
2. I Tangent + Velocity Problems

GW - 01

Q : But
,

what  do  we mean by the ( instantaneous )

velocity of an object ? velocity is a rate

of  change ,
but  at  a particular instant

,

nothing is changing ! ?

Instantaneous velocity will be defined to be

the " limiting value
"

of the average velocities
,

i.e.

h Ct ) - h C 1 )
✓ ( D=

1 in - More later !!
t  → I t - 1 -

* so
, lists are unavoidable !

A Geometric Connection

GW - 02

The stayof the tangent line ( hence the

line  itself ) will be defined as the
"

limiting

value " of the slopes of the secant lines
.

* limits are unavoidable !



2. 2 Limit of a function

GW - 03 # 1,2

GW - 03 Limit def
,

# 3

[ have then  identify confusing parts

GW - 03
one . sided def

,

# 415,6

Notice that
.

.
.

The ligna fan =L if  and only if hiya .

fan =L and ,ti→ma+f
'd =L

.

GW - 04 Inf . limit def
,

# 1

GW - 04 V. A deal
,

# 2 - 5



2. 3 Limit Laws

: what  is time IF ?

. . .

well as × -22 ,
5- × → 3 and X3→ 8

,
so }¥- → 5¥

. . .

but how do  we justify this ?

Limit Laws Suppose that lj→z fed =L and lxijna 84 'M
.

1. and 2
.

tiga[s¥IµFT=¥;afaa±tigasa=L±m

3
. lxigna [ cfcµ}=climfcd = c L for a  any

constant
x→a

'

4
. liga [ fan . g ( × ) ] =L . M

5
. liga [tg¥]=±m if Mto

.

6
. li ;a(f(D)

"

=L
"

<

7
.

lin c = c|x→a
( others )

ii. ti;a

THE
infant =K

provided L > 0 when n  is even
.

Et use the limit laws to find line 3¥ .

2

=
line 7×3 /

a:* ..io?stIEIIEoEYIIxn=:÷s÷
- .

.  

j .

y=x

use laws to break  into 2

building blocks



Nice . . .

but  don't really want to that  again .
. .

g-
Fined ,

Direct Substitution If f  is a rational function

and a is in the domain  of f
,

then lxigna f(x)=f÷
just plug in

* so
,

DS teksus that lxign
. ,

1¥ = I =o

* But
,

DS does Not apply to fig
. ,

×,¥ . .
.

see why ?

EI Find line
,

K¥ . notanansaer
!

-

* DS does Not  apply - it  yields @ Try to manipulate
function .

ix. I¥=ti÷,←×IYt'=ti÷⇐n= . a

e. limit  ignores ×= - 1

By ⇐ .1) Cxti )
a #

= X - 1 whenever × =/ - /

GW - 05 Strategy ,
# I (a)

,
( b )

,
( c )

1-
- Ilth

EI Find lim -

.

n→o h

* DS yields ÷
,

so try
to manipulate .

( Hh ) Clear

lim ¥u÷ = Ligo FI -
denominator

into h (1+4) ...  or combine

fractions in

numerator

= lim i - ( ith
u→o -

h ( Hh )



= IIo Ian
Yes f=i÷

.

= - '

G w - 04 # I call (e) Cf )

Squeeze Theorem

Idea !

my
hcx )

Trimurti
"

Theorem If

• fcx ) Eg Cx ) E h c × ) for all x near  a ( except possibly at a )
AND

-

•

Liya fad = fine
.

sex ) =L

then III. six ) =L
.

EI Recall tiny
,

sin ( I ) DN E MMM
But what about x sin C I ) ?

Find bigot x sin ( I )
.



* what to  do ? DS yields o . sin Cot ) ? ? simplify ? ?

Try Squeeze
Then

.

Note that

O

- I I sin (E) E I ⇒ !sink ) ( x > o )

since no+ - X -
- l×iIo+× = O

,

the Squeeze Them

tells us
that Xs in ( I ) = o

.

F- Y I
' I =×

y=xsin⇐ )
'

'
7

L i
l

l l
'

, I
-

/immured
-

'

a

I h

/
'

I

I L

y =
- x



2. 5 continuity

: what  do
you

think it  means for a function

to be continuous ( at  a point ) ?

Gw - 06 # I quick look

Continuity ( Intuitive def
. ) A function is

Continuous if  you  can  draw its graph without

lifting your pen .
That  is

,
the graph has NI

* fisnafcxttfca) o holes c- removable discontinuities

* Liga fix ) not ° breaks ← infinite  discontinuities ( v. A.  s )
a  real #

. jumps ← jump discontinuities
* hiFaf DN

other weird stuff
X

( GW
- 06 # I

,
2 together

G W - 06 # 3

GW - 06 4,5 together

-

heaven ( continuity Laws ) I f f
, g are continuous at  a

,

then so are ft g ,
f - g ,

f.
g ,

and GI provided g ca ) to
.

If

g. is continuous at a and f  is continuous at
g Ca )

,

then fog is continuous at a too
.

* The final point requires the following limit law
.

. .



Theorem If lim gCx7=b and if f-  is continuous at b
,

x→a

then fig fcgcx ) ) = f ( 7agc⇒ ) = fcb )
.

Theorem ( continuous Building Blocks ) The following
are continuous on their  domains :

I
. Rational functions C and polynomials )

Z
.

Root functions

>
. trig .  and inverse trig .

functions

4
.

exponential and logarithmic functions

Determine  where In ( I - Tx ) is continuous
.

* In ( I - Tx ) is built  up
from functions

that  are continuous on their  domains
,

so

Incl - Tx ) is continuous or  its domain
.

* so what  is the domain of Iu ( I - Tx ) ?

Need '

.
I - Tx > o  and Tx 30

⇒ XZO and x
L I so O E x a I

Intermediate Value Theorem

IVT Suppose f  is continuous on
Ca

,
b ] and that

N is
any

number b/w f Ca ) { fcb )
.

Then there is

at least  one value c b/w  a  and b s
.

t
.

fcc ) = N
.



" " -

VL
.

N -
.

.  . - .  - -
-

:

I

f- Cb) -

.

I
.

I

l
I . I

a
C

b
←

could be
many

Ex Does x4 - x - 1=0 have any
real solutions ?

* can  you factor ? graph ?
 . . . try IVT

N
⇒

* Let f Cx ) = x
"

- X - I
. . .

 want  a a s .

t
.

fcc ) .

- 0£

IVT Ci ) f  is continuous everywhere C b/c  it  is a poly
.

)

applies !!
i ) fcoy = - I co f (2) = 13 > o

This
, by IV T

,
there is a c b/w O and 2 s .t

.

f- C c) = O
.



2- 6 Limits at Infinity

i. What should ¥n• f- Cx) =L mean ?

Q : Given tie graphsbelow
,

how would you answer

7Iim f Cx ) =
.

x → as

limit -

- o
limit  = I

I
. An

Gw - 07 # I

GW -07 # 2

EI Find the following

antis
.

Is
 "

=
-

I

7

(b) lion #it cos x ) = DN E W

× - Soo

(c) fight
as

(ln¥§
,

as

= cosio ) = I

I

* ÷



Algebraic techniques

EI Find the following ←
Indeterminate !!

a
-  as

callin 2×7×+1 .

ya
, ¥

'

I¥7
°

x  → as
- = lim

= O7+5×407×4 Has 770
\

highest

¥t 5

power in denom
.

2×3 txt I ¥ Zxt It ¥
(b) him - =

him
x - so

TIE
¥ x→ as It '

- ¥ ,

>
A

I sane  idea :

#¥7¥70denom E fxh=×2 = lim

= x→ a M¥7
highest power

=
"

÷
"

= as

GW -07 # 3

Q : what  did
you notice in these examples ?

might you be able to anticipate

some of the answers ?

- please provide evidence of your

Suggestion .



2. 7 Derivatives ie Rates at Change

Tangent lines

The line

#
to a circle at a point P

is easy
to define

. .
.

"

'
'

'• .

,
.

we now try to define the linetent to

an arbitrary curve y= fad at a point

P = ( a
,

f ca ) )
.

we start by looking atEet
lines

. .
.

I
,

-

s
-

f Ca ) - =-to -

-

-

je- l

-
I

gon
:

x → a
← x

GW - 08 # I



GW - 08 Det .
of tan

.

line
,

# 2

Ey Draw the tan
.

line to 4=541 at the point

where × =3
,

and find an ez -

for the tan
.

line
.

Graph Tan
.

line

o slope ?

#
m =

Iim fC3th)_f
h -70 h

I I I
th ) 't I - (32+1)

= liu -
u - so h

= lim 9 t 6h th
Z

-
9

Answer : L u -70 I

y
- 10=6 ( X - 3)

=
Iim ( 6th ) = 6

u -70

I
y = 6C-3) t 10

o point : ( 3
,

f C 3 ) ) = &, ' 0 )

GW - 08 =3

Instantaneous Velocity

Think back to the beginning of the course - .  -

GW - 08 bet
.

of  velocity ,

# 4

The derivative of a function

This is the unifying idea at finding slopes

of tan
. lines

, finding velocities
,

. . .



GW - 09 Det of derivative

TB Summary
•

① f
'

Ca ) is the slope of the tan .

line to y
-

- fix ) at x=a

② If f- C x ) is position  at timex
,

then f
'

Ca )

is velocity at time a
.

den
.

der acceleration

position
-3 velocity -3

.
.

.
 in general

Det If  y
=

f Cx )
,

then the ( instantaneous )

rate at charge at y with respect tox at  a is f
'

Ca )
.

-

* why ? f
'

Ca ) = Liisa fH-# ←
limit of  average

x - a
rates of  change

units for f
'

ca ) =

unitsforf
* Note : units for X

GW - 09 # I



2. 8 The Derivative Function

Recall : G W - 09 Det .
at der

.
function

Let fix = IT
.

① Find a formula for f
'

Cx )
.

② use your
formula to find f

'

( - 2 ) and f
'

Cl)
.

③ Graph f Cx) and f
'

Cx )
.

I
×

① ft an = Inigo
fCxthl ③ (

h

= IT
.

Eth )
h ④ th ) X

- I
XZ

= nox-(x-
h C x  th ) . X

-

- his
. ) (

= Lino o  =

Q : Does it  make sense

② f
'

C - 2) = a= - I
, that fi Cx ) 20 ?

f ( 1) =
= - I

GW - og
# 2

GW - 09 Des
. differentiability ,

# 3



Non - differentiability

Ee Sketch f  and f
'

I X 20

(a) fix ) -1×1 L b ) f CH = Tx ← ) fix )={ - i ×< o

,•-
✓ :

÷ -

o - I
#

-0

BE Graphically ,
f  is Not differentiable at

a if
⑨

I
.

it has a @ha -

p ) corner at x
-

- a

2
.

it has a vertical tangent line at x = a

3. it has a discontinuity at x= a

Thm If f- is differentiable at a
,

then f is

continuous at a
.

Picture pls Assume f
'

Ca ) exists
.

we  want

a , ,

to show finna f C x ) -
- f Ca ) one equivalently

cont .
I that hiya ( fad - foal ) = O

.

observe
,

*
.

" '

dean. sea ?
'

si "

/ ca ) . O = O

why ?



Notation Let
y

= f Cx )
.

① ¥ means

"
take the derivative with respect to x

"

° ¥ ( fun ) = f
'

ex )

° ¥ ( y ) is usually written 0¥

° This
,

f
'

ex ) = d¥
.

o f
'

Cal = d¥ )
X = a

② Second derivative

. f
"

means ( f
' )

'

. ¥1 means ¥ ( 4¥ )

° Thus
,

f "
C × ) =

DX 2


