
3. I Derivatives of polys .

and exp .

functions

Idea : we want to speed up our computation
of derivatives by proving formulas

Q : what  is the der
.

of f Cx )

=3
?

Graphically Algebraically

slope is f 'c×y = Lingo fCxthl
always Q h

I ' Lifo -3-1-32=101

So
,

f- C x ) = C implies f
'

Cx ) -

- O
.

Q : what about der
.

of x ,
XZ

,
x ?

. .
.

also x
- ! x ? .  - .

° ¥ C x ) = I

EIEre{°¥Cx2) -

- 2x

,

⇒ ¥ ( xh ) = ?

. ¥ C x
- it = - x

-

GW - 10 Constant t power Rules
,
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So
,

We know ( x

"

)
'

-

- n x
"

! but what  about

?

GW - 10 Sum - Diff - const .
malt

. Rules

EI Find the der
.

of fcxf 5×3 - X 't X t ¥ - It

° First convert to powers

f ( x ) = 5×3 - x' ex 'kt7x
- '

- 11

o Then

f
'

Cx ) = 15×2-2×+42 x

- k
- 7×-2 to

GW - to # 2
,

# 3

Exponential Functions

we know how to find ¥62 )
.

What  about

2
' '

. .
.  or ex ?

Let f Cx) -

- ex
.

Let's find f
'

Cx)
.

① First
,

let's try to find f-
'

co )
.

GW - IO # 4



So
,

we think f
'

( o ) =L
.

This means

f- Coth ) - f Co )
I = f

'

Co ) =
lim a- = Inigo e
u -70

In fact
,

Det e is defined to be the number s.t.li?oeh-I=I
.

② Now
,

f ex + uh - f- Cd

f
'

Cx ) -_ lifo T

= lim e"hn =
ex.ch# !

ex
.

u -20

GW - 10 # 5



3. 2 Product I Quotient Rules

You know

• ( X3 )
'

= 3×2

° ( ex ) -

- ex

So
,

what  about (
x3e×

)
'

?

Experiment :

↳ 3.
×

4 )
"

? ?

I Y
,

43 ! ( x
" )

'

at )
"

"

3×2.4×3
y 7×6

11

( 2×5 L hot  equal

GW - 11 Product Rule

EI Compute

(a) = ① ⑥ t ② ①
'

= ×3 ( ex ) 't ex 431
'

= x' extent . 3×2

① ② I ① ②
' ② ①

'

(b) [ L x - )(ex - 3×2 ) ] = C x - x

- "5) ( et - 3×446×-3×2) C x - x

. "
s)

'

"
= f x - x.

' G) ( ex - 6×76×-3×44 -ifx
'

%)

¥5 -
- x

- ¥



GW - 11 # I
,

2 prod .
 rule

ol

So
, you

know how to find [ ( l -

xtrx
)( 3 ex ) ]

"

.

what  about

[ I ?

B
GW - 11 Quotient Rule •

the jingle .

Yz
x

Exe Compute /
( a )

f,3ey ] '= a -

xtrx
)C3e 'T

'

-

Seki -

xt④
)

'

Tx
( I - xtrx )2

=
(I - ter)(3e× ) - 3e×C - letx

- k )

(b)
f.gs#yJ'=Cx47Kx3ex)'-x3exCx47Y(x47Y=(x47)(3x2extex.x3

) - x' ex . 2x

44712

GW - It # 3,4



Proof at Product Rule

(fan . gcx )) ! Inigo
flxthlgcxth ) - fadge ,

h

= lion fcxthlgcxth ) - fcxth ) g ex) e f 4th ) g Cx) - f Cx) g
c × )

u → O h

. ea.nl
'

. g ⇒ (
'

= f CH g
'

Cx ) t g Cx ) f
'

Cx )
D

Proof at Quotient Rule

Let hcx ) = tg!¥ .
Then had - gcxl = f Cx) .

CPR ) hang
'

ca + g
Cx ) h

'

Cx ) = f
'

C x )

=) fgf . g + g ex) ( fg, )
'

= f
'

ex )

⇒ (fgf) ! fix ) - t s
'

Cx )
.

g Cx ) - g ex )

=) (fgY⇒
"

=

f
'

CA six - flag
'

Cx)

( g Cx) )
'



3.3 Trig .

Derivatives

Q : what  is ( sin  x )
'

?

Our  convention  is that x is in radians
.

•

Experiment Gw - 12 # I

§t
" " "

/

y=( sin  x )

•

••#
•

•

* ( sin  x )
'

looks like cosx
!

Aside : Special limits

liq sin ( h ) -
Siu Co )

=/

u found ¥× ( sin × 1*0=1 so
n - > o h

. Cos C u ) - Cos ( o )
= O

Similarly ,
¥ ( cosxl×=o .

- o so

' n'Fo
h

Thus
. . .



Theorem

Iim sing = , And
lion cos

= o

x - so x
X - so

Then
- ( sin x )

'

= cos X

rt
Sin Cxth ) - Sin x

( sin  x )
'

=
lim -

u - so h

=
lim sin  x cosh t

Sinh cos x - sink

into h

= lim Sin x cosh - Sin x c-
Sinh cos x

h -70 h h

=
lim sin×(cosh#! cos ,sing

?
"

u . > o

= cos X D

The CCosx )
'

=  - sin x

EI Find ft an  x ) ?

( tan × )
'

= (Zingy)
'

ER
cosxtcosx ) - sinxsinx

C o Shy

= z× = seczx

WS - 12 Der .
at trig .

functions

WS - 12 # 2



3. 4 Chain Rule

Q : can you compute ( cos C x ) )
"

?

Q : what  about ( cos Cxz ) )
'

?

✓ this  is about  composition

WS - 13 Chain Rule

Some comments :

• ( f ( g
Cx ) ) )

'

- f
'

C gcx ) ) . g
'

Cx )

der .
of  outside

der
.

of  inside

( and plug inside

back  in )

inside

o let  u
-

- g ex )
.

Then

( fcgcxi ) )
'

= (f Cu ) ) 's flu ) . u

'

EI Find the derivatives
.

Ca ) f Cx ) =  cos ( I )
u

f
'

C x ) = ( cos ( ul ) '=
- sin ( u ) . u

'
=  - sin ( x2 ) - 2x

17

(b) gcx ) = ( x )
u

g
'

ex ) = ( ul 7)
'

= 17  u

' b
. u

'
= 17 (

x2e× )
"

. (x' extexizx )
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EI Find ( e

"

"
)

.

( e

' II)
"

= e

"

'

= e
"

.  u

'
=

e'7¥34
x

The face " ) -

- e
"

- u

'

so ¥x( e

" ) -

- e

"

. A
.

The If  a > o
,

then ( ax )
'

=
at . Ina \

rt

(d)
'

= LeInca
'' ) ) ! @'' ' na)

"

=
extra .

Ina = a

'
. Ina

EI ( harder ) Find der
.

at tan
's

( It 5× )

& fans = fan P

Has.xs÷¥⇒sj
= fu3)

'

= 3h
?

. u

'

= 3. tan 3C Its
's ) . ( tan City))

"

= 3 tan 3 ( It 5× ) secy I -15
" ) . ( 1+5

" )
"

= 3 tan
> ( les

's ) see
' C It 5) ( 5 ? In 5)

.
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Idea of chain rule

① Let h C x ) = f ( g ex ) )
.

we must show

✓ hi Ca ) - f
'

C g ca ) ) -
- g

'

ca )
I

2
Now

,O f C g Cath ) ) - f C g Cal )
- n' (a) =

lim
1- n→ o h

£
② Linear  approximation : the tangent line to

f- Cx ) at  any x=b is

egetur y
= f

'
Cb ) ( x - b) tf C b )

SO

p
" "

'

f- Cx ) I f
'

(b) ( x - b) t f C b ) when x is

near b

③ Since g
Cath ) is near gca )

h' (a) = I im
f C s Cath ) )

'

- f C g Ca , )

→ o h

=
lion f

'

C gear ) ( g Cath ) - Sca ) ) -1 f C goal ) - fcgcay )

h -70
h

' " "

= Lingo f
'

( gca , ) .

Scathe )

= f
'

Cgca ) ) . g
'

Ca )

pg



3. 5 Implicit Differentiation

Implicitly Defined Functions

The ez .
 y =

'

or y
-

- Tx '
-7 define y explicitly as a

function of x
.

The eq .

x 't -12=4 does not explicitly
define  a

function
. why ?

2

if  x=o  is the

input ,
there

are 2 outputs :

4=12

However
,

x' ty 2=4 does implicitly define

yas a function at  x
,

but  it  depends on
what

part of the circle we  use :

Top '

. y >  o y = Fix Bottom : YEO  y
= - Ext

* XZ t y
'

= 4 also defines × as a
function at -1

Right : xoxo x = 5¥ Left : × so × = . Thx

* However
,

we  usually focus on  y as a

function of x
.



Similarly ,

consider equations like

2×3+43=6

×  y
y

=  XZ - x4

Y
.

is

For another pretty one
,

consider

sincxy
) - It

Coslyz
) Desnnos Me !

¥3 working with equations ( instead at

explicit functions ) allows us a lot

more flexibility and it  often makes

things a lot tess messy
.

Q : how to we do calculus on equations ?

A : work  implicitly .
. .

EI Suppose that x 't -12=4 .

Find d and use

this to find the tan
.

line to  x4y' = 4 at

C- I
, -55 )

.

(0--4173)

we  work  implicitly .

• Think  y
= f C x )

( but  we do not solve for  y )



Steps to find 0¥

I Take der
.

of both sides remembering y
= f Cx )

.

x
-

t y
'

= 4

¥ ( x 't
y

- I .

- ITC 4)

¥ ( x
' ) e ¥ ( Y

' ) = ¥ (4)
chain  rule !!

2x t ay 4¥ ¥ any )
= 2 f Cx ) - f

'

Cx )

2 Solve for 0¥

2 y daff = - 2x ⇒ ¥
,

=

q
x 's y

'

y
's - okay !

Now
,

to find the tan
.

line :

point : C . I ,
- Fs )

s II !. ⇒ = ÷ t.ir - ÷

the line :

y t Fs = - ¥ ( x t I ) or y =
- ¥ ( xx 1) - 53



Exe Find c if sin C xx )= It cos ( y2 ) and

use it to find dy
Tx least

,
rt )

'

* I'll use prime  notation this time

① Der
.

at both sides remembering y= f Cx )

[

sina.yfftcosc.it

)
'

cos ( xy ) . C xy )
'

-
- sin ( y

' ) . ( yz )
'

Coscxy
)(x¥'t y ) = -Sinai) . Zy

② Solve for  y
'coscxy) . Xy'tcoscxy) . y

= - Zyy! sinly'd )
=

=
.

- collect y
'

co sexy ) . x y

'

tzyy 's in Cy 2) = - cos ( xy ) . y
= I

y
'

( xcoscxy ) tzysihcyz ) = - cos Cxyl . y

y
'

=
- coscxy ) .  y

Xcoscxy )t2y sin ( yr )

- cos ( 2T ) . fit

this
,

dle*¥
'

=

2ft Coslett ) -12ft sin ( it )
=  - I

WS - 14 # 1,2



Inverse Trig Functions

Recall :

① Not  all functions have an  inverse !

② I f ( x ) has an  inverse f
'  '

C x )
,

then

• f
 '

( fix ) ) = x and
f- ( f

-  '

Cy ) ) -

- y

f

• pictorially : x # y
f

- I

• f Cx ) = y
⇒ f-

'

Cy ) = x

• ( x
, y ) is on

graph off
⇒

( Y ,
x ) is on graph

of f
- I

③ Be : in general ,

f-
 '

ex ) # ( fix ))
'

! ¥ ,

EI Graph f  and f
"

,
if  it exists

Ca ) f ca = Sin x

y
-

-
fix ) o f

- I
D WE b/c f Cx )

X ,
does Not pass horizontal
line test -

o f C o ) = O
,

f C it ) = O

o - so

IT
↳

so  if f-
'

exists
,

f
'

Co )=0 ,
it

,
. .

.

I
not  a

function



(b) f Cx ) = sin x
,

EXE
.

reflect  over y= X

→

12,1 ) - If •

( 1142 )
-

I

✓
.

' "

I l

-  IT - l l

a. ⇒

I2 2

-

- I

•
-

⇒ , 2

( x. y ) on graph at f
C y ,× ) on graph off

- "

bet
-

arcsinx = sin
- '

x is the incense of sin x on

- The EXE ¥

arc  cos  x = Cos
-  "

x
'  '  "  

"  "

cos ×

'  ' O E X E IT

are fun × =
tan

'

x
'  '

"  "  i tan  ×
"  - The L x L %

( see book for others )

sin
- '

x =/ Csinxj
'

•

Let's find ( sin
' '

x )
"

.

•

y
-

-
sin

'  '

Cx) ← sine = ×
work  implicitly !

-

[ since , ) ]
'=

I x ]
'

Cosy ) .  y
'

= I
simplify this ?

Sin y = x gives
the

cosey ,
#

"
"

y
'

=

I triangle :

,

x

IT

=
-1 FET

i. .

( sink)
'

Ii
so

, cosy



WS - 15 Der
.

at Inu
. Trig

EI Find the derivative at f Cx ) = Sec
- '

( x
3 )

f
'

Cx ) =
. u

'

= ×÷#,- 3×2



3.6 Derivatives at Logs

Let's find ( lax ) !

y=
In x c- s e

"
work  implicitly

( e
" )

'

-

- ( x )
'

e
"

. y
'

= I

y
'

= ¥ y
can  we simplify this ?

e' '
= et n  ×

= X

So
,

Qnx ) = I

In fact
,

this can be extended a bit
.

( lnlxl ) 's I

#
And ,

in  a similar fashion : ( toga x )
"

= ×÷a

WS - 15 # 1

Logarithmic Differentiation

We know :

( X 7)
'

= 7×6 ( power function )

( 7× )
'

= 7-
×

. In 7 C exponential fume
. )

( xx )
'

- ? ? ( not power
nor  exponential )



Exe Find ( xx ) !

Logarithmic Diff

x

y = x

① Take In of both sides I simplify

In y =
In ( xx )

In  y
= X In X

② Implicit Diff .

( lay )
'

= ( x lux )
"

f- .  y
'

= x ¥ t thx

y
'

= 4thnx ) y

③ Sub
.

back  in .

y
'

= ( It In  x ) ×

×

3

Exe Find & It tan  ×
Y )

'

y =LIt t - × )×
'

①
In  y

= In [ Cttan x )
"

]

lay = x3 In ( It tax )

②
IT Y

'
-  x3 . fIfan× + 3×2 In Clt tax )

y
'

= ( ×3¥+× t 3×2 In Clt tax ) ) y

③
y

'

= 4×3 ?If t 3×2 In ( It tan x ) ) .
( It tax )

"



Ee Explain how to proceed .

Ca ) ( Tx )
"

exponential

(b) ( csinx )
" "

)
"

log .

(c) ( ( sin x )
't

)
"

power t  chain

(d) ( xlnx )
'

log .



3.7 C Some Applications )

we just look  at velocity and accel
.

Recall : If fat ) gives the position of  an

object  at time t
,

then

position ; f C t )
den

.

der
.

Pos .

vet
.

accel
.

velocity : f
'

Ce )

acceleration
: f

"

Ce )

GW - 16 # I
,
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3. 9 Related Rates

EI A large cylindrical tank at radius Sm is

being filled with water
.

The flow of the water

into the tank is measured be 3 mYmin
.

Determine

how fast the depth at the water  is changing .

① Picture ② known & unknown
Rates

I known : II = 3 mYmiu
D

} h height

fr
known : d#

Q1 what are we trying to

find ?
.

. .

change
?

. .
.

V is the  volume
rate at change

? . . .

Change
what

③ Relate Quantities c at
?

✓ =

it r 2h → V = 25T h
Q2 what strategy

might we use to

solve this ?

② Relate Rates

As
It ( v )= It ( 25T h ) think v= Vct ) h -

- htt )

du

It
= 251T  DI

dt

⑤ Solve

3=25 it
DI

→ dd¥ = ¥+1 Tmi n
z

3.8
'

Tunics
d t

WS - 17 All


