet see next page



01 – Increasing/Decreasing & Relative Maxima/Minima

Definition: Increasing/Decreasing/Constant

Let f be a function and I an interval.

• f is increasing on I if f(x1) < f(x2) for all x1 < x2. (y-values increase from left to right.)

• f is decreasing on I if if f(x1) > f(x2) for all x1 < x2. (y-values decrease from left to right.)

• f is constant on I if if f(x1) = f(x2) for all x1 and x2. (y-values stay the same.)

1. The graph of f(x) is below.

�5 �4 �3 �2 �1 1 2 3 4 5 6

�3

�2

�1

1

2

3

4

x

y

(a) On what intervals

is f increasing?

(b) On what intervals

is f decreasing?

(c) On what intervals

is f constant?

Definition: Relative (or Local) Minima and Maxima

1. f(c) is called a relative minimum value of f if f(c)  f(x) for all x near c.

2. f(c) is called a relative maximum value of f if f(c) � f(x) for all x near c.

2. Let f(x) be the same as in the previous problem.

(a) Find all relative minimum values of f . (b) Find all relative maximum values of f .

1

d

d
-so 5 Iniba in =

-

- l m +4
\. G

revert t
Wo

T

T

(- 4 , -2) , (2,4) ,
(5,0) C - 4.5

,
-4)

,
C-2,2) ,

( 415) ( - as , -4.5)

- 3.25 (when ×= -4) - l ( when x= - 4.5)

- i. 5 ( when 11=2) 1.5 ( when X = - Z)

1. 5 ( when X - 5) y (when x= 4)



3. Sketch the graph of f , and find all relative maxima and minima on its domain.

f(x) =

(
x2

for �2  x  1

�x+ 2 for x > 1

�1

1

2

3

4

�3 �2 �1 1 2 3
x

y

4. Explain why g(x) = 3� 2x has no relative maxima and no relative minima.

2

Be

a ↳rel . min at O
Cat x=o)

rel . max
of 1 Cat x=1)

j

r

=*g Cx) is always
decreasing

✓



Transformationsot-Graphs-l.GL
-

Basicfunctions

f- Cx) = X f- Cx) = XZ

=¥÷÷"iit
fan -- xs YEE YEE:Y%.

X f- Cx) IF÷÷÷*÷÷i÷÷÷t÷:
Z Fazl-4
4 2

f- Cx) -4×1¥i÷÷*"÷÷÷÷÷ .$



Vertical & Horizontal Translations ( shifts)
-

y
-
- f- (x) y=fCx)-12 y - fad - 3

-

shift
C-214)

(op) down
•<i÷¥"¥÷÷.¥→(1,0) L BFii

"

:*:÷÷
.

L

1- 2

The graph of y -_ f-G)tk is the graphIFi-fcxssniftqpldo.in?Ykuni
if k > o

y -_ fix) y = fax - 2) y=fCxt3)
-

→
shift right

2. unitsi÷it"iii¥÷iiif( 1,0) ( 3,0) C- 2,0)

p
←

THE
"

o'¥¥
." units

3
5 2

I



The graph of y - f ( x th) is the graph

÷÷:÷÷÷÷÷÷÷÷i
Bf You can always plot a couple of points to

check
.

Reflections

Y=fCx) y = - f Cx)
Y -- fl - x)

(4,2) -

iiiifitii ifI,
× fcx) f f- x)

# ¥÷:
"

4 2 - 4 4 2

I



② The graph at y
-

- f C- x) is the graph at

Y=f Cx) reflected
over the y

- axis
.

EI Graph each at the following .

① text. - x2 Recalls : %¥€=×
'

② g Cx) =3
- x2

③ h (x) =3 - ⇐ + 4)
Z

t
"

I:t¥÷÷÷÷¥
Shift up 3

Ex Find a sequence at
translations and

reflections to transform f Cx) -- ff into

gCx7= TEXT - 3
.

Then graph g G) .



one possibility is

Mx- Fx → FTE → Txt' - 3
reflect shift right shift down
over y-axis by z by ]

<•÷
,i

red is the

final answer

Ey the function gcx) below
has been translated

and reflected from f- Cx) -- X? Find an

equation for g Cx) .

d

Attempt

x3→ Cx-45-3 (x - 45+2→ -4×-45+2)
shift shift

/ §, "¥" I ÷÷÷ !
."

- work
.

Attempt

⇒ → - x3

; ÷:÷:
""÷÷¥*O



Shrinks.etchizEx
Graph each at the following .

(a) fix) = X
'

(b) g Cx) = 2×2 ( c) h (x) = I XZ

8 o 8 o 8

i
" if
-

a- I

× 2- fix) x I. fix)

IY 4= . = -

I 2. I = a yz . I = Yz

O O O 2 - O = o O Yz . O '
- O

l l l 2 . I = z
l YL . I = Yz

Z 4 2 2-4=8 2 Yz. 4=2

The Let a be a positive number . The

÷÷÷÷÷÷÷÷:i
I 0 Last results in a shrinking .

Similarly ,

The Let a be positive . The graph at y
-
- flax):÷:¥¥:÷÷:÷niznta"y



Tak when stretching vertically or horizontally
it 's best to plot points to avoid mistakes

⇐ Graph hCx)= - 31 X - 51

1×1-3 Ix - 51 → 31×-51 → - 31×-51
Shift stretch reflect
right vertically over
5 by 3 ×- axis

×

÷¥⇒
"

( 5,0)

µ ←
red is final

answer
a

Ee where is the vertex at the parabola
f- Cx) = 7 - ( x + 5)

2
? Does the parabola

open up or down ?



Algebra of functions (A.K.A. Combining functions)
I

d-+ g) an Cf -g)Cx) Cf . g) ex, (E) Cx)
we can add

,
subtract

, multiply ,
and divide

functions to get new functions .

We

can also compose . . .

Composition

(fog) Cx) means f- Cgcx)) , on in a picture

x →⑥→ god→⑦→ flgcx))

# The domain of fog) is all x in the domain
at g for which gcx) is also in the domain of f .

Exe Use the tables to compute (fo g) (4) and @f)Cs)

¥" 7,15€ fog)cH=fCgc4)) -- ft- D= 2
° 7 (go f) (5) = gCfC5D=g Co)
4 - I

⇐ Let f- G) = x2 - 9 x
, g Cx)

= Ff
,
h G) =

(a) Find (f t g)( 8) = fc8) t g (8) = (64-72) t

(b) Find (F) (4) = tg¥- 'g-÷= -2¥ .

(c) Find f (ht- 2)) = f-(htt = f- (E) = f - 3 = -2④
Exe with fig , has before

(a) Find (f)Cx) and determine the domain
(b) Find ⇐ oh)c×) u a cc it

⇐ I Find (hoh) Cx) ' ' ' ' ' ' ' '



-

f G) = xz - 9x
, g ca

-
- Ff

,
h G) =

can E) ex -- §¥,=FI
Domain

① 2x 30 ⇒ x so

② XZ- 9× to

XZ- 9x=xC× - g)}⇒ x# 0,9

?

Domain:(o,9)u(9,

÷÷÷÷÷÷÷÷¥:*.
@ oh)cxl=hChH) =

= 5¥¥¥×
= a¥¥=II

Domain

ndotminaiuot ① 26+5×+0 ⇒ xx -2¥
# ② six # o ⇒ ×⇐,

Domain:X¥-q



these measureDifferenceQuotien.to#
the!II"

six.mn:*:*. n

or

I
= f(xith)-f)

X , th - X ,
L

Xz= X , th
= f (x , th) - f- (x,)
#

X
,

fCxth)h# is called the difference quotient

tix Find the difference quotient at each of

the following , simplifying as much as possible .

(a) f. (x) = - 4×2 - 2x t 6

optional
→ (b) g Cx)

= ¥
-

---
Ca) fcxthlh-f.cc#=-4CxthT-2Cxth)e6-t4x2-2x-I

h

=
-4Cx2t2xhth4-2/-2ht6/t4x2t¢x#| =.in#.o..u..,uz.ahn+h=-8xh-4h2-2hh=h/C-8x-4yh-2)-

= -8×-2-440



I gcxthlh-g.cn#--xt-x--xcxFy-xxtxhiTm-| -

-

= -hxCxt#
T

-

= xi¥ - ¥ =


