
5. I Area & Distance

Q :  what  is the area at  a  circle at  radius 3cm ?
.

. .
 units ?

2

91T cm I a square  units

. . .
area is

defined in terms of squares . .  - or rectangles .

. . .

so how  do we find C or  define ! ) the area of other

shapes ?

WS - 26 # I C see next page )

Ln
,

Rn ,
and Mn

These are specific ways
to estimate area using

n rectangles of equal width
.

The difference

is in how the height is chosen
.

To Josh :

an xx

;i÷÷÷÷J÷
ex ,

Iin÷iA
. 411 ,

. Nt ,
: i : i

I I

I l I I I I I I I I I I I I I I I I I I I
a b a x , Xzxzxa ,

X
's b

#
a b

-
" "

n - sub intervals
Xo X6

Ln Rn Mn

width of  each rectangle g×=
BI widthg×=bwidthDx=bn n

height use left . hand ep . height use night - hand ep height use  midpoint

EX In the middle picture above
,

there one
6 neat

.

,
so

Area I R
•

= f- G.) axe fcxa ) is x  t -
. . t fcxs ) axe

f- ( Xo ) DX

= ( fix
,
) t . .  . t f Cx .

) ) b

WS - 26 # 2 ( see  next page )



26 – Area

Author 1

Author 2

Author 3

1. The graph of f(x) = 4� x

2 is below. Let A be the area under f(x) from x = 0 to x = 2.

x

y

�2 �1 1 2

1

2

3

4

(a) Give your best estimate of the area A that you can.

Make sure to explain your answer.

(b) Was your estimate an over or underestimate (or are

you not sure)?

x

y

�2 �1 1 2

1

2

3

4
(c) Compute the area in the 2 large rectangles. This esti-

mate of A is called L2.

L2 =

(d) Is L2 an over or underestimate (or not sure)? Why?

x

y

�2 �1 1 2

1

2

3

4
(e) Compute the area in the 4 large rectangles. This esti-

mate of A is called L4.

L4 =

(f) Is L4 an over or underestimate (or not sure)? Why?

1

Be creative ,
but  explain .

Try to figure it  out .

h
,

owe hz . w  = 4. It 3 . I = 7

Over -
too  much area

4.  0.5+3.75-0.5-13 - 0.5  t 1.75 . 0.5

= 6.25

over
- too  much area



x

y

�2 �1 1 2

1

2

3

4
(g) Repeat for these 4 rectangles. This is R4. (Do you see

where the 4

th
one is?)

R4 =

(h) Is R4 an over or underestimate (or not sure)?

x

y

�2 �1 1 2

1

2

3

4
(i) Repeat for these 4 rectangles. This is M4. To find the

heights, use the fact that f(x) = 4� x

2
.

M4 =

(j) Is M4 an over or underestimate (or not sure)?

(i) Which do you think is the best estimate of A? How could you get a better estimate?

2. The graph of f(x) = cos x is below. Let A be the area under cos(x) from x = �⇡

2 to x = 0.

x

y

�⇡
2

⇡
2

1

(a) Estimate A using R3, and draw the associ-

ated rectangles.

R3 =

(b) Is R3 an over or underestimate (or not sure)?

2

③.

75  t 3 t 1.75  t O ) - 0.5
 

= 4.25

under

[(4--252)+(4--752) + (4-1.252)+(4-1.752)) . 0.5

= 5.375

hard to tell
.

. .  imagine  rotating
tops of rectangles into tangent lines .

. . .
Same area

,
and now , clearly , oyerest .

probably My .
. . but  may be the one  you

had in La )
.

* final guesses on
actual area ?

. . .
 it

. . .  is
. . .

5
z

•

•

( cost .
 Th ) t cos ( - 43 ) t  cos ( -⇒ . IG

•

.

= (I + Et I ) . 'F=⇐? = i. 24
IT

I - -

3 6

over ?

*  any guess for the actual area ?

- . . maybe something with it ?

. . .  it . . .  is
. . .

I



Definition of Area

In the previous problem  did the area  actually

equal Rz ? would it haulequaled Rio ? Riooo ?

Det Let f be any
continuous function that

is nonnegative on
Cal BT . The ag A

of the region
between f  and the x - axis

,

from x - a to x = b
,

is

A = Ligas Rn = fishes ( f t . . .  tfcxn ) ) DX

where Xi  is the right - hand ep .

of  ith
. sub interval

and DX = b-ah

fix )

•
,

i I

I I
I

I I

l
,

\

,

I
.

. .

a Xi 42×3
- - -

t ith
sub interval

↳
 ×

"

-
n - Sub intervals

* Also
,

A  = lui's ,

Ln
,

A  = fiji Mn
,

and others too !

Summation Notation

By example . . .

end
→

add -,€zif = 22+32 t 4
'

t 52 t 62+73
up

Start #



E Expand each of the following and simplify .

I

(a) E costt = cos C-  E.) t cos Co2 t cos (E) = life

i = - I 3-¥iz= t t t¥4 = 4×-1 2¥ =

(b) Z s

i =  o

EI write  in summation notation
.

2x 't 3 x

"
t 4×5+5×6

5

many possibilities like Eix
" '

.
. .

think . .
.

5=2

Back to  area

So
,

returning to our  area definition .

A  = Iim Rn
x  → as

= tiny ,

[ f C x
,

)tfCx4t . .
. t f c xn ) ) DX

= ¥7 ,

Eh
,

fcxi ) ax



5. 2 Definite Integral

Recall :

-

fix )

#•
,

i I

I I
I

I I

l
,

\

,

I
.

. .

a Xi 42×3
- - -

t ith
say interval

↳
 ×

"

-
n - Sub intervals

✓
IT.isis  important !

A  = lining
,

Rn = Lisa (
,

f- ki ) DX )
s give  it  a

name .

*  where Xi  is right - hand ep .
of  ith sub

.
 int

.

and DX = b-2
n

Det Suppose f is defined on [ a , b )
.

If

fifa E
,

fcxi ) ax

exists and is always the same for all possible

choices of sample points XiCi. e
.

Rn ,
Ln

,
Mn , .  - . )

the we say
f  is integrable on Ca , b ]

,
and wewrite

← upper limit

#
integrand

integral → fab fcxldx = tiffs
,

f Hi ) DX

sign
← lower limit Riemann  sum



Theorem If f  is continuous or has only a finite

number of jump discontinuities on Ca
,

b ] ,
then

fabfcxldx exists

i. e .

f  is integrable  on [ a ,b7 .

Computing Sba f 6) dx Geometrically

* S? f Cx) dx = Ligas €
,

fcxi ) DX which is how we

defined the area  
under f

. . .
 when f was positive .

* If f becomes negative ,
we get

"

negative area

"

Theorem Sba fcxldx is the net  area
between f

and the x-axis .

That  is

Sitara .
. ( ' It:' ) - ( ' ItT.IT:xis )

For example
,

if
. . .

" "

fab faddy = A
,

t Az - Az

WS - 27 # I
, 2,3 ( see  next page )



27 – Definite Integral

Author 1

Author 2

Author 3

Theorem: Evaluating Definite Integrals Geometrically

Z
b

a

f(x) dx =

✓
total area under f and

above the x-axis

◆
�

✓
total area above f and

below the x-axis

◆

1. Graph f(x) = x� 1 over [�1, 2], and evaluate

Z 2

�1

(x� 1) dx by interpreting it as (net) area.

x

y

�3 �2 �1 1 2 3

�3

�2

�1

1

2

3

2. Graph f(x) =

p
4� x

2
over [�2, 2], and evaluate

Z 2

�2

p
4� x

2
dx by interpreting it as (net) area.

x

y

�3 �2 �1 1 2 3

�3

�2

�1

1

2

3

3. Graph f(x) = sin x over [�⇡

2 ,
⇡

2 ], and evaluate

Z ⇡
2

�⇡
2

sin x dx by interpreting it as (net) area.

x

y

�⇡
2

⇡
2

�⇡

⇡

�1

1

1

? S ! ex - 1) dx= I - 2 = - Zz

•

•

<

N S !fFxidx= I . Tci ) - 2x

O

S j sinxdx = O

"

* but ,
what  about S sinxdx ?

-
. .

much harder !



Properties of the Definite Integral

Notational
L its RHS

-

-

Ca ) Jab fix )d× = - S ! faddy why :

bx=b Dx -
- and

(b) Saa f Cx ) dx = O why : O area

Algebraic

① fab cfcx ) dx = c Jab faddy

integrand area is c-  times

why :
is  c - times larger larger

⑤Sabffcxstgcx) ) ax = SabfcxsdxI Sabscxldx

why :  area
'  ' under

" f stacked on top at

area
" under

"

g

This  one is

we , -0 ④ Sab fcxldx = £ faddy  c- S!fCx7dxuseful !

why #
I I I

a

c b

⑤ If f Cx ) Z g Cx ) for aexeb
,

then fabfcxldx E Jabs DX
.

"
we  can  integrate inequalities

"

EI If S ! fc⇒d×=4and S

!fCx)dx=9
,

find f. zttfcxdx.

S ?jfc⇒dx= £3f G) dxt S!fCx)dx⇒f.
"

zfcx )dx= - 5

y 9 ⇒ £37 .fc⇒dx=7§fcx)dx= - 35



Computing Sba fund x Algebraically

on
[ a

,
b ]

.

Remember : this

Suppose I  is integrable is  implied by

Then
, by our

definition

continuity

S! fcxldx = Liya Rn ( or Ln ,
Mn

- . . )

=
lim €

,

fcxi ) DX

n - so

× where Xi  is the right . hard

end pt .

of ith sub interval

and DX = but

Let's develop a
formula for Xi

#
X

,
=  at DX

Xu =  at 2 DX

DX DX Xz =  at 3 DX
mm

.

I I I I I !
a X

, xz Xz - - . b × ,
 =  at I DX

Thin If f  is integrable
,

then

f. ! f- G) dx = thing
,

€
,

fcxildx

where

° DX = b-ah

• Xi
 =  a  ti ( but )



EI Consider S? ( Is
- Gx ) dx

.

(a) Draw the area represented by the integral
.

• y
=  x3 -

6 x

•
•

(b) Estimate the integral using
R

3 bean

S? Cx 3-6×14×2 Rz = ( fix , ) + f exit f Cxs ) )D¥
= ( fci ) t f ( z ) + f C 3 ) ) . I

= (-5-41-9)
= 0 ← hmm .

. .

that  doesn't

Seem like  a very good

estimate

(c) write the integral as a
limit of Riemann sums

.

J ? C x3 - Gx )dx = hiFas
Rn

=3
= Lisa §

,

fcxi )g×
Dx - b

n

Xi - at igx

n
= Ot i . Z

= lim E f
Chi

) . Z
n  → as i  

=  i

=

.
E. ⇐5.6D. z



(d) compute the integral !

Sia - Gxldx
as

E.(⇐ 5- 6th )) - Z

Let 's first simplify the sum .

E. ⇐t.sc#D.z-- E
.

- ÷

=

E.iq#i3-sIi

] .

= E. E. is f i

a) see below

NZ

= It E. is -

i
) see below

m2

=I÷fnj .Ii In ']

= 8£ XIII -

274ft

)

,

@i - bi ) = ( a
,

- b
,
) . c Caz - be ) t .

.  . t Can . bn )
,

Cai
 

= ca
,

t caze
. . . t can

= ( a
,

t azt .  -
. tan ) - Cb,

+ bzt . . .
t by) = C ( a

,  t azt
. . . tant

a

= EI ai
- E

,

bi
.

-

c E ai
in

Also
,

from book

§?
,

i = It 2T - - . t n = ( think ) =
nlh

a fi
,

is - I " I
hmm

. .
.

Think like Gauss

I t zt .

. .  t @- I ) t h

n + Cn.1) t .
.

.
 t

z + ,
⇒ 2 ( It Zt . . .

th ) = n . C ht , )

( ht1) t - . . t @t1) t ( htt )



OR use HR

Now we take the limit .

o
,

70 70

'
i

'

Ias foot- 271¥)]= finalCHIT-

all ]
O

= Iz - 27 =  - 6.75

YAY !!

WS - 27 # 4 ( see two pages ahead in notes )

Distance from velocity

Recall that for constant velocity :  distance .

- ( velocity ) . ( time )

Now suppose velocity is Not
constant . Suppose

a  car  is moving
with a velocity

of Vlt )
.

50 -

ft I :#" "

20 -

I  O -

I I I I 7

I 2 3 4 5 Seconds

How could We  determine the distance traveled from

time 0 to time 5 min

?
*  we  could pretend the velocity was constant

, say
40 ftfg

Then
,

dis
.

= 40.5  
= 200ft



* better
,

we
could just pretend the velocity was

constant  over each one second interval

dis
.

I ve ) . I + VC 2) It U (3) . It V C 4) . It VC 5) . I

I 20+45+52 t 52 t 50

I 219 ft

*  even better
,

we
could work  with smaller time intervals

dis
.

I @( t
,
) t V C the . . . t v Ctn ) ) is t

T far At small

This leads
to  a

theorem
.

←
this accounts for negative

velocity -
think of  a spring .

The Cnet ) dispar  cement
,

D
,

of  an object

moving with velocity VH ) from time t=a to

t -

- b is

D = Jab vet ) dt =
lim Rn
n  -7 as

TB Summary
•

① fab fund x computes the net  area
b/w f

and the x - axis from x=  a tox = b
.

② If f C x ) is velocity at time x
,

then

S! f Cx ) dx gives displacement .

W S - 27 # 5 ( see next page )



Theorem: Evaluating Definite Integrals Algebraically

If f is integrable, then Z
b

a

f(x) dx = lim

n!1

 
nX

i=1

f(x

i

)�x

!

where �x =

b�a

n

and x

i

= a+ i

�
b�a

n

�
.

4. Consider the integral

Z 3

1

1

1 + x

2
dx.

(a) Estimate the integral using R4 (4 subintervals with right-hand endpoints as sample points).

(b) Express the integral as a limit of Riemann sums. (But, do not compute it.)

Theorem: Evaluating Definite Integrals Algebraically

If v(t) gives the velocity of of an object at time t, then the (net) displacement, D, of the object

from t = a to t = b is

D =

Z
b

a

v(t) dt.

5. Suppose that the velocity of a space shuttle t seconds after takeo↵ is modeled by v(t) = 0.125t

2�4.8t,

in m/s. This model is only valid in the first 124 seconds while the rocket boosters are assisting.

(a) What is the velocity of the shuttle after 124 seconds?

(b) Write down (but don’t compute) a definite integral that expresses the distance traveled by the

rocket in the first 124 seconds.

(c) Estimate the distance traveled by the rocket in the first 124 seconds using R4 (and a calculator).

2

.
!I! r

. -1¥.pt# + + ÷ . ) . 's

= 0.37

S
,

'

ax -

. fins
.

( Eh.¥±r .⇒ )

V C 1241=1326.8 m/s

D= S!
"

( o .
125+2 - 4.8T ) dt

Ry = ( v C 31 ) t v ( coz ) t v C 93 ) + v Caza ) ) . 31
Actual distance

§ is a 42km

= 65588.25 m
.

. . iwokwy.sc
.

. .
.
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95.354

FTC and Anti derivatives
I  I

3 .

.

Q :  what  is S? xdx ? Sosxdx -

- I
3

Q ! what  is fotsiuxdx ?
a gjsiuxdx = lies

.

f Hi )sx= - -
.

j
this  is  a lot at  work !

can  we speed this  up ?

Fundamental Theorem of Calculus ( Part 2)

If f is continuous on [ asb ] and F is any anti derivative

Ono
for f

,
i.  e

.

F I f
,

then

✓ Jab fix )d×= Fcb ) - Fca )
.

3

! wow ! ! . . .
 and why ? !

EI Compute Sotsinxdx
.

① Need an  anti der
.

for sin  x
.

- . . ←Osx ) '=
- sin  X

- . . f- cos x )
"

siux

So  we use Fcx ) = - cos x

②

Sotsinxdx = FCT ) - Fco ) =L- coset ) ) - [ - cos (D) = 2

we now pause
to practice anti derivatives

.



Anti derivatives

00
V

j Det F is an anti derivative for f  if F' = f
.

W

EI Find an  anti derivative for f Cx ) = x ? How

many can  you find ?

3×3
,

¥×3+ I
,

Is x3tT
, . . .

GW - 28 All
. . . but pause for  indef.

 integral and

anti der
.

of powers .

pg
S fix )dx represents a family of functions

.

• Jabfcxydx is a number
,

representing an  area
.

Properties of Indef
.

Integrals

• Safad dx  = c J f Cx ) dx

° S f faa Igad)dx= SfcxldxI Jgcx )dx

Back to FTC - 2

Gw - 29 ¥1,2



Question : To use
FTC - 2

,
we  need to find

anti derivatives
.

Can this always be done ?

Thinking out loud
. . .

 anti den
.

are  connected to definite

integrals . . .

def
. integrals are  connected to  area

. . .

so

let's try returning to  area
.

. .

Gw - 29 # 3

Fundamental Theorem at Calculus ( Part 1)

If f  is continuous on [ a
, b ]

,
then the area function

A Cx ) = £ f LADE

is an anti derivative for f  on
Ca

, b)
.

That  is
,

A' Cx ) -
- f- Cx)

.

More  is true
. .

.

① If  c is ayy number in Ca ,bT ,
them

¥ [ S ! f CA dt ) = f Cx )
.

② More generally , u

¥ [ fun at ] = fchcxl ) .

hi Cx )

Acn ) = A ( h C x ) ) # chain  rule

o
"

EI I f g Cx ) = S¥ sin C tide
,

then find g
'

C x ) .

By FTC - I
, g

'

C x ) = sin ( u ) . u

'

= sin ( x
' ) . 3×2

.



Ey Find an  anti derivative for f Cx ) -

- e

" ?

Let ACx7= S? et 'd t
. By FTC - I

,
A' Cx ) -

- ex ? so

A  is -
anti derivative for f

.

* This is not  a very satisfying formula - we

will do better in Calc 2
.

pt sketch for FTC - I

Let f be continuous on [ a ,bT .

Define

Aca = S ! fctldt
.

we  want to show A
'

Cx ) = f- Cx )
.

Now
,

A Cxth ) - A Cx )
A

'

Cx ) = lim -

n - so h

Let 's study the numerator .

f-
I ~Z C

¥
'

a  .

Acxth ) - ACH -

- S !
"

fctldt
- S ! fctldt

= g !
"

fctidt

the red area

= f C x ) . h

Thus
,

Allah ) - A ( x ) f Cx) . h
A' can =

lim
- = tin f C x )

.in -70 h u - so h

D



pf sketch for FTC . 2

Let f be continuous on [ a
,

b ]
.

Let F be

anyanti derivative for F
.

we  want to show

§! fix )dx= Fcb ) - Fca )
.

By FTC - 2
,

J Aix ) -

- S? fetid t

F

j is another anti derivative for f
. Thus

,

I Fcx ) - A Cx ) t C
.

e

O Now
,

Fcb ) - F (a) = @(b) tc) - ( A (a) t C )

= A Cb ) - Aca ) O

= Jab fc de - S? fetid t

= fab fan DX
.

D

NET Change ←interpreting definite integrals)

Recall FTC . Z

S! F' Cady = Fcb ) - Fca )

Thus
,

s :c :) *( :Ease )



Ex
-

① Suppose Sct ) gives position at time t
.

tz

S s
'

Cti dt  =

Std
-

SCH
t '

J
T displacement

velocity

① Suppose Pct ) is the size of  a population  at time t
.

tz

§ P' C t ) dt  = Pct ) -
Pct , )

ti

+ T
change in population

growth rate

EI Suppose an  object  attached to  a spring moves  with

velocity

u C t ) = sin ( It ) ftls
.

(a) what  is the displacement at the object from t -

- I

to t -
- 6 ?

SCG ) - sci = S! s
'

Ct )dt= S ! sin ( It ) dt

=
- ¥ cos ( It ) I ! = ¥ ft

(b) what  is the displacement from te 2 to t=6 ?

Sco ) - SCH = S ! sin ( It )dt=  
. ¥ cos t) I ! = oft

GW - 30 # I



5. 5 a substitution

Computing anti derivatives is important ! we need

more techniques
,

so  we  can Solve more problems
.

Ee Compute Scoscx ' ) . Xd x

Option I : Trial & Er - or

Need to find F ( x) sit
.

F' Cx ) = cos at ) . X

der

Try Fcx ) = sin ( ×2 ) cos 62 ) . 2x No

der

Try FCA = I since ) cos ca ) . x
Yes !

S cos 64 . xdx = I sin (a) t C

option 2 : substitution

Let  u=x2
.

§ cos Ca ) . xdx = S cos Cu ) .  xdx

( need to fully
substitute for x

• u=  x' ⇒ 4¥ = 2x  ⇒ du=2xdx

• thus
,

xdx= Idu

§ cos Gi ) xdx = S cosy ) . Edu = If cosudu

= 'zsin  ut C =
'

z sin C x
' ) t C

- s

substitute

back



Substitution Rule f  u
-

- gun ,
then du -

- g
'

↳ dx and

§ f C sext ) . g
'

cxydx = If Cu ) du
.

Choosing u

① Often want  u to be the "

inside
" of  a function

- this could also mean  u should be the

exponent or the bottom of  a fraction

- this does NET always work

② Might have to try multiple substitutions

EI Compute S 7×27×3 ' dx

Ingu
-

- I - x3 %¥= - 3×2 du =
- 3×2 ⇒ - ¥ .  du  =

S 7×27×3 'dx= S7 xvi dx

= J 7×2 Tu . ÷ ,

. du

= - ¥ Suk du

= - Zz . F.  u% t C

= - It ( I -
×g%+ ,

I sub
.

back



Substitution  with Definite Integrals

Exe Compute So
"

ET dx

Try u
-

- 2×+1 =) du -
- 24€ =) I

du=dgjEidx= S !! ¥ '¥ u= 2×+1

= J !f
. I du x=4 →  u=

9

① X -
- o  → u  = I

4=9

= I J u
't du

u
.

- I

9

= I Fuk /
I

= Iz 9% - I 13/2  = I. 27 - I = ¥

EI Compute S sin
'

Ocoso do
.

Try

O .

- it u= since

JIg ( Sino )
'

cos Odo = J u2 . du du -
- cos a do

0=42

D=  IT -7 u
=  O

= g ! u2 du o = the → u  = I

0

= Izu
} I

I

= O - kg

=
 -

I

3



More Practice

EI Compute J I× dx

+  cry u  = I - x
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