
4- I Maximums f
'

Minimums

An  important application of  calculus is to

optimize things ,
e . g .

 minimize  cost  or  maximize

velocity .

WS - 19 Def
.

Abs
.

Maxlmin ,
# I

W s - 19 # 2
,

3,4
,

5

W s - 19 Ext .
Value Theorem

Question How can  we
find abs .

extrema C if they exist ) ?

Main  idea ? •

① look  at local extrema

② look  at  end points

✓

Finding local extrema

What  is true about der
.  at a local max

/ min
.

mylocal - ax : f
'

Cn
) = O

' l
local - in : f

'

Cm ) D WE

n

W S - 20 Local Ext .
Then # I

I

j I Find critical # s of 21×7×1×7
{ 2 -

4 x fy×y=o f' Cx ) DUE
- -

-

not  in domain

q g 'cx3= .  -
- =

cxz - x -25 ×
-

- 21
- t

so Ic-



Finding Absolute Extrema

WS - 20 Strategy

EI Find the abs
.

extr
.

at f Cx ) = 2×3-3×2 - 36 x on
C 0,10 ]

① Find critical He s

from f'a or f'Cx)DNE_
WS 20 -17 f

'

Cx ) = 6×2-6×-36

×=③
,

- 2 none

t not

in  interval

② Test

X f Cx )

° ° abs
.

max at 1340 ( when x -
- lo )

10 1340 abs .

min of  - 81 ( when x =3 )

3 - 81

WS - 20 # 2

EI Find abs
.

extr
.

of f Cx) = 3×43 - X on [ - I
,

8 ]

① Find crit
.

# s f
'

a) = o

-

f-
'

ex ) = 2x
- "

s
- ,

= # - ,
Ex - 1=0 ⇒

×f '

Cx) DNE

② Test

x f Cx)

- I 4
abs max

at 4 ( x - -1,8 )

8 4
abs min of O C × -

- o )

O O

÷ .Graph Me !



4. 2 Mean Value Theorem

WS - 21
# I

Rolle 's Theorem suppose that f satisfies

① f  is continuous on
[ at BT

, nor .

tan
.

line

② f  is differentiable on Ca
, b )

,
ad

at  x'  - C

③ fecal = f Cb )
.

I

Then there is at least  one  x -
value c in Ca

,
b ) s .

t
.

fic) = o
.

pt
I f f  is constant

,
f

'

cc ) =  o for  all c  in la
,

b )
.

If f  is not  constant
,

f  achieves a max
or  min

different than fca ) in ( a. b ) by EVT .

Assume

this happens
at x = c

. By Local Extrema Theorem
,

f-
'

Cc ) = o on f
'

Cc ) DN E
,

but second is ruled out

by hypothesis ② . D

Question :  what  
if f- Ca ) ± f C b )

. . .

can we say anything ?

←
parallel !

-
.

.

• L b
,

f C to )rI I I
a y

•

( a ,
f Ca )



Mean Value Theorem Suppose that f  satisfies

① f  is continuous on
[ a

, b I
,

ANDI
② fis differentiable on Ca

, b )
.

↳
one  x -

value c in Ca
,

b ) s .

t
.

3
Then there is at least

f-
'

(c) =

fCb)_f#
b - a

institute t
avg .

rate at  change

of change

"

Applied
" Example

of
the secant line

ptfidea )

Let hcx ) = f Cx ) - [ tbb?-a C x - a) tf ca , ]
.

-

the dist . b/w f  and secant live

Now
, apply Rolle 's then to hcx )

.

D

Theorem If f
'

c × ) = o for  all x in Ca
,

b )
,

then f- is

constant on Ca ,
b )

.

pf
-

we want to show
that if aan ,

v ab then

f C u ) = f C v )
.

Now
,

f-  is cont .  and diff
.

on [ cry ]

so by the MVT
,

there is a  UL ca v s
.

t
.

f
'

c a) =

flu ) - f c ay

O =
v - u

-

Thus
,

O = fav ) - f Cu )
,

so
f- Cut = f Cv )

. pg



W S - 21
' '

some Der
.

theorem
"

I Theorem If f
'

Cx ) = g
'

C × )
,

then f Cx ) = g Cx ) t C for some

is
3 Constant C

.

pf
-

we want to show f- Cx ) = g Cx ) t C
,

which is the

Same as showing f Cx ) - g Cx ) = C
.

Since f
'

Cx ) - g
'

Cx )
,

( f Cx ) - g Cx ) )
'

= O
,

so by the previous result ,
f- C x ) . g Cx ) = C

.

D

WS - 2 I # 2



4. 3 what Does f
' I

.

f
"

tell us about f

Increasing / Decreasing & Concavity

WS -22 Def
.

* draw pictures on side

WS - 22 # I
,

2

WS - 22 Theorem : connect incr Idecr / concavity with fff "

WS - 22 # 3,4

Finding Increasing / Decreasing ,
Concavity ,

Extrema
,

?

"

IDs

WS -23 Strategy

EI Let f C x ) = 2×3+3×2 - 36 ×
.

Find intervals at  incr
,

deer
.

,
CU

, CD .

Also find local extrema t  inf . pts .

⑤ f
'

Cx ) = 6×2+6×-36 = 6 C ×
2

t x - 6) = 6Cxt 3) Cx - 2)

f
'

c × ) = o
f I → I f

'

C - 4) .

 - 36 t

-

f
'

x =-3
,

x
-

- 2 tttt  -
-

- -  t  i  tt
y

f
'

( o ) = - 36 -

L I I

f-
'

Cx ) DN E T
- 3 T 2 ya

f '

(3) = 36 +

-
- 4 O 3

none

in
.

: ( - as
,

-3 )
,

C z ,
as )

deer.

: C - 3
,

z )

I a×
: 81 when x= -3

local min

-

'

.
 

- 44 when x= 2



⑤ f
"

C x ) = 12×+6 = 6 ( 2x .cl )

f n
f "

ex ) -

- o
U

- ft f
"

C - I ) L o -

- - - -  t  t  ttt

X = - Yz y
.

f "
DNE

T -
 '

k T f
"

C o ) > o +

-
- I 0

Never

CI : C .
 '

k
,

as ) I. p
.

( - Yz
,

-37.5 )

CD-i . C .  as
,

- Ya)

E Find all local extrema and inf
. pts of

f- Cx ) = x
"

( 6 - x )
"

?

Note that

- 8
4 - X f

"

( x ) =
-

f-
'

G) = ×y¥4z ×
-43 ( 6-  x )

" 3

IO f T T → T

f- '
c⇒=O f

'

t DUE

to
- ONE t

- I I I

4 - x = o T ° T 4
p 6 p

X = 4
- I I 5

7

f' c - , )
= +

f
'

ex ) DN E L - Kt )

+72/3=0 f
'

Ci ) I = +
47 C t )

x -

- O x = 6 f
'

C 5 I = -

E) Ct )

f-
'

(7)
= t

(4) C t )

local in  ax of f ( 4) = 2%2 3.2 when x= 4

local min of f- (G) = O when x  = 6



⑤ f ~ ~ u

f
"

-  - t
f-

"
c x ) -

-
o f"Cx)DNE_ , ,

-

T
o

r 6 T

never X -_ 016
- , I 7

f
fed f

"

C - I ) ¥¥ = -

One I. P
.

n

. ( 6,0) f
"

Ci ) = -

L t ) C t )

f'
 '

A ) IG -

- t

For f- :

= •

GW - 23 # I



4.4 L' Hospital 's Rule

Recall :

Toting
.

÷
ties

' "

=±÷c*n=4

② '
÷ . .

?::÷ .

. .  
t.in

.

=-3

But
,

what  about
.

- .

as

-0 In  x =

③ lim thx °

or lim -

x -71 ×  →  •
X - I

←
includes If

Is

Bf I and I represent limits and are
called

indeterminate forms
.

GW - 24 L' Hospital 's Rule

⇐ compute

① t.in
.

'¥÷n¥:
-

- I

%
② ' x'÷ ."¥ ¥

" ÷ .

-
- o

e
• It Cost DNE so start  over !!③

•

* sin '

In
' II as i =

" r does not apply

O
sin  xhim xesinx

=
tin it # = I

x→ as
x - > as



④ Ii:O
At " ÷a¥:O ± "  

- E
in

-

' anti
"

=
. ¥

HR t To

pt of HR ( idea for I )

*
assure f

'

and g
'

are continuous
-

Idea : near  a

Y
-

- ft ) f  and g look like
yes

f
'

Ca ) Cx - a )

their tangent lines

y
-

- g
'

ca) Cx - al#=gcx,
se

a f÷¥=t↳
'

a

g
'

(a) Cx - a)

Now ,

tina 's:# =

a
'Ii3E=¥aE÷=¥sats¥,

→

fig
' continuous

Indeterminate Products

what  about lion xlnx ? o . C. as ) ?
. . .

indeterminate !

X -2 Ot

←
includes Ics

* o . as is an  indeterminate form !

Strategy
-

. as
,

rewrite limit  as

I f Liya flag C x ) has the form o

g Cx )
f- C x ) -

him y ,

or fifa LfcxD
' '

x - sa

.
as

EI compute
o.ca ,

T

lax

① lim xlnx =
lim ¥ .

!o .

= %+ - x -
- ⑧

xx Ot
x → Ot



o . as Is

② tis .

x
- se

"
-

- fi
.

e in
'
Is a

×2
I

= lim 3¥
,

z2e =D
x → as

I ③ fig .

xin ( IIT )
÷
:

Indeterminate Differences

what  about finna ⇐- ¥ ,) ? as - as

* as . as is an  
indeterminate form

. . .

but

not as + as
, why ?

Strategy
Combine  with common

denominator

Ee Compute

finna ⇐- ¥ ,
) =

lim e' I

x - Sot x @X - I )

Fatima .

e ÷
xext ex - I

F.
' x'Ia . f¥e

= I
2



GW - 24 # I

Indeterminate Powers

what  about
as

Litt )
×

? I ?
. .  

indeterminate .

* IA
,

00
,

as

°

are indeterminate
. .

.

but as

-

is  not
,

why ?

Strategy

use logarithms .

let 's see this by example .

EI Compute

x

① lim ( It I )
x - > as

① Take In

fig
InkIt ¥5 ) -

- figs
x In ( Ht )

- so

In ( It E) I

= tiny -
o

x - so

'

ly

Fr % ¥
.

.

-¥7
-

- tins
. .

= I

② Exponential . e

in @It 4)
×

)
figs take 'S

' ) = I ⇒ tis .

e
-

- e
'

⇒ ¥34.E)
''

= @



- x

I ② lion ×

in x→ Ot

p

GW - 24 He 2



4. 5 Curve Sketching

EI Find the horizontal asymptotes at f L x ) = Tx e

- ×

*  need to find Ligny f Cx ) and III.
 
of G)

otis
.

rxe-EIis.EF.li .

-
.

'
is

.

¥ x

-

- O

° liar Tx e

- × B not defined for X so so
DWE

•

x - s . as

Thus
,

there is
on

horizontal asymptote :  

-
X

EI Sketch the graph at f C x ) = Tx e

Domain : x 30

Intercepts
-

:
o

y
- int  :  y = Oe =3 y

=  0

x -
int !

O  = Tx e
- ×

⇒ x = o

Asymptotes
-

:

vert : none

nor :  check liz ,

f Cx ) and lily
. ,

thx )

4=0 See previous example .



Inc
. / Dec

. / Local Extrema

Note that : f
'

Cx ) = e-
 × ( )

2E

f- → →
f

'

+  -

f'cx f 'cx)DNE_ I I

° '

k
X  = Yz XE O

local maxi ⇐  ,
f- CE ) ) = ( I

,
0.43 )

Concavity I IP

Note that f
"

C × ) = e-
 × (-1-4×+4×22)

4×312

f "
C × ) -

- O f

"
Cx ) DNE

-
-

×='±zI x E O f n u

f
"

- t
= -0.2

,
I .

2
i I

← not  in domain O
i.  2

I. P
. x ( 1.2 ,

0.41 )

The Sketch

0.43 - •

° " " €,I I

0.5 1.2



Ee Sketch the graph at y=

'

-

Note : f 'c×)=8Lx-4)
( x

'
-4) L

I
→ f "c×y= -

8( 2×3 - 15×2-124×-20 )

of ( x
?

-473



4.7 Optimization

L A farmer has 2400 ft of fencing and wants to fence

off  a rectangular field that borders a straight

river ; no fence  is needed along the river
.

what are

the dimensions of the field that has the largest  area ?

① Picture ② what to  optimize ? constraints ?

l maximize Area

h
tale ' { constraints :.IE?..7nssT.::7e's .

A  is area maximize A  =L - h

constraints It 2h - 2400 ; 4h30

③ Convert to function of one  variable

1=2400 - 2h =3 A  = (2400-24) h 1=0
f

⇒ A ( h ) -
- 2400 h - 2h

Z

,
Osh E 1200

* Note : A -

- o  at  extremes

① optimize
h Acn )

A' C n )= 2400 - 4h
C #

→ 600 A ( 600 ) I 720000

A' Ch ) -

- O
A' Ch ) DNE

{
O Aco )

-

- o

ep
never 1200 A (

12007=0

2400=44

ht 600

Max area when

4=600

l = 1200

WS - 25 # I
,

# 2 ( see next page )



25 – Optimization

Author 1

Author 2

Author 3

1. A large storage crate, with an open top, is to be constructed. The base needs to be a square. Material

for the base costs $10 per square meter, and material for the sides costs $6 per square meter. If there

is $100 available to spend on the crate, what is the greatest volume of crate that can be built?

1

① Picture ② what to  optimize ? constraints ?

maximize Volume

h Take ' { constraints cost
,

'

neonnsrntehgsafiee

x

x maximize

V = x ? h
✓ is  volume

constraints

100 = 10 .  It 4 - 6 - Xh

100=10×2
t 24×4

* Also
,

x
,

430

③ Convert to function of  one  variable

100 - 10×2
100 - 10×2

24 ×

= 2¥( 100 - 10×2 )
- = h =) V =  x

-

24 x

=)Ux) =

'

IT . x -
x3

,
Osx emo

← h=0

*  note V=O at both

① optimize extremes .

✓
'

Cx ) = 10¥ - too XZ
V Cx )

V
'

ex ) -

- o v 'c⇒ one
c .

# → FE VLF'S ) a 5. I

'
= xz

new

e.p
. {

° Vc 03=0

To vcrio ) -

- O
to

=  x2
3

f
not  in

He interval

x = ME
,

- JE
'

Max volume is re 5. I m

's

3



2. A large storage crate, with an open top, is to be constructed. The length of the base needs to be

twice the width of the base and the volume must be 10m

3
. Material for the base costs $10 per square

meter, and material for the sides costs $6 per square meter. What is the cost of the materials for the

cheapest such container.

2

① Picture ② what to  optimize ? constraints ?

minimize cost

h Take " { constraints volume
,

dimensions

w
minimize

l -
- 2W

C =

101254+2
. 6 . wht 2 - 6 . 2Wh

✓ is  volume

* c = 20Wh t 36Wh

constraints

* 10=202 h

* Also
,

w
,

h So
not win 30 b/c

✓ of fixed volume !

③ convert to function of  one  variable

180

h = Iz ⇒ C = 2002

-136W
( If ) ⇒ Ccw )= 20-2-1 -w , Oc was

① optimize U Ccw )

c' c→=4ow . c .
# → JE CLEE ) = 163.54

WZ 2

C' Cw ) = o
c' Cw ) DUE

e. p . {
O I'}oCCw ) -

- Ota  = as

as lion C Cw )=  as  to
- as

w= O w  -7  as

40W = 181 not  in  domain /
WZ

we haven't seen

this before .
. .

 use limits
w3 =

9-
2

w = % 21.65 min  cost  is I $163.54


